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1 Introduction

The purpose of these notes is to give a categorical semantics for the transpension type [ND24], which is
right adjoint to a potentially substructural dependent function type.

« In section 2 we discuss some prerequisites.
« In section 3, we define multipliers and discuss their properties.
« In section 4, we study how multipliers lift from base categories to presheaf categories.

« Insection 5, we explain how typical presheaf modalities can be used in the presence of the transpen-
sion type.

« In section 6, we study commutation properties of prior modalities, substitution modalities and mul-
tiplier modalities.

2 Prerequisites

2.1 On adjoints
2.1.1 Adjoints and natural transformations

Lemma 2.1.1. Let L 4 R.

« Natural transformations LF' — G correspond to natural transformations F' — RG, naturally in F’

and G.

« Natural transformations 'R — G correspond to natural transformations F' — G L, naturally in F’
and G.

Proof. The first statement is trivial.
To see the second statement, wesend ¢ : FR — Gto(LoFn: ' — GL,and converselyf : F' — GL
to Ge o R : FR — (. Naturality is clear. Mapping ( to and fro, we get

Geo(LRoFnR=(oFReoFnR =_(. (1)
Mapping 6 to and fro, we get

GeLoORLoFn=GeLoGLnof=24. O



Lemma 2.1.2. Assume 4 triples of adjoint functors: E 4 FF 4 Gand E' 4 F/ 4 G'and S1 1Ty 4 U,
and Sy 415 - U such that the following diagram commutes up to natural isomorphism:

C1 L— CQ (2)

o

! /
Cl P CQ

Then we have
ESQ = SlE/ EITQ —T\FE
FSy (—SQF/ F/TlgTQF FU1—>U2F/ (3)
G/TQ «~ TG GUy == UlG/.

In fact, any one of these statements holds if only the adjoints used by that statement are given.

Proof. The central isomorphism is given. The other isomorphisms are obtained by taking the left/right
adjoints of both hands of the original isomorphism. By picking one direction of the central isomorphism,
we can step to the left/right/top/bottom by applying lemma 2.1.1. O

2.1.2 Adjoints and categories with families

Proposition 2.1.3. Ifafunctor R : C — W from a CwF C to a presheaf CwF W has a left adjoint L, then
it is a weak CwF morphism.

Proof. We use the presheaf notations from [Nuy18] (section 2.3.1).
For I' k¢ T'type, define RI' -5 RT type by

(W > (RT) [0)) :=2 (LyW k¢ Tle o Ld]). (4)

Naturality of this operation is easy to show, and the action of R on terms is given by (¥¢)[§) = t[e o
Lé]. O

Definition 2.1.4. Given adjoint functors L 4 R such that R is a weak CwF morphism, and A € Ty(LT"),
we write (R| A) := (RA)[n] € Ty(T).

Note that (R| Afe]) = (RA)[Re][y] = RA.

2.1.3 Adjoints and slice categories

Definition 2.1.5. For any U € W, the slice category over U, denoted W/U, has objects (W, 1)) where
W € Wand ¢ : W — U and the morphisms (W, ) — (W', )’) are the morphisms x : W — W’ such

that ¢’ o y = ).
Definition 2.1.6. Given a functor I : V — W and Vj; € ObjV, we define the action of F' on slice objects
over Vj as the functor

F/Yo .V Vg = W/FVy : (V) — (FV, Fyp).
Proposition 2.1.7. Let L 4 R : C — D with o : Home/(Le, d) = Homp(c, Rd).! Then R/? : C/cy —
D/Rcy : (c,7) + (Re, Ry) has a left adjoint L/, : D/Rcy — C/co : (d,8) — (Ld,a™*(0)). The
transposition operation is simply the restriction of & to morphisms of slice objects.

Proof. There is a 1-1 correspondence between diagrams

Ld a” (¢) -

d i > Re
RC().

€o

1So a(y) = Ryonand a—(§) = e o Ld.



2.2 Dependent ends and co-ends

We will use V and 3 to denote ends and co-ends as well as their dependent generalizations [Nuy20, §2.2.6-
7]:

Definition 2.2.1. A dependent end of a functor F' : Tw(Z) — C, somewhat ambiguously denoted

Vi.F(i 2% i), is a limit of F.

Definition 2.2.2. A dependent co-end of a functor F' : Tw(Z)°P — C, somewhat ambiguously denoted
R N .

Fi.F (i — 1), is a colimit of F'.

Example 2.2.3. Assume a functor G : C — D. One way to denote the set of natural transformations
Id¢ — Ide which map to the identity under G, is as

A:=Y(cel){x:c—c|Gx=1dg.}-

In order to read the above as a dependent end, we must find a functor G : Tw(C) — Set such that
G(c N ¢) ={x:c— c|Gx =idg.}. Clearly every covariant occurrence of c refers to the codomain of

d . .
(¢ = ¢), whereas every contravariant occurrence refers to the domain. So when we apply G to a general

object (z 2 y) of Tw(C), we should substitute z for every contravariant ¢ and y for every covariant c.
We can then throw in ¢ wherever this is necessary to keep things well-typed, as ¢ disappears anyway

when (z % y) = (c£>c).’1hus, we get
Gl = y) = {x:z—y|Gx =Gy}

So we see that using a dependent end was necessary in order to mention id., as this generalizes to ¢ :
x — y to which we do not have access in a non-dependent end.
An element of v € A is then a function

vi(cel)—={x:c—c|Gx=1idg.}

such that, whenever ¢ : £ — y, we have p o v, = v, 0 .

2.3 Presheaves
2.3.1 Notation
We use the presheaf notations from [Nuy18]. Concretely:
« The application of a presheaf I' € W to an object W € W is denoted W = T..
« The restriction of v : W = I'by ¢ : V. — W is denoted y o ¢ or 7.
« The application of a presheaf morphism o : I' = A toy: W = I is denoted ¢ o y or o7.
- By naturality of o, we have 0 o (y o ¢) = (0 07) 0 .

I e€WandT € Ty(T") (also denoted T - T type), i.e. T is a presheaf over the category of
elements W/T, then we write the application of T to (W,~) as (W > T[vy)) and t € (W > T[v))
asWo>t:T[y).

- By definition of type substitution in a presheaf CwF, we have (W > T'[o][v)) = (W > T[o7))
o The restriction of W > ¢ : T[y) by ¢ : (V,y0¢) = (W,~) is denoted as W 1> ¢ () : T[y¢).

« Ift € Tm(T', T) (also denoted I" - ¢ : T'), then the application of ¢ to (W, ) is denoted V' > ¢[7) :
Th).

— The naturality condition for terms is then expressed as t[) (p) = t[yp).



— By definition of term substitution in a presheaf CwF, we have ¢[c][y) = t[o7).

« We omit applications of the isomorphisms (W = T') = (yW — I') and (W > T[y)) & (yW +
T[7]). This is not confusing: e.g. given W > ¢ : T[y), the term yW F t' : T[y] is defined by

t'lp) =t (p).

