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Motivation Cubical Agda implements Cubical Type Theory, featuring quotient inductive types (QITs) and 

functional extensionality (funext) [Coh+17], but also an infinite hierarchy of equalities that is necessary to 

support univalence but may become unwieldy in formalisations. Fortunately, QITs and functional extensionality 

are both preserved even if the equality levels of Cubical Type Theory are truncated to only homotopical Sets (ℎ

-Sets) [Uni13]. Such a “ℎ-Set Cubical Type Theory” would remove univalence (by removing the Glue type) but 

add an axiom called Uniqueness of Identity Proofs (UIP). Researchers and Cubical Agda users have expressed 

interest in such a theory [Dan19, Shu17]. Lacking a mature implementation, they resort to one of the following:

• Cubical Agda, explicitly passing around ℎ-Set proofs (e.g. category theory in the Cubical Library [Agd25], 

dependent Lambek calculus [Sch+25], algebraic theories in Cubical Agda [Nuy24])

• Cubical Agda with postulated UIP (e.g. in Chen, Nordvall Forsberg and Tsai’s TT-as-QIIRT [CNT26], 

more generally when formalising the syntax and models of type theory)

• Regular Agda with setoids, giving up general function extensionality, sometimes avoiding UIP (Agda 

Categories [HC21], (Bi)Sikkel [CND22, CND25])

In Cubical Agda, there are currently only two unsatisfying ways to achieve ℎ-Set Cubical Type Theory: either 

give up on canonicity and postulate UIP, or manually prove UIP for every defined (small) type using the 

standard result that “type formers preserve ℎ-levels” [Uni13]. The latter is, however, laborious work best suited 

for an automatic implementation by the proof assistant.

Contribution In this project, we implement two variants of Cubical Agda: Cubical-without-Glue (--

cubical=no-glue) [Tan25], and our work-in-progress variant: Cubical-UIP (--cubical=uip). Cubical-without-

Glue is a strict subvariant of both Cubical and Cubical-UIP. Cubical-UIP adds computational UIP, i.e. with 

computational behavior, similar to what is done for univalence in Cubical Agda. Technically, we use a more 

general but equivalent formulation called the square-filling property (𝖲𝗊𝖥𝗂𝗅𝗅, dependent form 𝖲𝗊𝖯𝖥𝗂𝗅𝗅), intro

duced later. In this paper, we report on computation rules of both 𝖲𝗊𝖥𝗂𝗅𝗅 and 𝖲𝗊𝖯𝖥𝗂𝗅𝗅 for Π, Σ, Coproduct, and 

Path (equality) types. Our Cubical-UIP implementation currently implements 𝖲𝗊𝖥𝗂𝗅𝗅 for the abovementioned 

types as well as some Agda builtin types such as Bool, Nat, and List.

Related Work XTT [SAG22] is a Cubical Type Theory (without Glue types) with definitional UIP: two 

paths are definitionally equal if they have the same endpoints, while our computation rules provide only 

propositional equality. XTT seemed unattractive for implementation in Cubical Agda, as the type-checking 

algorithm would involve non-standard reduction steps relying on injectivity of type constructors w.r.t. paths, 

which is incompatible with at least excluded middle [CD18, Hur10]. Observational Type Theory [AMS07, 

PT22] and setoid models of Type Theory [Alt99, Alt+19, Hof95] add functional extensionality, propositional 

extensionality, and quotient types to intensional type theory, and achieve UIP definitionally via proof-irrelevant 

propositions. In OTT, equality types compute by recursion on type structure: for instance, equality of pairs 

reduces definitionally to pointwise equality of components; whereas in Cubical-UIP, the path type of pairs 

are only isomorphic to pairs of path types. Instead of types, equality proofs in Cubical-UIP are computed 

by recursion on type structure via 𝖲𝗊𝖥𝗂𝗅𝗅, thus it is a modest modification of Cubical Agda which can be 

straightforwardly implemented by adding a single computing primitive to Cubical-without-Glue. Pujet et al. 

implemented CICobs in an extension of Rocq [PLT25].

Consistency The consistency of ℎ-Set Cubical Type Theory can be justified by a set model or translation 

to XTT. We sketch such a set model here: types as sets, the interval type as the singleton set, and path types 

as subsingleton sets which are non-empty only when the endpoints are equal.

Cubical Agda without Glue To modularly implement Cubical-UIP, we first implement its strict subset 

Cubical-without-Glue (--cubical=no-glue) [Tan25]. When activated, Cubical-without-Glue prohibits Glue 

types in the current module and anything it imports, thus disabling univalence and allowing users to consis

tently postulate axioms such as UIP and K, forming the basis for implementing Cubical-UIP (--cubical=uip).

UIP via the SqFill property The UIP statement states that every type has the isSet property, i.e. for 

𝑥 𝑦 : 𝐴, any two proofs 𝑝 𝑞 : 𝑥 ≡ 𝑦 of their equality are equal: 𝑝 ≡ 𝑞 (Figure 1). Pictorially, we can think of 

the points 𝑥 𝑦 : 𝐴 as reflexive sides and extend the picture into a square. Then, the original UIP statement is 
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definitionally equivalent to requiring that any such hollow square (with reflexive sides) has a filling (Figure 2). 

