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Overview

@ Parametricity

e In System F
e In System Fo
@ In dependent type theory

@ Degrees of relatedness
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Parametricity, intuitively

In System F, Fo, Haskell, ..., type parameters are parametric.
@ Only used for type-checking,
@ Not inspected (e.g. no pattern matching),
@ Same algorithm on all types.

Enforced by the type system.
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Parametricity, intuitively

In System F, Fw, Haskell, ..., type parameters are parametric.
@ Only used for type-checking,
@ Not inspected (e.g. no pattern matching),
@ Same algorithm on all types.

Enforced by the type system.

Example

g : VX.Tree X — List X
By parametricity:

A Tree A—2 > List A

fl Tree fl lList f

B Tree B—2 > List B

irrespective of implementation.
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Parametricity in System F

(Reynolds, 1983)
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System F: Type Judgements

Y% F XXY:*
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System F: Type Judgements

X, Y @ F XXY:x
Object semantics:
X € Set, Y € Set = X XY € Set
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System F: Type Judgements

X € Set,

Xi € Set,
|
Xeﬁel

Xo € Set,

Identity Extension Lemma (IEL)

...such that Eqy x Eqy = Eqy.y

Y @ F XXY:x
Object semantics:
Y € Set = X XY € Set
Relational semantics:
Y; € Set = X1 X Yy € Set
YeRel = X x \_/‘eRel
Y, € Set = Xo X Yo € Set
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Propagating relations

Type formers propagate relations:
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Propagating relations

Type formers propagate relations:
X x Y Componentwise,
X — Y Forall xq,x0: X(x1,%) — Y(fi x1,% x2),
List X Equal length, X-related components,
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Propagating relations

Type formers propagate relations:
X x Y Componentwise,
X — Y Forall xq,x0: X(x1,%) — Y(fi x1,% x2),
List X Equal length, X-related components,
XwY Same side, X- or Y-related.

Identity Extension Lemma (IEL)

... always preserving Eq.
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Term Judgements

X % \ p:X, qg: X + t{X,p,q] : X
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Term Judgements

X % \ p:X, qg: X + t{X,p,q] : X
Object semantics:

X € Set, pEX, ge X = t{X,p,q] € X
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Term Judgements

X % \ p:X, qg: X + t{X,p,q] : X
Obiject semantics:
X € Set, pEX, ge X = t{X,p,q] € X
Relational semantics:
Xi € Set, p1 € Xy, g1 € X = tX1,p1,q1] € X
X2 € Set, p2 € Xz, G2 € Xo = X2, P2, Q2] € Xz
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Term Judgements

X € Set,

Xi € Set,
XeRel

Xo € Set,

\ p:X,

qg: X F

Object semantics:

peX,

ge X =

Relational semantics:

p1 € X17
pox
P2 € X27

Andreas Nuyts, Dominique Devriese

g1 € X =
\

66‘)? =

@ € Xo =

Degrees of Relatedness

t{X,p,q] : X

tiX,p.ql € X

t{X1,p1,q1] € Xi
tiX,p,gleX
t[XZ)p27q2] € X2
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Term Judgements

X % \ p:X, qg: X + t{X,p,q] : X
Object semantics:
X € Set, pEX, ge X = t{X,p,q] € X
Relational semantics:
Xi € Set, p1 € Xy, g1 € X = tX1,p1,q1] € X
XeRel peX gex = tX,p,glex
X2 € Set, p2 € Xz, G2 € Xo = X2, P2, Q2] € Xz

Free Theorem (Church Booleans)

Either {[X,p,q] = p or t[{X,p,q] = g,
i.e. Bool XVX.X — X — X
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Intermezzo: Heterogeneous Equality

When can we call a cross-type relation “heterogeneous equality”?
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Intermezzo: Heterogeneous Equality

When can we call a cross-type relation “heterogeneous equality”?
@ Congruence (respected by everything),
@ Becomes equality in homogeneous case.
Term-relatedness a la Reynolds:
\/ s a congruence (prev. slide)
\/ ldentity extension
= Is a notion of het. equality.