One advantage of these notations is that we can put presheaf cells in diagrams; we will use double arrows
when doing so.

2.3.2 On the Yoneda-embedding
We consider the Yoneda-embedding y : W — W.
Proposition 2.3.1. A morphism¢ : V — W in W is:
« Mono if and only if y is mono,
« Split epi if and only if y ¢ is epi.

Proof. Tt is well-known that a presheaf morphism o : I' — A is mono/epi if and only if 0 0 Ly : (W =
') —» (W = A) is injective/surjective for all W. Now y@ o Li = ¢ o L. So y is mono if and only if
o L is injective, which means ¢ is mono. On the other hand, y is epi if and only if ¢ o L is surjective,
which is the case precisely when id is in its image, and that exactly means that ¢ is split epi. O

2.3.3 Lifting functors

Theorem 2.3.2. Any functor ' : V — W gives rise to functors Fy 4 F* - F, with a natural isomor-
phism Fioy 2 yoF : V — W. Wewillcall F : V — W the left lifting of F' to presheaves, F* : W — V
the central and F, : V — W the right lifting.?* [Sta19]

Proof. Using quantifier symbols for ends and co-ends, we can define:

W= Rl = 3V.(W—=FV)x(V=TI),
V=FA = FV=A
W=Fl = VW.(FV W)= (V=TI = (FyW-T).

By the co-Yoneda lemma, we have:
W=FRyV = V. W-SFV)x{V' =-V) =2 (W—=FV) = (W=yFV),

ie. iyV 2 yFV.
Adjointness also follows from applications of the Yoneda and co-Yoneda lemmas. O

Notation 2.3.3. « We denote the cell (V,¢,7) : W = FT as Fiy o . If we rename F), then we
will also do so in this notation. We will further abbreviate Fiy oid = Fjy and, if I' = yV, also
Fidoyp = .

« If§: FV = A, then we write ap(0) : V = F*A.
o If v: F*yW — T, then we write Sp(v) : W = F,T.

Proposition 2.3.4. A functor F' : V — W is fully faithful if and only if F} is fully faithful.

“The central and right liftings are also sometimes called the inverse image and direct image of F, but these are actually more
general concepts and as such could perhaps cause confusion or unwanted connotations in some circumstances. The left-central-right
terminology is very no-nonsense.

3From the construction, it is evident that F'* is precomposition with F' and hence, by definition of Kan extension, F} and F
are the left and right Kan extensions of F.



Proof. To see the implication from left to right: It is a standard fact of adjoint functors [nLa21a] that the
left adjoint F is fully faithful if and only if np : I' — F™* FiT is a natural isomorphism. If F is fully faithful,
then we can apply the co-Yoneda lemma:

(V = F*RD) = @V.(FV = FV') x (V/ =) = (3V'.(V = V') x (V/ = T)) = (V = I

ie. F* I’ 2 T and it is straightforward to see that this isomorphism is indeed the co-unit.
The implication from right to left is straightforward. By full faithfulness of y and by theorem 2.3.2 we
have

(YU = yV)=(U—=V),
(FyU = FyV) = (yFU — yFV) = (FU — FV). O

2.3.4 Dependent presheaf categories

Let W be a category. Then Wisa category with families (CwF). The following notion is standard:

Definition 2.3.5. Forany I" € W, the category of elements of I', denoted

/F or W/T (5)
w

has objects (W,~) where W € W and v : W = T, and the morphisms (W,~) — (W' ') are the
morphisms x : W — W/ such thaty' o y = 7.

Clearly, we have an isomorphism W/U = W /yU between the slice category over U and the category
of elements of yU.* - .
We will use type-theoretic notation to make statements about the CwF W, e.g. I' - CtxmeansI' € W
and ' - T type means T' € Ty(T"). Now for any context or closed type I' € W, there is another CwF

W/T. Statements about this category will also be denoted using type-theoretic notation, but prefixed

with T
By unfolding the definitions of types and terms in a presheaf CwF, it is trivial to show that there is a

correspondence — which we will treat as though it were the identity — between both CwFs:

>

« Contexts I' | © F Ctx correspond to types I' F © type which we will think of as telescopes
I.0F Ctx,

« SubstitutionsT" | 0 : © — O’ correspond to functions ' - o : © — ©’, or equivalently to telescope
substitutions idr.c : I'.© — I".©’,

« TypesI' | © T type correspond to types I'.O + T type,

e« TermsT' | © -t : T correspond to terms T'.O - ¢ : T
In summary, the pipe is equivalent to a dot.
Proposition 2.3.6. We have an equivalence of categories W/\F ~ 17\/\/ .
Proof. — We map the presheaf I' | © F Ctx to the slice object (I".O, 7).

< We map the slice object (A, o) to the preimage of o, i.e. the presheaf o~ which sends (W, ) to
{6 : W= Alood=nr}

m We need a natural isomorphism 7 : VO.(I' | n : © = 7= 1). If 0 : (W,~) = O, then we define
1(0) = (v,0) : W = I'.O and indeed we have 7 o (7, ) = +. This is clearly invertible.

4Depending on pedantic details, we may even have W/U = W/yU.



W/F We need a natural isomorphism ¢ : V(A, 0).(T.0 ™!, 7) = (A, 0). Given (7,8) : W = T.o~! (ie.
we know 0 0 § = ), we definee o (7,5) = § : W = A. Then

gogo(y,8) =0o0b=7y=mo(y,d), (6)
so indeed we have a morphism in the slice category. It is inverted by sending § : W = A to
(006,8): W=T.0~L O

Corollary 2.3.7. We have W/\U = W ~ W/yU. O

2.3.5 Substitution and its adjoints
Definition 2.3.8. Given U € W, we write
« Sy WU =W : (W) - W,
« Qu W —=W/U : W — (W x U,mz) (if W has cartesian products with U).

Proposition 2.3.9. If Qp exists, then Xy - Q. We denote the unit as copy; @ Id — QX and the
co-unit as drop;; : XpyQy — Id. O

Proposition 2.3.10. 1. fU — T is split epi, then the functor €y is faithful.
2. (Not used). If U — T is mono, then X is full.

Proof. 1. We have some v : T — U, so that the action of 2y on morphisms sending ¢ — ¢ x U can
be inverted: ¢ = 7 0 (¢ x U) o (id, v).

2. Take slice objects (W71, 1) and (W2, 43) and a morphism ¢ : W7 — Whs. The fact that U — T is
mono just means that morphisms to U are unique if existent. Then ¢ is also a morphism between
the slice objects. O

Definition 2.3.11. Given y : W} — Wy in W, we write
o SPXCWIWE = W/ W = (W) = (W, x 01)),

« QX W/ Wy — W/ W for the functor that maps (W, 1)) to its pullback along  (if ¥ has pullbacks
along x).