Perhaps surprisingly, relaxing the requirement of reflexive sides still results in an equivalent property found 

in the Cubical Agda library [Agd25], which we call the “square-filling” property 𝖲𝗊𝖥𝗂𝗅𝗅: that any square in A 

(four corners lu ld ru rd : 𝐴 with sides 𝑙 : lu ≡ ld, 𝑟 : ru ≡ rd, 𝑢 : lu ≡ ru, 𝑑 : ld ≡ rd) has a filling (Figure 3). 

UIP follows from 𝖲𝗊𝖥𝗂𝗅𝗅 as a special case, but the proof for the converse is non-trivial [Agd25].
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Figure 3: Square-filling

Computational UIP in Cubical Agda We implement UIP in terms of 𝖲𝗊𝖥𝗂𝗅𝗅 as an Agda primitive 𝗌𝗊𝖥𝗂𝗅𝗅 :

(𝐴 : Type) → 𝖲𝗊𝖥𝗂𝗅𝗅 𝐴, which computes by recursing on the type 𝐴. The reduct for each type is given as a 

BUILTIN in an Agda file, and leverages the standard result that type formers (such as Π, Σ, Inductive types) 

preserve ℎ-levels, reformulated w.r.t. 𝖲𝗊𝖥𝗂𝗅𝗅 rather than the more usual 𝗂𝗌𝖲𝖾𝗍 property. For example, the reducts 

for Π and ⊤

𝗌𝗊𝖥𝗂𝗅𝗅Π : ∀{𝐴 : Type} {𝐵 : 𝐴 → Type} → ((𝑥 : 𝐴) → 𝖲𝗊𝖥𝗂𝗅𝗅 (𝐵 𝑥)) → 𝖲𝗊𝖥𝗂𝗅𝗅 (Π𝑥:𝐴(𝐵 𝑥))

𝗌𝗊𝖥𝗂𝗅𝗅⊤ : 𝖲𝗊𝖥𝗂𝗅𝗅 ⊤

allow the following computation by recursing on the type (⊤ → ⊤):

𝗌𝗊𝖥𝗂𝗅𝗅 (⊤ → ⊤) ⇒𝛽 𝗌𝗊𝖥𝗂𝗅𝗅Π{⊤} {⊤} (𝜆 _ . 𝗌𝗊𝖥𝗂𝗅𝗅 ⊤) ⇒𝛽 𝗌𝗊𝖥𝗂𝗅𝗅Π{⊤} {⊤} (𝜆 _ . 𝗌𝗊𝖥𝗂𝗅𝗅⊤)

Dependent or non-dependent? We can generalise 𝖲𝗊𝖥𝗂𝗅𝗅 to the dependent case of a square of types 

𝐼 → 𝐼 → 𝐴, where the corners have types lu : 𝐴 0 0, ld : 𝐴 0 1, ru : 𝐴 1 0, rd : 𝐴 1 1 respectively, and the sides 

are dependent paths such as (𝑙 : PathP (𝜆 𝑖.𝐴 0 𝑖) lu ld). We call this the dependent square-filling property 

𝖲𝗊𝖯𝖥𝗂𝗅𝗅, and it is equivalent to 𝖲𝗊𝖥𝗂𝗅𝗅 [Agd25]. We gave preservation proofs of both 𝖲𝗊𝖥𝗂𝗅𝗅 and 𝖲𝗊𝖯𝖥𝗂𝗅𝗅 for Π, 

Σ, Coproducts, and Path types in [TND25], formalised in Agda Cubical-without-Glue. Instead of relying on 

existing proofs in Cubical Agda [Agd25], which specialise more general theorems, we prove the preservation 

theorems for 𝖲𝗊𝖥𝗂𝗅𝗅 and 𝖲𝗊𝖯𝖥𝗂𝗅𝗅 more directly. In the process, we noticed a discrepancy in the complexity of 

the proofs: for example, the proof for Π-types was easier for 𝖲𝗊𝖥𝗂𝗅𝗅 than 𝖲𝗊𝖯𝖥𝗂𝗅𝗅, but the reverse is true for 

Σ types:

𝖲𝗊𝖥𝗂𝗅𝗅 (non-dependent Square-Filling) 𝖲𝗊𝖯𝖥𝗂𝗅𝗅 (dependent Square-Filling)

Pi Trivial (no Kan operations) Complicated: transport-fill-align

Sigma Complicated: transport-fill-align Trivial (no Kan operations)

Coproducts Encode-decode (𝐽 , 𝗁𝖼𝗈𝗆𝗉) [Uni13] Encode-decode (𝐽 , 𝖼𝗈𝗆𝗉) [Uni13]

Path Types Simple (a single 𝗁𝖼𝗈𝗆𝗉) Complicated: transport-fill-align

Table 1: Complexity of 𝖲𝗊𝖥𝗂𝗅𝗅 and 𝖲𝗊𝖯𝖥𝗂𝗅𝗅 preservation proofs

Since neither version has overall simpler computation rules than the other, we arbitrarily chose to implement 

the non-dependent 𝖲𝗊𝖥𝗂𝗅𝗅 for Cubical-UIP.

Conclusion We implemented 𝖲𝗊𝖥𝗂𝗅𝗅 on a small set of type formers such as Π, Σ, booleans, natural numbers, 

the coproduct, and path types, and will evaluate its usefulness on concrete use cases. On the other hand, we are 

keeping the treatment of the universe [Nuy23], general (co-)inductive (indexed, higher) types, and record types 

as future work. The development fork can be found on https://github.com/yeejian-tan/agda/tree/cubical-uip.
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