Type-relatedness a la Reynolds is NOT:
To prove relatedness is to give X € Rel(Xi, Xz)
Rel # Eq
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Parametricity Summarized

Open types map Rel-related types to Rel-related types:

Xy € Set, Y; € Set = X1 x Yy € Set
)_(e‘Rel YeRel = XxYeRel
Xo € Set, Y, € Set = Xo X Yo € Set
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Parametricity Summarized

Open types map Rel-related types to Rel-related types:

Xy € Set, Y; € Set = X1 x Yy € Set
)_(e‘Rel YeRel = XxYeRel
Xo € Set, Y, € Set = Xo X Yo € Set

Open terms map Rel-related types
and het. equal values to het. equal values:

Xi € Set, p1 € Xy, g1 € X = t[X1,P1;Q1]€X1
Il Il A
XeRel ﬁﬁx aﬁx = tx ,5‘7‘5116)(
Xo € Set, P2 € Xo, G € Xo = t[X2;P2; Q2] € Xo
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Parametricity in System Fo

(Atkey, 2012)
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Higher Kinds

Kind Obj. semantics Rel. semantics
K K K
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Higher Kinds

Kind Obj. semantics Rel. semantics
K K ~k
* Set Rel

* X % Set x Set Rel x Rel

Andreas Nuyts, Dominique Devriese Degrees of Relatedness 11/19



Higher Kinds

Kind Obj. semantics Rel. semantics
K K ~k
* Set Rel
* X % Set x Set Rel x Rel
Set — Set
*x —> %
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Higher Kinds

Kind Obj. semantics Rel. semantics
K K ~k
* Set Rel
* X % Set x Set Rel x Rel
Set — Set
Edset — Edset
* — %

Eqi IEL lEq

Rel Rel
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Higher Kinds

Kind Obj. semantics Rel. semantics
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* Set Rel
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Higher Kinds

Kind Obj. semantics Rel. semantics
K K K
* Set Rel
* X % Set x Set Rel x Rel
Set — Set
Edset — Edget
* — % i l Rel — Rel
Eq IEL Eq
Rel Rel
Set — Set
Eq, ——Eq,
K— A g,

Andreas Nuyts, Dominique Devriese
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Parametricity in Dependent Type Theory

DTT treats types and terms on equal footing,
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Parametricity in Dependent Type Theory

DTT treats types and terms on equal footing, BUT
@ Related terms are het. equal,
@ Related types are NOT: Rel # Eq.

Mainstream approach: Ignore this fact
Takeuti (2001), Krishnaswami & Dreyer (2013), Atkey, Ghani & Johann (2014)
= Free theorems can break for large types.
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Mainstream approach: Ignore this fact
Takeuti (2001), Krishnaswami & Dreyer (2013), Atkey, Ghani & Johann (2014)
= Free theorems can break for large types.

Our approach:
@ Equip types with both = and —,
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DTT treats types and terms on equal footing, BUT
@ Related terms are het. equal,
@ Related types are NOT: Rel # Eq.

Mainstream approach: Ignore this fact
Takeuti (2001), Krishnaswami & Dreyer (2013), Atkey, Ghani & Johann (2014)
= Free theorems can break for large types.

Our approach:
@ Equip types with both = and —,
@ Modality on (i 1 x : A) — B x says how function acts on relations,

Nuyts, Vezzosi & Devriese (2017)
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Parametricity in Dependent Type Theory

DTT treats types and terms on equal footing, BUT
@ Related terms are het. equal,
@ Related types are NOT: Rel # Eq.

Mainstream approach: Ignore this fact
Takeuti (2001), Krishnaswami & Dreyer (2013), Atkey, Ghani & Johann (2014)
= Free theorems can break for large types.
Our approach:
@ Equip types with both = and —,
@ Modality on (i 1 x : A) — B x says how function acts on relations,
@ Free theorems hold for parametric functions.
Nuyts, Vezzosi & Devriese (2017)
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Continuity and Parametricity

List : (con 1 Uy) — Uo

Andreas Nuyts, Dominique Devriese Degrees of Relatedness 13/19



List : (con 1 Uy) — Uo
X=Y——List X=List Y
Eq IEL Eq

X ~Y ——List X ~ List Y
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Continuity and Parametricity