Ify = m : Wy x U — W, we also write S/ : W/(Wy x U) — W/Wy and Q"° : W/W, —
W/(WQ X U)
Proposition 2.3.12. If O/X exists, then 3/X + Q/X. We denote the unit as copy/X :Id — Q/XX/X and
the co-unit as drop/X : £/XQ/X — Id. O
Proposition 2.3.13 (Ultimately not used). 1. If  is split epi, then Q/X is faithful.

2. If x is mono, then X/X is full.6

Proof. 1. We have some v : Wy — W/, such that x o v = id. Then the action of Q/X on morphisms
sending ¢ — ¢ Xy, W{ can be inverted: given ¢ : (W1,v1) — (Wa,12) € W/Wy, we have

’
; PxXwyWo

S0, W sy Wy Z, W ey, Wy 225 1. )

gDZWl

2. Take a morphism ¢ : (W7, x 01) — (Wa, x 01b9). Then x 013 0 ¢ = x 0 11. Because y is mono,
this implies that ¢5 0 @ = 91, 1.e. p : (Wi, 1) = (Wa, 1bo). O

3 An earlier version asserted fullness of {2;; instead, but proved the current theorem.
6 An earlier version asserted fullness of /X instead, but proved the current theorem.




Definition 2.3.14. Given o : ¥/ — U in 17\/\, we write
. /o W/ = W/ (W ) — (W ooy,

« Q/7:W/¥ — W/ for the functor that maps (W, 1)) to its pullback along o (if VW has pullbacks
along o), by which we mean a universal solution W’ to the diagram

w’ W (8)

.k

\Ij/?\l/

Ifo =7 : U x ®— U, we also write 55" : W/(U x ®) — W/ and Q4" : W/¥ — W/(¥ x ®).

Proposition 2.3.15. If /7 exists, then /7 - /7. We denote the unit as copy/? : Id — Q/7%/ and
the co-unit as drop’? : £/7Q/7 — 1d. O

Proposition 2.3.16 (Not used). 1. If o is surjective, then / is faithful.
2. If o is injective, then X/ is full.”

Proof. 1. If o is surjective, then by the axiom of choice, there is at least a non-natural f : ¥ — ¥’
such that o o f = id. The rest of the proof is as for proposition 2.3.13.

2. Same as for proposition 2.3.13. O

Definition 2.3.17. The functors /7 4 Q/ give rise to four adjoint functors
»ol 4ol 4117l 4§ )

between W/\\I/ and m, of which the first three exist if only ¥/ exists.®
The units and co-units will be denoted:

copy’! : Id — Q°lxel drop?l : xoloel - 14
const’l : Id — I1°1Q°l app?l : Qollrel 5 1d (10)
reidx?! : Id — $°lmI°l unmerid®! : TI°l$el — 1

We remark that, if we read presheaves over YW/ ¥ as types in context ¥, then Q! : W/\\IJ — V/V/\\I/’
is the standard interpretation of substitution in a presheaf category. If o = 7 : W.A — U is a weakening

morphism, then Q;I;‘ := Q7 is the weakening substitution, Hil =1l WA — W/\\Ifis isomorphic

to the standard interpretation of the II-type and Eil =yl VW\I/\.A — W/\\Il is isomorphic to the
standard interpretation of the X-type.

Theorem 2.3.18. Given types ¥ - A, B type, the projections constitute a pullback diagram:

v.(AxB) X ~waA (11)

) ; PR

7 An earlier version asserted fullness of /7 instead, but proved the current theorem.

8The latter functor is already a cartesian transpension functor; however we have not guaranteed its existence. Later on we will
discuss a transpension functor for certain — not necessarily cartesian — shapes, modelled by multipliers, and there we will guarantee
existence.



and every pullback diagram in a presheaf category is isomorphic to a diagram of this form. We have the
following commutation properties:
I Y5 Qp Ip \ $5
Y4 || Zelnf T wblvaT [ 2ol = Oflvel | nelgfT — qAlne]
04 || QoA = 5810 [ QaTOAT = QFTTQal | QolAl =~ A 10T | Qo'I$8l — ¢871Qel (12)
I, || TISAT 28T | o108 T = oAlTel | molP T~ nAimne’T | me1gs’T = ¢iel
$4 $o1OAl — QB Tgal | golT8l o~ 1187TgeT | goTghl o~ §B'Tgel

where every statement holds if the mentioned functors exist.

Proof. In the base category, it is evident that X/ ¥/# "= n/By/e By applying the functor . +*, we obtain
Q10A = P10l whence by lemma 2.1.2 the entire diagonal of the commutation table.

It is a well-known fact that 3- and II-types are respected by substitution, which gives us the isomor-
phisms for swapping 2 and either ¥ or II. Lemma 2.1.2 then gives the rest. O
Theorem 2.3.19. Given o : ¥’ — W, the following operations are invertible:

U | 29T Ttype U x0Tkt T
V| T F (Q71T)[copy”!] type U | T+ (Qa‘ t)[copy?!] : (Q71T)[copy”!]
Proof. Note that T is a presheaf over (W/¥)/%°IT, and (Q°!T)[copy®!] is a presheaf over (W/¥')/T.
We compare the objects of these categories:

(13)

Obj(W/¥)/2°IT)

— (W e W) x (6 W = ) x 3(W,0') € WU (= (W, ) = /7 (W', ) x (W) = T)
(W eW)x (: W =0) x IV (¢ : W = W) x (x: (W,0) = /(W ")) x (W,¢)=T)
XWeW)Xx (p:W=U)xIW. (Y : W = V) x (x: W,0) = (W ,o09)) x (W, ') =T)
2 WeW)x IW.( W =) x (x: W—=W)x(W,y)=T)

because Y is a slice morphism iff 1) = o 09}’ 0

1%

(WeW)x @ :W=19)x (W,¢)=T)
=~ Obj(W/¥")/T).
A similar consideration of the Hom-sets leads to the conclusion that both categories are isomorphic.

Moreover, we remark that the isomorphism sends ((W, %), v) on the right to (W, o 0 ¢’), ¥°l7) on the
left. When we consider the action of (Q°!T)[copy?!] on ((W, ), ~), we find:

(W) > (@1T)copy” 1)) = (/7 (W) & T[517))
= ((W,O‘ o)) > T[Z”"y>)

In other words, the types T and (Q°!T)[copy”!] are equal over an isomorphism of categories. Then
certainly 7" can be retrieved from (Q°!7)[copy?!]. An identical argument works for terms. O

2.3.6 Reconstructing right adjoints

Proposition 2.3.20. Given a left adjoint functor L : W — C, we can construct a right adjoint Ry, : C —
W without using the axiom of choice.
Proof. Define (W = RI') := (LyW — I'). As a matter of notational hygiene, write ay, : (LyW —
I') — (W = RyT) for the identity function. Define restriction by a,(y) o ¢ = ar(y o Lyy) and the
functorial action by Ryo o ar(y) = ar (o o). This is a well-defined presheaf functor.

