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Presheaf semantics can model:
@ Parametricity (preservation of relations),
@ HoTT (preservation of equivalences),
@ Directed TT (preservation of homomorphisms).
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Presheaf semantics can model:

@ Parametricity (preservation of relations),

@ HoTT (preservation of equivalences),

@ Directed TT (preservation of homomorphisms).
Operators for cheap proofs of free preservation theorems?

@ Cubical TT: Glue

@ NVD17,ND18: Glue, Weld

@ Moulin (PhD on internal param’ty): W, &
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Presheaf semantics can model:

@ Parametricity (preservation of relations),

@ HoTT (preservation of equivalences),

@ Directed TT (preservation of homomorphisms).
Operators for cheap proofs of free preservation theorems?

@ Cubical TT: Glue

@ NVD17,ND18: Glue, Weld

@ Moulin (PhD on internal param’ty): W, &

@ Our WIP: comparison in more general presheaf models
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Universal Type Extension Operators

(Glue, Weld)
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Final extension of (T, f)

[+ Atype
[+ Pprop
[,PF Ttype
PHf:T—A
[+ Glue{A«+ (P?T,f)} type
P+ Glue{A«+ (P?T,f)} =T

.. A_unit
0 Unit <= Bool
unglue |
i+ Unit | < Glue i
1 Unit <—— Bool
A_.unit

Andreas Nuyts, Dominique Devriese Internalizing Presheaf Semantics: Charting the Design Space 4/24



Final extension of (T, f)

[+ Atype

[+ Pprop
[,PF Ttype
PHf:T—A

Initial extension of (T, f)

[+ Atype

= Pprop
I,PF Ttype
PEf:A—T

[+ Glue{A«+ (P?T,f)} type

[ PHGlue{A« (P?T,N}=T

[+Weld{A— (P?T,/)} type
[ PHWeld{A— (P?T,f)}=T

A _.unit

0 Unit =<—— Bool
unglue |

i+ Unit | < Glue i

1 Unit <—— Bool
A_.unit
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A_true

0 Unit —— Bool

ik Unit weld | > Weld i

1 Unit —— Bool
A_false
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Final extension of (T, f) Theorem (Cubical TT)

I+ Atype AKan

I+ Pprop T Kan

r,PF Ttype f equivalence
PEF:T—A Glue Kan

[+ Glue{A«+ (P?T,f)} type
[ PHGlue{A« (P?T,N}=T

.. A_unit
0 Unit <= Bool
unglue |
il Unit | < Glue i
1 Unit <—— Bool
A_.unit
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As (co-)inductive types

Final extension of (T, f)
record G := Glue {A <+ (P?T,f)}
where
@ unglue: G—+ A
@ reduce: G— (.:P)—>T
@coh:(g:G)—=(-:P)—
f (reduce g _) =4 unglue g

Gextends T
unglue extends f
reduce is idt
coh is refl

Andreas Nuyts, Dominique Devriese Internalizing Presheaf Semantics: Charting the Design Space 5/24



As (co-)inductive types

Final extension of (T, f)
record G := Glue {A <+ (P?T,f)}
where
@ unglue: G—+ A
@ reduce: G— (.:P)—>T
@coh:(g:G)—=(-:P)—
f (reduce g _) =4 unglue g

Initial extension of (T, f)
HIT W :=Weld {A — (P?T,7)}
where
o weld: A— W
@ include: (-:P) =T — W
@ coh:(a:A)—(.:P)—
include (f a) =y weld a

Gextends T
unglue extends f
reduce is idt
coh is refl

W extends T
weld extends f
include is id
coh is refl
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As pullback/pushout
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As pullback/pushout

_
reduce l const

(:P)=T) —>(P—A)

extending
T—— A
_
consti ! l \L const
T =T)—= (T = A)
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As pullback/pushout

Glue — " . 4 PxAi;(,:P)xT
reducel B lconst sndi iinclude
(L:P) = T) — (P A) A——> Weld

extending
TJ — A
consti l l \L const

T)=>T)—=(T = A)
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As pullback/pushout

Glue——— A
_
reduce l l const
(c:P)=T)—=(P—A)
extending
T—— A
_
consti ! l \L const
T =T)—= (T = A)