List : (con 1 Uy) — Uy [ : (pari X : Up) — List X

X=Y——=Llist X=List Y
Eq IEL Eq

X ~Y ——List X ~ List Y
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Continuity and Parametricity

Continuity Parametricity

List : (con 1 Uy) — Uy [ : (pari X : Up) — List X
X=Y——List X=List Y X=Y [Ix =ustr [y
Eq IEL Eq Eq|
X ~ Y — List X ~ List Y R:X Yy Ox ~ust 7 [y
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Continuity and Parametricity

Continuity Parametricity

List : (con 1 Uy) — Uy [ : (pari X : Up) — List X
X=Y——List X=List Y X=Y [Ix =ustr [y
Eq IEL Eq Eq
X ~ Y —List X ~ List Y R:X Yy Ox ~ust 7 [y

I Spiem = = In System F: V

Andreas Nuyts, Dominique Devriese Degrees of Relatedness 13/19



Continuity and Parametricity

Continuity Parametricity

List : (con 1 Uy) — Uy [ : (pari X : Up) — List X
X=Y——List X=List Y X=Y [Ix =ustr [y
Eq IEL Eq Eq
X ~ Y —List X ~ List Y R:X Yy Ox ~ust 7 [y

I Spiem = = In System F: V

This wasn’t there in System F!
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Degrees of Relatedness

@ Level 0 types: =
@ Level 1types: = — —~
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Degrees of Relatedness

@ Level 0 types: =
@ Level 1types: = — —~
@ Level 2types: = — —~1 = —~
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Degrees of Relatedness

o Level Otypes: = — T
o Level 1types: = — ~— T
@ Level 2types: = — —~y — —~o — T
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Degrees of Relatedness

Level -1 types: T

Level 0 types: = — T

Level 1types: = — —~ — T

Level 2types: = — —~y = —~o — T
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Degrees of Relatedness

Level -1 types: T (propositions)
Level 0 types: = — T

Level 1types: = — —~ — T

Level 2types: = — —~y = —~o — T
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Degrees of Relatedness

Depth -1 types: T (propositions)
Depth 0 types: = — T

Depth 1 types: = — ~—= T

Depth 2 types: = = —~y — —~o = T

We can decouple level (predicativity) and depth (number of relations).
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Degrees of Relatedness

Depth -1 types: T (propositions)
Depth 0 types: = — T

Depth 1 types: = — ~—= T

Depth 2 types: = = —~y — —~o = T

We can decouple level (predicativity) and depth (number of relations).

Modality U : dgom — doog IS @any possible action on these relations.
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Continuity and Parametricity

Continuity: 1 — 1 Parametricity: 1 — 0

List : (con 1 Uy) — Uy [] : (pari X : Up) — List X
X=Y ——=List X=ListY X=Y [Ix =ustr [y
Eq IEL Eq Eq
X ~Y ——List X ~ List Y R: X~Y
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Ad hoc polymorphism

Law of excluded middle (wrong):

lem: (par i X :U) — X & (X — Empty)
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Ad hoc polymorphism

Law of excluded middle (wrong):

lem : (par i X :U) — X (X — Empty)

Free Theorem (contradiction!)

((par 1 X :U) — X)W ((par 1 X :U) — X — Empty)
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Ad hoc polymorphism

Law of excluded middle (wrong):

lem : (par i X :U) — X (X — Empty)

Free Theorem (contradiction!)

((par 1 X :U) — X)W ((par 1 X :U) — X — Empty)

<

Ad hoc: 1 — 0

lem: (hoc 1 X : U) — X & (X — Empty)

X=Y——=lemX=IlemY

|

X~Y
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Irrelevance

Irrelevance := ignored by definitional equality
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Irrelevance

Irrelevance := ignored by definitional equality

Sized lists:
@ nily : (irr1 n:N) — List, X,
@ consy : (irrimn:N) — (irri m < n) — X — List, X — List, X
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Irrelevance

Irrelevance := ignored by definitional equality

Sized lists:

@ nily : (irr1 n:N) — List, X,

@ consy : (irrimn:N) — (irri m < n) — X — List, X — List, X
Irrelevance is a dependent generalization of constancy.
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Irrelevance

Irrelevance := ignored by definitional equality

Sized lists:

@ nily : (irr1 n:N) — List, X,

@ consy : (irrimn:N) — (irri m < n) — X — List, X — List, X
Irrelevance is a dependent generalization of constancy.
Codomain List_, A must be shape-irrelevant.