Now we show that L 4 Ry. Since L is a left adjoint, it has a right adjoint R. We have natural
isomorphisms

(W= R.TI')=(LyW —T) = (yW — RI') = (W = RI')
so that Ry, is naturally isomorphic to R and indeed right adjoint to L. O



3 Multipliers in the base category

3.1 Definition

Definition 3.1.1. Let WV be a category with terminal object T. An object W is pointable’*if () : W — T
is split epi. A category is objectwise pointable®” if every object is pointable.

We have carefully chosen the above terminology to emphasize (1) that pointability is a property, not
structure (the corresponding structure is called pointed), and (2) that objectwise pointability does not
require that the pointings can be chosen naturally.

Definition 3.1.2. Let WV be a category with terminal object T. A multiplier for an object U € Vis a
functor Lix U : W — Vsuch that T x U = U.° This gives us a second projection 7o : VIW.W x U — U.
We define the fresh weakening functor as 4y : W — V/U : W — (W x U, 72), which is essentially
the action of the multiplier on slice objects over T.

We say that a multiplier is:

« Endo if it is an endofunctor (i.e. ¥V = W), and in that case:

- Copointed® if there is also a first projection w1 : VIW.W x U — W,

- A comonad®” if there is additionally a ‘diagonal’ natural transformation Lix & : VW.W xU —
(W x U) x U suchthatm o (W x §) = (my x U) o (W x 0) = id.

— Cartesian if it satisfies the universal property of the cartesian product with U,
« T-slice faithful® if d;; is faithful, or equivalently (lemma 3.2.2) if Ly x U is faithful,
« T-slice full®* if 4;; is full,
« T-slice objectwise pointable®® if o : W x U — U is always split epi, and in that case:

- T-slice shard-free®* if 4;; is essentially surjective on objects (V, ) such that 1 is split epi,
i.e. if every such object in V /U is isomorphic to some 4y W.

— A split epi slice object (V, ) that is not in the image of J;y even up to isomorphism, will be
called a shard of the multiplier.

« T-slice right adjoint’® if 4;; has a left adjoint 3y : V/U — W.!° We denote the unit as copyy; :

Id — d4y3v and the co-unit as dropy; : Jydy — Id.

3.2 Basic properties

Some readers may prefer to first consult some examples (section 3.3).

Proposition 3.2.1. For any multiplier, we have (Ly x U) = Xy o dy. O
Lemma 3.2.2. The functor L x U is faithful if and only if ;s is faithful.

Proof. We have (L x U) = Xy o dy and Xy : V/U — V is faithful as is obvious from its definition. [J
Proposition 3.2.3. A multiplier with an objectwise pointable domain is T-slice objectwise pointable.
Proof. The multiplier, as any functor, preserves split epimorphisms.

Proposition 3.2.4. Cartesian endomultipliers are comonads, and comonads are copointed. O

Proposition 3.2.5. Cartesian endomultipliers are T-slice right adjoint.

% x U is to be regarded as a single-character symbol, i.e. X in itself is meaningless. In most concrete applications, however,
the multiplier is defined as some monoidal product Ly ® U with a given object U. For this reason, we also refrain from defining
U := T x U because we may not have T ® U = U on the nose for the object of interest U.

10 A functor Lix U with this property is usually called a parametric or local right adjoint [nLa21b], but the word ‘local’ is overloaded
[nLa23a] and so is ‘parametric’, and we wanted uniform terminology.
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Proof. The left adjoint to 4y = Qy is then given by 3y (V, ¢) = By (V, ) = V (proposition 2.3.9). O
Proposition 3.2.6. Cartesian endomultipliers for pointable objects, are T -slice faithful.

Pointability is not required however: cartesian endomultipliers for unpointable objects may be T-slice
faithful (examples 3.3.4 and 3.3.6).

Proof. In this case, 4y = Qp and U — T is split epi, so this is part of proposition 2.3.10. O
Being T-slice full expresses absence of diagonals in the following sense:

Proposition 3.2.7. If an endomultiplier for U is both a comonad and T-slice full, then U is a terminal
object. If the endomultiplier is moreover cartesian, then it is naturally isomorphic to the identity functor.

Proof. Consider the following diagram:

TxU X0 (TxU)xU (14)
U/

This is a morphism of slice objects T x § : 4y T — dy (T x U) and thus, by fullness of 4, of the form
Jyv for some v : T — T x U. This means in particular that

idryg=mo(Txd)=mo(wxU)=vom:TxU—TxU. (15)

Composing on both sides with 75 : T x U 2 U, we find that idyy = (72 0 v) o (71 o m, ') factors over
T, which means exactly that my ov : T — U and m o 75 L. U — T constitute an isomorphism, i.e. U
is terminal.

If Ly x U is cartesian, then it is a cartesian product with a terminal object and therefore naturally
isomorphic to the identity functor. 0

3.3 Examples

Example 3.3.1 (Identity). The identity functor W x T := W is an endomultiplier for T.
It is cartesian, T-slice fully faithful, T-slice objectwise pointable iff WV is objectwise pointable and in

that case T-slice shard-free, and T-slice right adjoint.
The functor 41 : W — W/T : W — (W, ()) has a left adjoint 3+ : W/T — W : (W, ()) — W.

Example 3.3.2 (Cartesian product). Let W be a category with finite products and U € W.

Then 1y x U is an endomultiplier for U.

It is cartesian, T-slice faithful if (but not only if) U is pointable (proposition 3.2.6), T-slice full if and
only if U = T (proposition 3.2.7) and T -slice right adjoint (proposition 3.2.5). We do not consider T -slice
objectwise pointability for this general case.

The functor 4y = Qp : V — (V X U, m2) has a left adjoint Iy = Xy : (W,¢) — W. Hence, we
have 3y 4y = L x U.

Example 3.3.3 (Affine cubes). Let O be the category of affine non-symmetric k-ary cubes I" as used in
[BCH14] (binary) or [BCM15] (unary). A morphism ¢ : I"™ — I"™ is a function L1 {p) : {i1,...,in} —
{#1...9m,0,...,k — 1} such that i (p) = j{(p) & {0,...,k — 1} implies i = j. We also write p =
(i1 {©) /i1, ... in {p) /in). This category is objectwise pointable if and only if k£ > 0.

Consider the functor L+ I : 0% — OF : I" + "+, which is a multiplier for L. It acts on morphisms
L2 m—1 bY setting P * I= (@a im-&-l/i'rH—l)'

It is straightforwardly seen to be copointed, not a comonad, T-slice fully faithful, T-slice objectwise
pointable iff k£ # 0 and in that case T-slice shard-free, and T-slice right adjoint.