PxA— = (L:P)xT
sndi iinclude
A \VV |
weld eld
extending
TxA—= (L:T)xT
sndll Z\Lsnd
f
A T
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Milling

A milling cutter
NL: frees

FR: fraise

DE: Fraser

PL: frez

JP: furaisu
CMN: xidao
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Milling

If base category has products;

Px A——s(: P)x ' T

| |

A Weld

A milling cutter
NL: frees

FR: fraise

DE: Fraser

PL: frez

JP: furaisu
CMN: xidao
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Milling

If base category has products;
for any shape I:

MIP x MIA— (_: MIP) x MIT

| |

MIA MNiweld

A milling cutter
NL: frees

FR: fraise

DE: Fraser

PL: frez

JP: furaisu
CMN: xidao
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Milling

If base category has products;
for any shape I:

MIP x MIA— (_: MIP) x MIT

| |

MIA MNiweld

A milling cutter
NL: frees mill :

FR: fraise (I'Ii.WeId {Ai—> (P i?Tif i)})
DE: Fraser >~

PL: frez Weld {li.Ai— (Vi.Pi?Ni.Ti,fo—)}
JP: furaisu

CMN: xidao
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Debating nomenclature

Glue Weld
glue weld
unglue
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Debating nomenclature

Glue
glue
unglue

Weld
weld

Glue
glue
unglue

Coglue
counglue
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Debating nomenclature

Glue
glue
unglue

Weld
weld

Glue
glue
unglue

Coglue
counglue

FExt

|Ext
?
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Debating nomenclature

Glue
glue
unglue

Weld
weld

Glue
glue
unglue

Coglue
counglue

FExt

Different name in Cubical TT?

|Ext
?
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Glue/Weld: Summary

Universal type extension operators (Glue/Weld):
@ Exist in any presheaf model,
@ Internalize nothing about the particular model.
Combine with something else:
@ Box filling (Cubical TT)
@ Modalities & identity extension lemma [NVD17]
@ mill (identifies shape types for particular model)
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Boundary-Filling Operators

(P, V)

Generalized from:
Bernardy, Coquand, Moulin (2015)
Moulin’s PhD (2016)
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Boundaries

Definition (Boundary)

For any shape I € C, R
the boundary is the greatest strict subobject d1 C yI € C.
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Boundaries

Definition (Boundary)

For any shape I € C, R
the boundary is the greatest strict subobject d1 C yI € C.

(yU — 9I) = (U — 1) \ {split epis}.

Note:
¢ :U—Vsplitepi < yo :yU — yV epi
¢ : U — V mono & yo : yU — yV mono
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Boundaries

Definition (Boundary)

For any shape I € C, R
the boundary is the greatest strict subobject d1 C yI € C.

(yU — 9I) = (U — 1) \ {split epis}.

Note:
¢ :U—Vsplitepi < yo :yU — yV epi
¢ : U — V mono & yo : yU — yV mono

In Cubical TT: Jl = Bool.
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Fillers

I,i:TF Atype
Mi:dl-a:A
I Filler; 4 (i.a)type

Filler; 5 (i.a) = (f: (i : 1) — A) x ((i: 91) — f i =, a)

Example (Cubical TT)

Filler; 4 (i.a) = Path; 4(a[0/i], a[1/1]).
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Boundary-filling

For any shape I:
FEfy:(i:d]) —(x:Ai)—Bix
Fl—h:(é:(i:]I)wAi)%Filler,-'B,-(g h) (fy i (E1))
FEd(f,h): (i) —(x:Ai)—>Bix

¢(f87h)|91[:f81 q)(fa,h) ia:h(li.a)i
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Boundary-filling
For any shape I:

FEfy:(i:d]) —(x:Ai)—Bix
THh:(&:(i:1) — Ai) = Filler,g ;¢ (i (& )
FEd(f,h): (i) —(x:Ai)—>Bix

(D(fg,h)bH:fa, CD(fa,h)ia:h(?Li.a)i

For any shape I:

M-Ay:dl—U
FTEP:((i:dl) —Ayi)—U
FEW(A;,P): I U

((71:1) = W(Ay,P) i) =

(E:(i:d1) —oAyi)xPE&

Andreas Nuyts, Dominique Devriese

Internalizing Presheaf Semantics: Charting the Design Space 13/24



Boundary-filling
For any shape I:

FEfy:(i:d]) —(x:Ai)—Bix
THh:(&:(i:1) — Ai) = Filler,g ;¢ (i (& )
FEd(f,h): (i) —(x:Ai)—>Bix

(D(fg,h)bH:fa, CD(fa,h)ia:h(?Li.a)i

For any shape I:

M-Ay:dl—U
FTEP:((i:dl) —Ayi)—U
FEW(A;,P): I U

((71:1) = W(Ay,P) i) =

(E:(i:d1) —oAyi)xPE&

Compare: funext and univalence
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Problem with diagonals

How to build
fo(i,j:I)—(x:Aij)—=Bijx?
f=

3( )
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Problem with diagonals

How to build

Fo(ijiI)—o(x:Aij)—Bijx?
f—
®2(foo, fot, Fro, i1, )
foo fo1
fio fi1
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Problem with diagonals

How to build

Fo(ijiI)—o(x:Aij)—Bijx?
f—
®2(foo, for, fro, f11, ho, by, )
foo fo1
ho hy
fio fi1
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Problem with diagonals

How to build
(iyj: 1) —(x:Aij)—=Bijx?

®2(fyo, fo1, fro, i1, Ho, P, Ko, K1, )

f
f

foo————— f,
00 ko 01
ho By
K1
fo ————— fi1
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Problem with diagonals

How to build
(iyj: 1) —(x:Aij)—=Bijx?

®2(fo, fo1, fro, i1, o, P, Ko, ki1, W)

f
f

foo————— f,
00 ko 01
ho w hy
K1
fo ————— fi1
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Problem with diagonals

How to build
(iyj: 1) —(x:Aij)—=Bijx?

®2(fo, fo1, fro, i1, o, P, Ko, ki1, W)

f
f

foo————— f,
00 ko 01
ho w hy
K1
fo ————— fi1

@ f00a=fya
@ fO0ja=ky (Aj.a)j
o fija:W(li.),j.a)ij
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Problem with diagonals

How to build
(iyj: 1) —(x:Aij)—=Bijx?

®2(fo, fo1, fro, i1, o, P, Ko, ki1, W)

f
f

foo P fo1
ho w hy
K
fio ——————— fiq
f00a= foo a

fOja=ky (Aj.a)j
fija=w(Airja)ij
fiia=7(Aia)i
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Problem with diagonals

How to build Solution:

(iyj: 1) —(x:Aij)—=Bijx? Base category: I A I« 1

= Separated product: (cf. nom. sets)
®2(foo, fo1, fro, fi1, ho, iy, Ko, Ky, w) [F,i:I] =[r]=yI

f
f

fook—ofm
ho w hy
k
fio ——————— fiq
f00a= foo a

fOja=ky (Aj.a)j
fija=w(Airja)ij
fiia=7(Aia)i
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Problem with diagonals

How to build Solution:

(iyj: 1) —(x:Aij)—=Bijx? Base category: I A I« 1

= Separated product: (cf. nom. sets)
®2(foo, fo1, fro, fi1, ho, iy, Ko, Ky, w) [F,i:I] =[r]=yI

f
f

foo S e— fo1 “Linear” application:

FTEf:(i:T)—Aij

o w u Fi:IEfi:Ai
k
fio ——————— fiq
fOOa:fooa

fOja=ky (Aj.a)j
fija=w(Airja)ij
fiia=7(Aia)i
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Problem with diagonals

How to build
(iyj: 1) —(x:Aij)—=Bijx?

®2(fo, fo1, fro, i1, o, P, Ko, ki1, W)

f
f

fook—ofm
ho w hy
k
fio ——————— fiq
f00a= foo a

fOja=ky (Aj.a)j
fija=w(Airja)ij
fiia=7(Aia)i

Solution:
Base category: I 4 I« 1
Separated product: (cf. nom. sets)

[Fi:I]=[r]=yl
“Linear” application:

FTEf:(i:T)—Aij
Mi:TEfi:Ai

Incorporating ¢ (J-P. Bernardy):

Mi:dl,AtFay:Ai
M@G:I)—AFh:(i:1)—
Filler; 4 ji5 i/5) (@a[8 i/6])
Mi-TLLAFhi:Ai
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Freshness predicate

Exchange only works one way.

(Ma:Ai:I,A)

1
(Mi:La:AA)
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Freshness predicate

Exchange only works one way.