Abel & Scherer (2012), example 2.8
Abel, Vezzosi & Winterhalter (2017)
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Shape-Irrelevance and Irrelevance
Shape-irrelevance: 0 — 1

List , A: (shi 1 N) — Uy
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Shape-Irrelevance and Irrelevance

Shape-irrelevance: 0 — 1

List , A: (shi 1 N) — Uy

List, A= List, A

/

n List, A~ List, A

g

m

A=
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Shape-Irrelevance and Irrelevance
Shape-irrelevance: 0 — 1 Irrelevance: 0 — 0

List , A: (shi 1 N) — Uy [] : (irrin:N) — List, X

List, A= List, A

|

m=n List, A~ List, A
T/ T
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Shape-Irrelevance and Irrelevance

Shape-irrelevance: 0 — 1 Irrelevance: 0 — 0

List , A: (shi 1 N) — Uy [] : (irrin:N) — List, X

List, A= List, A

|

n List, A —~ List, A m=n [m =vst. 4 [ln

| | |

T o: T T

m

A=

Andreas Nuyts, Dominique Devriese Degrees of Relatedness 18/19



Take home message

Describe function behaviour as action on degree of relatedness.
con, par, hoc, shi, irr are instances of this.

Thanks!

Further questions?
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Breaking free theorems in DTT

System F,:

Free Theorem
VX.(X— A)— (X — B) = A—B
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Breaking free theorems in DTT

System F,:

Free Theorem
VX.(X— A)— (X — B) = A—B

Dependent types:
leak : (X :U) = (X — A) = (X = U)
leak X f x =X
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Breaking free theorems in DTT

System F,:

Free Theorem
VX.(X— A)— (X — B) = A—B

Dependent types:
leak : (X :U) = (X — A) = (X = U)
leak X f x =X

Our solution:
(par 1 X :U) — (X — A) = (X —=U)

Andreas Nuyts, Dominique Devriese Degrees of Relatedness 1/4



All modalities at lowest levels

(Li1A)— B B: U B: U B:U,
values types
AUy hoc,irr hoc, shi,irr
values
A U, hoc,par,irr | hoc,con,shi,
types par, shi&par,irr
A:Un
(m+n+2)!
(m+1)I(n+1)!
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Comparison with HoTT

Degrees of Relatedness \ HoTT
functions act on —~; functions preserve ~
equality as —~¢ equality as ~

relational HITs'

groupoidal HITs

depth: 2¢ : U]

future work

Andreas Nuyts, Dominique Devriese

h-level: U] : Ug’iﬂ
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Value-level objects Type-level objects Kind-level objects

a: A:Up canbe A: K :U; canbe K:A: can be
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Value-level objects Type-level objects Kind-level objects

a: A:Up canbe A: K :U; canbe K:A: can be

0-related (245:N) ~) (7: 1)

(het. eq.)

(2+5:N) ~) (7:N)
because
24+5=7
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Value-level objects Type-level objects Kind-level objects

a: A:Up canbe A: K :U; canbe K:A: can be

0-related (245:N) ~) (7: 1)

(het. eq.) | ([]:Lists A) ~5' * ([] : Lists A)

([] : Lists A) ~g> * (] : Lists A)
where
List, A € Rel(Lists A, Lists A)
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Value-level objects Type-level objects Kind-level objects

a: A:Up canbe A: K :U; canbe K:A: can be

0-related (245:N) ~) (7: 1)
(het. eq.) | ([]:Lists A) ~5' * ([] : Lists A)

3R.(5: N) ~§ (true : Bool)

(5: N) ~§ (true : Bool)
for some
R € Rel(N, Bool)
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Value-level objects

a: A:Up canbe

Type-level objects

A: K :U; canbe

Kind-level objects

K :A:ll can be

O-related

(het. eq.)