The functor dy : 1" + (I"*!, (i,,41/i1)) has as left adjoint the functor 3; which sends (I",) to
1" if i1 (¢) € {0,...,k — 1} and to I"~! (by removing the variable i; (1)) and renaming the next ones)
otherwise. The action on morphisms is straightforwardly constructed.
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In the case where k = 2, we can throw in an involution — : I — I. This changes none of the above
results, except that i1 (1)) may be the negation —j of a variable j, in which case 3y removes the variable

J-

Example 3.3.4 (Cartesian cubes). Let Z* be the category of cartesian non-symmetric k-ary cubes I". A
morphism ¢ : I — I™ is any function v (p) : {i1,...,in} — {i1...%m,0,...,k — 1}. This category
is objectwise pointable if and only if & > 0.

Consider the functor Ly x I : @* — @* : " s I"*!, which is an endomultiplier for I.

It is cartesian (hence T-slice non-full and right adjoint with J;(W,v) = W), T-slice full, T-slice
objectwise pointable iff £ > 0 and in that case T-slice shard-free.

Again, involutions change none of the above results.

Example 3.3.5 (CCHM cubes). Let Ay A, - be the category of (binary) CCHM cubes [CCHM17]. What’s
special here is that we have connections V, A : 2 — I (as well as involutions). This category is objectwise
pointable.

Again, we consider the functor L1 x I : By 5~ — By a- : I" — I"T!, which is an endomultiplier
for I

It is cartesian (hence T-slice non-full and right adjoint with 3;(W,¢) = W), T-slice faithful and
T-slice objectwise pointable but not shard-free (since (I, V) and (I?, A) are shards).

Example 3.3.6 (Clocks). Let ® be the category of clocks, used as a base category in guarded type theory
[BM20]. Its objects take the form (i1 : ®y,, ..., 4, : @, ) where all k; > 0. We can think of a variable
of type ©®y, as representing a clock (i.e. a time dimension) paired up with a certificate that we do not care
what happens after the time on this clock exceeds k. Correspondingly, we have amap ®;, — O, if k < £.
These maps, together with weakening, exchange, and contraction, generate the category. The terminal
object is () and every other object is unpointable.

Consider in this category the functor Li x (i : @) : ® = O : W — (W, : ®f), which is an
endomultiplier for (i : ®O).

It is cartesian (hence T-slice non-full and right adjoint with 3;.0, ) (W, 1) = W), T-slice faithful and
not T-slice objectwise pointable.

Example 3.3.7 (Twisting posets). Let P be the category of finite non-empty posets and monotonic maps.
This category is objectwise pointable.

LetI={0<1}andlet W x I = (W° x {0}) U (W x {1}) with (2,0) < (y,1) forall z,y € W.
This is an endomultiplier for L.

It is easily seen to be: not copointed, T-slice faithful but not full, T-slice objectwise pointable but not
shard-free, and T -slice right adjoint.

The functor J : V + (V x I, o) has a left adjoint 3y : (W, 1) ~— ¥ ~1(0)°P W)~ (1) where elements
from different sides of the & are incomparable.

We see this category as a candidate base category for directed type theory. The idea is that a cell over
W is a commutative diagram in a category. A problem here is that a cell over a discrete poset such as
{z,y} where x and y are incomparable, should then be the same as a pair of cells over {«} and {y}. This
will require that we restrict from presheaves to sheaves, but that makes it notoriously difficult to model
the universe [XE16]. One solution would be to restrict to totally ordered sets, but then we lose the left
adjoint 3. We address this in example 3.3.8.

Example 3.3.8 (Twisted cubes). Let X be the subcategory of P whose objects are generated by T and
L1 X I (note that every object then also has an opposite since T°? = T and (V x I)°P = V x I), and whose
morphisms are given by

C (,0) MOV, W ) if o < 5(V, WOP),

+ (0, 1) s XV, W D) if = MV, W),

e o T:X(V X LW x I)if p : X(V, W),
< ()XW, T).
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Note that this collection automatically contains all identities, composites, and opposites. It is isomorphic
to Pinyo and Kraus’s category of twisted cubes, as can be seen from the ternary representation of said
category [PK20, def. 34]. This category is objectwise pointable.

Again, we consider the functor .y x I : X — X, which is well-defined by construction of X and an
endomultiplier for I. It corresponds to Pinyo and Kraus’s twisted prism functor.

It is: not copointed and T -slice fully faithful, objectwise pointable, shard-free and right adjoint.

The left adjoint to Jy : W +— (W x I, m3) is now given by

(W, ((),0)) = WP
T (W, (0,1)) = W (16)
WxL()xI) — W,

with the obvious action on morphisms.

Example 3.3.9 (Embargoes). In order to define contextual fibrancy [BT21] internally, we need to be able
to somehow put a sign in the context I".1.0 in order to be able to say: the type is fibrant over © in context
I'. We call this an embargo and say that O is embargoed whereas I is not. If C is the category of contexts,
then I'.1.© can be seen as an object of the arrow category C', namely the arrow '.© — T..

IfC=w happens to be a presheaf category, then we have an isomorphism of categories H : W =
VVX\T where T = {L — T}. Under this isomorphism, we have y(W, T) & H(yW i, yW) which we

think of as yW.A.T and y(W, L) & H(L 1N yW) which we think of as yW.Y. L. Thus, forgetting the
second component of (W, 0) amounts to forgetting the embargoed part of the context. A (W, T)-cell of
I'.1.Ois a W-cell of I".0, i.e. a partly embargoed W -cell. We can extract the unembargoed information
by restricting to (W, L), as a (W, L)-cell of I".1.0 is just a W-cell of T".

There are 3 adjoint functors L - () 1 T between 1 and Point from which we obtain 3 adjoint functors
(Id, L) 47y 4 (Id, T) between W x T and W. The rightmost functor (Id, T) : W — W x 1 is a multiplier
for the terminal object ¥ := (T, T) € W x 7, denoted 1 x .

It is: not endo, T-slice fully faithful, T-slice objectwise pointable iff W is and in that case T-slice
shard-free, and T -slice right adjoint.

In order to look at the left adjoint, note first that since ! is terminal, we have (W x 1)/! =2 W x 1 and
clearly dy corresponds to (Id, T) under this isomorphism. This functor is part of a chain of three adjoint
functors (Id, L) 4 m - (Id, T) so that the multiplier is not just T -slice right adjoint but 3y even has a
further left adjoint!

If Lix U : ¥V — W is a multiplier, then we can lift it to a multiplier Ly x (U x 1) : V x 1 — W x 1 by
applying it to the first component, i.e. (W, 0) x (U x ¥) = (W x U, 0). The resulting multiplier inherits
all properties in definition 3.1.2 from L x U, except that it is never T-slice objectwise pointable.