(Ma:Ai:I,A)

~

(Myi:La:Ai#aA)

1
(Mi:La:AA)

“a does not vary with /.
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Details on semantics
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Definition (Suitable base category)

@ sym. monoidal
with terminal unit,

@ projection (UxV) —»V
cartesian on monos,

@ generalized Reedy w.r.t.
split epis and monos
(can be relaxed)

@ allU— T split epi,
equiv.: 0T =&
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Definition (Suitable base category)

@ sym. monoidal
with terminal unit,

@ projection (UxV) —»V
cartesian on monos,

@ generalized Reedy w.r.t.
split epis and monos
(can be relaxed)

@ allU— T split epi,
equiv.: 0T =&

4

Definition
C//U: split epi slices.
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Definition (Suitable base category)

@ sym. monoidal (Usx—,m):C— C//U is faithful.
with terminal unit,

@ projection (UxV) —»V
cartesian on monos,

@ generalized Reedy w.r.t.
split epis and monos
(can be relaxed)

@ allU— T split epi,
equiv.: 0T =&

4

Definition
C//U: split epi slices.
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Definition (Suitable base category)

@ sym. monoidal (Usx—,m):C— C//U is faithful.
with terminal unit,

@ projection (UxV) —V Definition (Diagonal-free)
cartesian on monos, (Usx—,m):C—C//Uis full.

@ generalized Reedy w.r.t. Rules out
split epis and monos 0:(UxT,m) A (UxU,m)

(can be relaxed)

@ allU— T split epi,
equiv.: 0T =&

4

Definition
C//U: split epi slices.
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Definition (Suitable base category)

@ sym. monoidal (Usx—,m):C— C//U is faithful.
with terminal unit,
@ projection (UxV) — V Definition (Diagonal-free)
cartesian on monos, (Ux—,m):C—C//Uis full.
@ generalized Reedy w.r.t. Rules out
split epis and monos 0:(UxT,m) A (UxU,m)
(can be relaxed) ‘
e all U— T split epi, Definition (Connection-free)
equiv.. 0T =& (Ux—,m):C—C//Uis ess. srj.
Rules out (IxI,A) € C//I

Definition
C//U: split epi slices.

J
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Definition (Suitable base category)

@ sym. monoidal (Usx—,m):C— C//U is faithful.
with terminal unit,
@ projection (UxV) — V Definition (Diagonal-free)
cartesian on monos, (Ux—,m):C—C//Uis full.
@ generalized Reedy w.r.t. Rules out
split epis and monos 0:(UxT,m) A (UxU,m)
(can be relaxed) ‘
e all U— T split epi, Definition (Connection-free)
equiv.. 0T =& (Ux—,m):C—C//Uis ess. srj.
Rules out (IxI,A) € C//I

Definition
C//U: split epi slices.

Definition (Cartesian)
=

J
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Glue | Weld | mill | ¢ Vo #
mon. base cat. o | (o) (o) (o)
suit. base cat. ° ° °
cartesian
diag.-free *? | o?
conn.-free o | o

TWith connections: W is sound but underspecified.
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Results
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V. ®, colimit systems = Glue, Weld, mill
(where P ranges only over a shape U)

Sketch of proof: By induction on Reedy-degree of U
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V. ®, colimit systems = Glue, Weld, mill
(where P ranges only over a shape U)

Sketch of proof: By induction on Reedy-degree of U
@ Define Glue/Weld/mill on 0U
dU = colim,V; (degV; < degU)
IH: defined on V;
Colimit system: paste together for U
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V. ®, colimit systems = Glue, Weld, mill
(where P ranges only over a shape U)

Sketch of proof: By induction on Reedy-degree of U
@ Define Glue/Weld/mill on 0U
dU = colim,V; (degV; < degU)
IH: defined on V;
Colimit system: paste together for U

@ Fill the boundary using ®/V. O
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Weld, mill, # = W
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Weld, mill, # = W

Sketch of proof:
W(Aa, P) I—U
V(Ay,P)i=Weld{As i — (i€ 1?7 Ay i,fi)}
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Weld, mill, # = W

Sketch of proof:
W(Aa, P) I—U
V(Ay,P)i=Weld{As i — (i€ 1?7 Ay i,fi)}

((1:1) — W(Ay, P) i)