(245:N) ~) (7: 1)
(1] : Listy A) ~g®'*  ([] : Lists A)
3R.(5: N) ~§ (true : Bool)

VR.ify ~5OAZAZR jfy,

(ifx : Bool = X — X — X) —~

~go A AR (jfy 1 Bool — Y — Y — Y)

for all

R € Rel(X, Y)

Andreas Nuyts, Dominique Devriese

Degrees of Relatedness
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Value-level objects

a: A:Up canbe

Type-level objects

A: K :U; canbe

Kind-level objects

K :A:ll can be

O-related

(het. eq.)

(2+5:N) ~g (7:N)
([] : Listy A) ~g®'*  ([] : Lists A)
3R.(5: N) ~§ (true : Bool)

VR.ify ~5OAAZR ify,

((AX.X) Bool : Up) ~5© (Bool : Up)

((2&.8) Kﬁ?/ﬁ)f“él1 (xk:Uy)

((AX.X) Bool : Up) ~4° (Bool : Up)

because

(A X.X) Bool = Bool
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Value-level objects

a: A:Up canbe

Type-level objects

A: K :U; canbe

Kind-level objects

K :A:ll can be

O-related

(het. eq.)

(2+5:N) ~g (7:N)
([] : Listy A) ~g®'*  ([] : Lists A)
3R.(5: N) ~§ (true : Bool)

VR.ify ~5OAZAZR jfy,

((AX.X) Bool : Up) ~5© (Bool : Up)

([ Lists ) ~g™* * ([] : Listg x)

((2&.8) Kﬁ?/ﬁ)f“él1 (xk:Uy)

([ s Lists A) ~5te A ([] : Listg .A)

([] : Listy ) —~g* * ([] : Lists x)
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Value-level objects

Type-level objects

Kind-level objects

a: A:Up canbe A: K :U; canbe K:A: can be
0-related (245:N) ~) (7: 1) ((AX.X) Bool : Up) Ayo (Bool : Up) ((AEE) k) ~g1 (k1 4y)
(het. eq.) | ([1:Lists A) ~5' * ([] : Lists A) ([] : Listy &) ~g't % ([] : Listg «) ([ s Lists A) ~5te A ([] : Listg .A)
3R.(5: N) ~§ (true : Bool)
VR.ify ~5OAZAZR jfy,
1-related n/a ((A:I/{g) ~to (g uo)) ‘= Rel(A, B) ((K;m)Ai“ (U )) = Rel(x, 1) (=}

(a: A) ~F (b: B)is always w.rt. R: (A:Uy) ~r, (B:U,)

((A :Up) ~0 (B: uo)) .= Rel(A, B)
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Value-level objects

a: A:Up canbe

Type-level objects

A: K :U; canbe

Kind-level objects

K :A:ll can be

0-related (2+5:N) ~p (7:1) ((AX.X) Bool : Up) AOMO (Bool : Up) ((RE.E) ket~ (2 1ay)
(hEL eq.) s hsm. ' (=tsts 2) (0: Lists ) AFST. x ([] : Listg «) ([] : Listg A) “5\51. A ([] : Liste .A)
3R.(5: N) ~§ (true : Bool)
YR.ifx Agoobﬁ'ﬁﬂﬁg ity
1-related n/a (A1) ~1© (B:10)) ==Rel(4,8) | ((x:241) ~{T (h:U4r)) i=Rel(x,2) ()

. Uy
N:=Eqy: (N:Up) ~7° (N:Up)

12
Uo = Uy :Uy) ~1 Uo < U4y)

N = Ea : (N :Uo) ~H0 (N : Lp) )
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Value-level objects Type-level objects Kind-level objects
a: A:Up canbe A: K :U; canbe K:A: can be

(2+5: 1)~ (7: 1) ((AX.X) Bool : Up) ~5© (Bool : Up) (e.8) k) ~E1 (x:uy)

0-related
(het. eq) ([] : Listg A) mé\su A ([] : Listg A) ([] - Listg K) Aéwst. K ([ Lists %) 0t ) Aém. ) R
3R.(5: ) ~§ (true : Bool)
VR.ifx AEOO\HR‘,HA,F; ity
1-related n/a ((A:uo) ~to (g uo)) :=Rel(A, B) ((K:uw)Ain (A )) :=Rel(i, 1) {*=*}
Uo: (U :M‘)Aih (Uo : Uy)

N N Uy
N:=Eqy: (N:Up) ~7° (N:Up)
Liste A: Lists A A1“° Listg A Liste & : Lists & q”‘ Listg K

List, A: (Listy A:Up) ~Yo (Lists A: Up) )

Andreas Nuyts, Dominique Devriese Degrees of Relatedness 4/4



Value-level objects

a: A:Up canbe

Type-level objects

A: K :U; canbe

Kind-level objects

K :A:ll can be

O-related

(het. eq.)