Example 3.3.10 (Enhanced embargoes). If Ly x U is a copointed endomultiplier on W, then we might

want to apply it to an arrow V' LHw by sending it to V- x U YT V. This operation is not definable

on W x 1, which only encodes arrows of the forms W — W (as (W, T)) and L — W (as (W, L)). For
this reason, we move to the comma category Wy := W, /W where W, is W with a freely added initial

object. This comma category has as its objects arrows V' s W where V € W | and W € W. Morphisms

are simply commutative squares. A (V LN W)-cell is now a non-embargoed W-cell v with embargoed
information about v o 1.

We still have three adjoint functors (L 1N ) 14 Cod 4 A where AW = (W M, W). Further right

adjoints would be Dom H (L g T), but Dom is not definable as the domain might be 1. We take A as
a multiplier for ! := (T — T), denoted Ly x ¥ := A.

The multiplier L1 x ¥is: not endo, T-slice fully faithful, T-slice objectwise pointable iff VW is objectwise
pointable and in that case generally not T-slice shard-free (as every non-identity arrow is a shard), and
T-slice right adjoint.

Now we can still lift any multiplier i x U : V — W to a multiplier Lu x (U x ¥) : Vi — Wi

for (Ux Yt = (U i, U) by applying it to both domain and codomain, i.e. (V LN W) x (Ux) =
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(VxU U WU ), where by convention | x U = L. It inherits all properties in definition 3.1.2

from Ly x U, except that it is never T-slice objectwise pointable

For reasons that will become apparent later, we write ¥/ := (Ls — T). Note that a (}/U)-cell is
an unembargoed point with embargoed information about the degenerate U-cell on that point. E.g. in a
context 1.0, an (1,/T)-cell is exactly a path in © above a point in T, which is a concept that we need
to quantify over when defining internal Kan fibrancy [BT21].

If L X U is copointed, then we can also lift a multiplier for U to a multiplier for (!1/U) by applying
the original one only to the domain, i.e. (V/ LN W)yx Y/U)=(VxU Yo, W). This again inherits
all properties in definition 3.1.2 from L X U, except that it is never T -slice objectwise pointable, and that
T-slice fullness requires that 7m; : L1 X U — Id is objectwise epi (e.g. because U is pointable) and L1 x U
is slicewise full, and that T-slice right adjointness can only be inherited if YV has pushouts. In that case,
we have

30y oy (Wi 5 Wa, (41, 0) = Bu (Wi, 1) — Wa W, 3u(W1,91)). (17)

Here, the morphism W7 = Xy (Wi,v¢1) — Ju (Wi, 1) is an instance of the natural transformation
hideyy : ¥y — Jy obtained by lemma 2.1.1 from 7; : L X U = Xy dy — Id (theorem 3.4.4). Indeed,

given a morphism of slice objects (x1, x2) : (W1 2, Wa, (¥1,0)) = oy oy (Vi 25 V), ie.

VikUsV, —25 1, (18)

</

UO—7———T

we get a commutative diagram (the upper right square commutes by construction of hidery)

Juxa dropy,

(W, ) ————— Vi ————=W; (19)
hideUT hideUT
(Wi, 1) — 2 Sy Vi
X Vix U Vi
| |
Wa X2 Vs

so the top horizontal line, which is the transpose of x1, is a well-typed first component of the transpose of
(x1, Xx2), while the three horizontal lines together constitute an arrow from the pushout to V5 which is a

well-typed second component. Conversely, given (wy,w2) : 3u /1) (W1 2, Wa, (¥1,()) = (Vi & W5),
i.e. (unwrapping the pushout)

hideU

Wi Ju(Wh,v1) W1 (20)
/| |
W2 X2 Vé
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we can take the transpose of w; as a first component and x as a second component of the transpose of
(w1, ws). It remains to show that these form a commutative diagram with ¢ : W; — W5 and ¢ o 7y :
Vi x U — Va. But we have a commutative diagram

Sucopyy Yyduw:

(W, 91) Yy duIv (Wi, ¢r) SudvVi=—=Vi xU

ihidey ihidey J/hidEU J{ﬂ'l

Wlawl HUjUHU(W171/)1) ElU—_Ile

Fudvwi ropy

W1 ? HU Wlawl w1

Jy copyy

which can be pasted on top of the previous one to settle the matter. Finally, it is surprisingly easy to verify
that the transposition operations just defined are mutually inverse.

Example 3.3.11 (Depth d cubes). Let 1, with d > —1 be the category of depth d cubes, used as a base
category in degrees of relatedness [ND18, Nuy18].!! Its objects take the form (i1 : (k1),...,%n & (kn))
where all k; € {0,...,d}. Conceptually, we have a map (k) — (¢)) if & > ¢. Thus, morphisms ¢ : (i; :
(K1), - -« vin : (k) = (G1 2 (1), - -5 dm : (€m)) send every variable j : (€) of the codomain to a value
j {p), which is either 0, 1 or a variable 7 : (k) of the domain such that k > ¢. The terminal object is () and
the category is objectwise pointable.

Consider in this category the functor Ly x (i : (k) : @g = @q : W — (W,i : (k)), which is an
endomultiplier for (i : (k).

It is cartesian (hence T-slice non-full and right adjoint with 3(;.¢x)) (W, 4) = W), T-slice faithful,
objectwise pointable and shard-free.

Example 3.3.12 (Erasure). Let Erase; = {T <~ 0+ 1< ... < d} with d > —1. This category has

cartesian products m x n = max(m, n) and only the terminal object is pointable. We remark that Erase
is the Sierpinski topos.

We consider the endomultiplier . s x ¢ : Eraseq — Erasey.

It is cartesian (hence T-slice non-full and right adjoint with 3;(j,%) = j), T-slice faithful and not
T-slice objectwise pointable.

We believe that this base category is a good foundation for studying the semantics of erasure of
irrelevant subterms in Degrees of Relatedness [ND18]. The idea is that, for a presheaf I, the set T = T'is
the set of elements, whereas the set ¢ = I’ is the set of elements considered up to i-relatedness, but also
whose existence is only guaranteed by a derivation up to i-relatedness.

Example 3.3.13 (Counterexample for T -slice faithful). Let 7% be the category of binary cartesian cubes
extended with an initial object. We consider the cartesian product Ly x L which sends everything to L.
This is not T-slice faithful, as 4 sends both (0/i) and (1/4) : () = (i : D) to [ : (L,[]) — (L,][]). Itis
not T-slice full, as thereisno ¢ : () = Lsuchthaty x L =1 :4,() —» 4, L.

3.4 Properties

3.4.1 Functoriality

Definition 3.4.1. A multiplier morphism or morphism multiplier for v : U — U’ is a natural
transformation Ly x v : L x U — i x U’ such that m 0 (T x v) oy ' = v : U — U’ (or equivalently
mo(Wxv)=vomy: W x U — U’ forall W).