> anted (89 1 (j: 1) — Ay j) x (p: P ay)
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Weld, mill, # = W

Sketch of proof:
W(Aa, P) I—U
V(Ay,P)i=Weld{As i — (i€ 1?7 Ay i,fi)}

((i:1) — W(Ay,P) i)
=det ((i : I) — Weld {Ax i — (i € 917 Ay i, i)})

X anted (89 1 (j: 1) — Ay j) x (p: P ay)
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Weld, mill, # = W

Sketch of proof:
W(Aa, P) I—U
V(Ay,P)i=Weld{As i — (i€ 1?7 Ay i,fi)}

((i:1) — W(Ay,P) i)
—ef ((i : 1) —o Weld {Ay i — (i € I1? Ay i, i)})
=~ Weld {((7:T) — Ay /) — (L?4,4)}

X anted (89 1 (j: 1) — Ay j) x (p: P ay)
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Weld, mill, # = W

Sketch of proof:
W(Aa, P) I—U
V(Ay,P)i=Weld{As i — (i€ 1?7 Ay i,fi)}

((7:1) —W(Ay,P) i)

=gef ((i : I) —o Weld {Ay i — (i € dL? Ay i, fi)})
Zmin Weld {((/: 1) —< Az /) = (L7?4,4)}
gil'ldWeld ((l : ]I) — Ax i)

Swanted (@9 1 (/: 1) — Ay j) x (p: P ay)
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Weld, mill, # = W \

Sketch of proof:
W(Aa, P) I—U
V(Ay,P)i=Weld{As i — (i€ 1?7 Ay i,fi)}

((7:1) —W(Ay,P) i)

=gef ((i : I) —o Weld {Ay i — (i € dL? Ay i, fi)})
Zmin Weld {((/: 1) —< Az /) = (L7?4,4)}
gil'ldWeld ((l : ]I) — Ax i)

Swanted (@9 1 (/: 1) — Ay j) x (p: P ay)

Ay T— U

Ax 1= (@) (1 90) — Ay ) x (p: P ay) x ((a,p) # 1)
= ((i:T) Ay )= (ag:(j: ) — Ay j) x (p: P ay)
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Weld, mill, # = W

Sketch of proof:
W(Aa, P) I—U
V(Ay,P)i=Weld{As i — (i€ 1?7 Ay i,fi)}

((7:1) —W(Ay,P) i)

=gef ((i : I) —o Weld {Ay i — (i € dL? Ay i, fi)})
Zmin Weld {((/: 1) —< Az /) = (L7?4,4)}
gil'ldWeld ((l : ]I) — Ax i)

Swanted (@9 1 (/: 1) — Ay j) x (p: P ay)

Ay T— U
Ax 1= (@) (1 90) — Ay ) x (p: P ay) x ((a,p) # 1)
= ((i:T) Ay )= (ag:(j: ) — Ay j) x (p: P ay)

fi(i:0l) —o As i— Ay i
fi(a,p,)=ai O
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Glue, Weld, mill, W, # ~ & \

Sketch of proof: Pick fully faithful functor /: D — C.

C k= Gluep, Weldp, millp, Wy, #p,

é\b& ®p (in general, e.g. V : Cube — BPCube)

because ®p(f;, h) has no action on U-cells for U € C \ /(D). O

Andreas Nuyts, Dominique Devriese Internalizing Presheaf Semantics: Charting the Design Space 22/24



[—] : {System F types} — {MLTT types}

®cube, Veube = Every term ¢ : [ T] is parametric.

Sketch of proof:
use V to convert (Ag, A1, A)to A: T —o U,
use ® to convert (fy, fi, f)to f: (i:1) — Ai— Bi. O
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[—] : {System F types} — {MLTT types}

®cube, Veube = Every term ¢ : [ T] is parametric.

Sketch of proof:
use V to convert (Ag, A1, A)to A: T —o U,

use ® to convert (fy, fi, f)to f: (i:1) — Ai— Bi. O
Gluecybe, Weldcupe, Millcube; Vcube; #cube 7 Filler) j = [ ‘]]rel \
Proof: BPCube models LHS, not RHS. O
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Cartesian ® and W would be best. (Working on it.)
Alas: they don’t play well with connections.

Thanks!

Questions?
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