(2+5:N) ~g (7:1)

([] : Listy A) ~g®'*  ([] : Lists A)

3R.(5: N) ~§ (true : Bool)

VR.ify Agoo\ —+R—R—R ify

((AX.X) Bool : Up) ~5© (Bool : Up)

([ Lists ) ~g™* * ([] : Listg x)

((2&.6) Kﬁ?/ﬁ)f\(]l1 (xk:Uy)

([ : Listy A) ~g'* A ([] : Listg .A)

1-related

n/a

((A Up) ~510 (8 uo)) ‘= Rel(A, B)

N Uy
N:=Eqy: (N:Up) ~7° (N:Up)
Liste A:Listg A Ai/lo Listg A

R:(G:Grp) A?rp (H:Grp)

((;c ) ~5 )) = Rel(x, 1) (=}
. . Uy .
U (Uo :U) ~ T (Uo = U)
Liste K : Listy KA% Listg K

p:(a:Cat) ~§2 (B : Cat)

(R: G~ H) x (ec ~p

(G:Grp) ~

IIZ—x

Sy ]

5 (H: Grp)

en) X (x6 ~

— B *H)
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Value-level objects Type-level objects Kind-level objects
a: A:Up canbe A: K :U; canbe K:A: can be

(2+5: 1)~ (7: 1) ((AX.X) Bool : Up) ~5© (Bool : Up) (e.8) k) ~E1 (x:uy)

O-related
(het. eq.) | ([1:Lists A) ~5' * ([] : Lists A) ([] : Listy &) ~g't % ([] : Listg «) ([ s Lists A) ~5te A ([] : Listg .A)
3R.(5: N) ~§ (true : Bool)
VR.ify ~5OAZAZR jfy,
1-related n/a ((A Up) ~510 (8 uo)) ‘= Rel(A, B) ((;c ) ~5 )) = Rel(x, 1) (=}
Uy : (U Us) ~5 (Uo 2 147)

N N Uy
N:=Eqy: (N:Up) ~7° (N:Up)
Liste A: Lists A A1“° Listg A Liste & : Lists & q”‘ Listg K

R:(G:Grp) ~$ (H: Grp) p: (o Cat) ~$2 (B : Cat)

R:(G:Grp) ~Y (M:Mon)

(G: Grp) ~{ (M : Mon)
R R—R—R
*G /\0 *M)

(R: G~ M) x (ec ~g em) x (
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Value-level objects

a: A:Up canbe

Type-level objects

A: K :U; canbe

Kind-level objects

K :A:ll can be

O-related

(het. eq.)

(2+5:N) ~g (7:1)

([] : Listy A) ~g®'*  ([] : Lists A)

3R.(5: N) ~§ (true : Bool)

VR.ify Agoo\ —+R—R—R ify

((AX.X) Bool : Up) ~5© (Bool : Up)

([ Lists ) ~g™* * ([] : Listg x)

((2&.8) Kﬁ?/ﬁ)f\él1 (xk:Uy)

([ s Lists A) ~5te A ([] : Listg .A)

1-related

n/a

((a:140) ~1© (B: o) ) = Rel(4,5)
Ni= Eap : (N Up) ~510 (N : )
Liste A:Listg A Ai/lo Listg A
R:(G:Grp) A?rp (H:Grp)

R:(G:Grp) ~Y (M:Mon)

((es2) ~{ (1)) = Rel(x,2) (o)

u
Uo - (Uo :Uy) ~1" (Uo : Uy)
Liste K : Listy KA% Listg K

p:(a:Cat) ~§2 (B : Cat)

2-related

n/a

n/a

Vi (Grp : Uy) ~5" (Mon : Uy)

V:(Grp:Uy) /\21/[1 (Mon : Uy)

)
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