« If both multipliers are copointed, then v is said to be a morphism of copointed multipliers$* if
it is a morphism of copointed endofunctors, i.e. if m o (W X v) = 7,

UFor d = —1, we get the point category. For d = 0, we get the category of binary cartesian cubes [12. For d = 1, we get the
category of bridge/path cubes [NVD17, Nuy18].
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« If both multipliers are comonads, then v is said to be a comonad morphism of multipliers’* if
it is a comonad morphism, i.e. if additionally (W x §) o (W x v) = (W x v) x v) o (W K ),

« A morphism of cartesian multipliers is cartesian if it is the cartesian product with v.

Proposition 3.4.2. A morphism of copointed multipliers, whose domain and codomain happen to be
cartesian multipliers, is cartesian.

Proof. We have myo(W xv) = vomg and my o (W xv) = 71. Hence, (W xv) = (71, vome) = Wxv., O

Proposition 3.4.3 (Functoriality). A multiplier morphism .1 X v : L x U — 1y X U’ gives rise to
a natural transformation ¥/* o Ju — dur. Hence, for T-slice right adjoint multipliers, we also have
dyr o E/U — dy.

Proof. We have to show that for every W € W, we get (W x U,voma) — (W x U’, m2). The morphism
W xov: W xU— W x U’ does the job. The second statement follows from lemma 2.1.1. O
3.4.2 Quantification and quotient theorem
Theorem 3.4.4 (T -slice quantification theorem). If Ly x U is
1. T-slice fully faithful and right adjoint, then we have a natural isomorphism drop;; : Iy dy = Id.
2. copointed, then we have:
(a) hidey : Xy — Juy (f T-slice right adjoint),
(b) spoily; : 4y — Qu (if Qp exists),

(c) in any case Xy dy — Id.

3. acomonad, then there is a natural transformation X/%0 4y — 4y w7, where we compose multipliers
as in theorem 3.6.1.

4. cartesian, then we have:

(@) Ju = Xy,
(b) dv = Qu,
(C) E|U_‘lU = EUQU = (\_1 X U) = (I_l X U)
Moreover, these isomorphisms become equalities by choosing 3y and Qi wisely (both are defined
only up to isomorphism).
Proof. 1. This is a standard fact of fully faithful right adjoints such as dy.

2. By lemma 2.1.1, it is sufficient to prove Xy 4y — Id. But ¥y dy = (L x U), so this is exactly the
statement that the multiplier is copointed.

3. This is a special case of proposition 3.4.3.

4. By uniqueness of the cartesian product, we have 4y = (. Then the multiplier is T-slice right
adjoint with 3y = ¥y. The last point is now trivial. O

Theorem 3.4.5 (T-slice quotient theorem®” for T-slice objectwise pointable multipliers). If LixU : W —
V is T-slice objectwise pointable, fully faithful and shard-free, then 4y : W ~ V//U is an equivalence
of categories, where V//U is the full subcategory of V/U whose objects are the split epimorphic slice
objects.

Proof. By T-slice objectwise pointability, 47 lands in V//U. The other properties assert that 4/ is fully
faithful and essentially surjective as a functor W — V//U. O
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This quotient theorem applies to examples 3.3.1, 3.3.3, 3.3.8 and 3.3.9. However, we can extend the
quotient theorem to also consider multipliers that are not T-slice objectwise pointable theorem 3.4.10,
and then it will apply to more examples.

We will use the quotient theorem in theorem 4.4.7 on transpension elimination, a dependent elimi-
nator for the transpension type from which we can build a dependent eliminator for BCM’s W-type and
prove BCM’s ®-rule [Moul6, BCM15].

3.4.3 Dealing with unpointability

Since multipliers that are not T-slice objectwise pointable, do not guarantee that 4y produces split epi
slice objects, we need to come up with a larger class of suitable epi-like morphisms to U before we can
proceed.

Definition 3.4.6. Given a multiplier .1 x U : W — V, we say that a morphism ¢ : V' — U is dimen-
sionally split if there is some W € W such that 7y : W x U — U factors over ¢. The other factor x
such that m = ¢ o x will be called a dimensional section of ¢. We write }V//U for the full subcategory
of V/U of dimensionally split slice objects.

The T-slice objectwise pointability condition for multipliers is automatically satisfied if we replace
‘split epi” with ‘dimensionally split’:

Corollary 3.4.7. For any multiplier . x U, any projection mo : W X U — U is dimensionally split.
Proposition 3.4.8. Take a multiplier Ly x U : W — V.

1. If ¢ o x is dimensionally split, then so is ¢.

2. The identity morphism idy : U — U is dimensionally split.

3. If ¢ : V — U is dimensionally split and x : V' — V is split epi, then p o x : V' — U'is
dimensionally split.

4. Every split epimorphism to U is dimensionally split.

5. If Ly x U is T-slice objectwise pointable, then every dimensionally split morphism is split epi.
Proof. 1. If my : W x U — U factors over ¢ o x, then it certainly factors over (.

2. Since o : T X U — U factors over idy.

3. Let ¢’ be a dimensional section of ¢ and ' a section of . Then x’ o ¢’ is a dimensional section of
¥ o X-

4. From the previous two points, or (essentially by composition of the above reasoning) because if
x:U — Visasectionof p: V — U, then y omy : T X U — V is a dimensional section of ¢.

5. If ¢ : V — U is dimensionally split, then some 75 : W x U — U factors over . Since 73 is split
epi, idy factors over 7o and hence over ¢, i.e. ¢ is split epi. O

We can now extend the notions of shard and shard-freedom to multipliers that are not T-slice object-
wise pointable without changing their meaning for those that are:

Definition 3.4.9. We say that a multiplier ./ x U : W — V is T-slice shard-free if 4;; is essentially
surjective on V' //U, the full subcategory of VV /U of dimensionally split slice objects. A dimensionally split
slice object (V,v)) that is not in the image of 4y even up to isomorphism, will be called a shard of the
multiplier.

Note that a multiplier is T-slice shard-free if every dimensionally split slice object has an invertible
dimensional section.
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Theorem 3.4.10 (T -slice quotient theorem’#). If a multiplier L x U : W — V is T-slice fully faithful
and shard-free, then Jyy : W ~ V//U is an equivalence of categories. 0

Example 3.4.11 (Identity). In the category WV with the identity multiplier W x T = W, every morphism
W — T is dimensionally split with idy as an invertible dimensional section. The multiplier is T-slice
fully faithful and shard-free, so the quotient theorem applies.

Example 3.4.12 (Nullary cubes). In the categories of k-affine cubes 0% (example 3.3.3) and k-ary carte-
sian cubes 1* (example 3.3.4) (k > 0), a morphism ¢ : I" — T is dimensionally split if i1 () is a variable.
The multipliers L+ [ : 0¥ — 0% and L x [ : @* — &@* are T-slice shard-free. The multiplier for affine
cubes is also T-slice fully faithful so the quotient theorem applies.

Example 3.4.13 (Clocks). In the category of clocks ® (example 3.3.6), a morphism ¢ : V. — (i : ®Oy) is
dimensionally split if ¢ (¢) has clock type ®. The multiplier 11 X (i : ®y) is T-slice fully faithful and
shard-free, so the quotient theorem applies.

Example 3.4.14 (Embargoes). For the embargo multiplier ix¥:= (Id, T) : W — Wx 1 (example 3.3.9)
for ¥ := (T, T), amorphism ((), () : (W, 0) — Vis dimensionally split if o = T, with the identity as an
invertible dimensional section. The multiplier L1 x ¥is T-slice shard-free.

For ux (Y x U) : (W,0) = (W x U,o0), a morphism (¢,()) : (W,0) = (U, T) = (I x U)is
dimensionally split if ¢ : W — U is dimensionally split for Ly x U. If x : W' x U — W is a dimensional
section for ¢, then (x,id,) : (W’ x U,0) — (W, 0) is a dimensional section for (¢, ()). T-slice shard-
freedom is then inherited from .1 x U.

Example 3.4.15 (Enhanced embargoes). For the enhanced embargo multiplier L x ¥ : W — Wy =
Wi/W:W — (W 1, W) (example 3.3.10), a morphism (V' 2 W) — (T — T) = Vis dimensionally
split if V # L, with dimensional section (idy, ¢) : (V — V) — (V' £ W). This multiplier is generally
not T-slice shard-free: since it only produces identity arrows, any dimensionally split non-identity arrow
is a shard.

Forux (Ux D) :(V—-W)— (VxU— W xU),amorphism (V - W) — (U —=U)=(UxDY
is dimensionally split (with section ([], x) : (L = W/ x U) — (V — W)) if the morphism W — U is
dimensionally split for .i x U with section x : W/ x U — W. The multiplier Ly x (U x 1) is generally
not T-slice shard-free, as the domain part of a dimensionally split morphism could be anything.

Forix (Y/U): (V= W) (VxU — W), any morphism (V — W) — (U — T) = (},/U)
is dimensionally split by

hid) @ (L=>W)x@JU) = (LoW) — (V—oW). (21)

This multiplier is therefore generally not T-slice shard-free.
To conclude, we have made the base category more complicated in order to be able to define the latter
multiplier, but as a trade-off we now have shards to deal with.

Example 3.4.16 (Erasure). In the category Erase; (example 3.3.12) with multiplier L x ¢, all morphisms
to ¢ are dimensionally split with the identity as an invertible dimensional section. The multiplier is shard-
free.

3.4.4 Boundaries

Definition 3.4.17. The boundary OU of a multiplier Ly x U : W — V is a presheaf over V such that the
cells V' = OU are precisely the morphisms V' — U that are not dimensionally split.

This is a valid presheaf by proposition 3.4.8.

Proposition 3.4.18. If Li x U is T-slice objectwise pointable, then OU is the largest strict subobject of
yU.
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Proof. Recall that if the multiplier is T-slice objectwise pointable, then dimensionally split and split epi
are synonymous.

Clearly, OU C yU. Since id : U — U is split epi, we have 0U C yU. Now take another strict
subobject T C yU. We show that T C 0U.

We start by showing that id ¢ U = Y. Otherwise, every ¢ € V = yU would have to be a cell of T
as it is a restriction of id, which would imply T = yU.

Now id is a restriction of any split epimorphism, so T contains no split epimorphisms, ie. T C

ou. O

Remark 3.4.19. T-slice shard-freedom can also be formulated using (co)sieves [nLa23b]. A sieve in W
is a full subcategory S such that if W € Sand ¢ : V. — W, then V € S. The dual (where ¢ points the
other way) is called a cosieve in V. Being full subcategories, (co)sieves can be regarded as subsets of
ObjW. A sieve on U € W is a sieve in W/U or, equivalently, a subpresheaf of yU.

A multiplier is T-slice shard-free if either of the following equivalent criteria is satisfied:

« The objects in the essential image of Jy; constitute a cosieve in W/U [Nuy23].
- The objects outside the essential image of 4 constitute a sieve in W/U, i.e. a sieve on U.

The slice objects of the cosieve generated by objects of the essential image of 4y, are called dimensionally
split. The boundary OU is the largest sieve on U that is disjoint with the objects of the essential image of
Ju.

If L x U is T-slice fully faithful, then the above conditions are furthermore equivalent to 4y; being a
Street opfibration.

Example 3.4.20. In all the binary cube categories mentioned in section 3.3, JI is isomorphic to the
constant presheaf of booleans.

For affine cubes, if we define a multiplier L * I? in the obvious way, then 91 is isomorphic to a
colimit of four times yI and four times y T, i.e. a square without filler. For cartesian asymmetric cubes,
the square also gains a diagonal. For symmetric cubes (with an involution — : I — I), the other diagonal
also appears.

3.5 Acting on slice objects

Definition 3.5.1. Given a multiplier .1 x U : W — V), we define
VO WIW, = V) (Wo x U) : (W, ) = (W x U3 x U), (22)
which is an instance of definition 2.1.6. We say that Ly x U is:
« Slicewise faithful® if for all W, the functor j(/JWD is faithful,
« Slicewise full if for all W, the functor jI/JWO is full,

« Indirectly slicewise shard-free’* (obsolete'?) if for all Wy, the functor j/UWO is essentially sur-
jective on slice objects (V, ) € V/(Wy x U) such that ¢ is indirectly dimensionally split,

— We say that ¢ : V' — Wy x U is indirectly dimensionally splitif 7y 0 ¢ : V. — U is
dimensionally split.

— We point out that the full subcategory of such slice objects is isomorphic to (V//U)/(Wy x
(]7 Uy’ )

12This was the original notion of shard-freedom%, as referred to in [Nuy20], but it leads to a boundary predicate (definition 4.4.3)
that is respected by the substitution functor Q;I:[‘J This is in contrast to the transpension type, which in general is not respected
by the substitution functor (it is if the multiplier is T-slice fully faithful, see theorem 6.3.1). As a result, with this notion of indirect
slicewise shard-freedom, the boundary theorem 4.4.5 can only be stated over T x yU as opposed to general ¥ x yU. For this
reason, we prefer the notion of direct slicewise shard-freedom below.
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- An indirectly dimensionally split slice object (V1)) € V/Wy x U that is not in the image of

j{]WO even up to isomorphism, will be called an indirect shard®* of the multiplier.

« Directly slicewise shard-free* if for all W, the functor _-II/JWO is essentially surjective on slice
objects (V,¢) € V/(Wy x U) such that ¢ : V — Wy x U is directly dimensionally split:

- We say that ¢ : V. — Wj x U is directly dimensionally split with direct dimensional
section xy : W x U — V if ¢ o x is of the form ¢ x U. The section can alternatively be

presented as a morphism of slice objects x : _-I/UWO (W) = (V, ).
— We denote the full subcategory of directly dimensionally split slice objects as V // (W x U).
- A directly dimensionally split slice object (V, 1)) € V/W, x U that is not in the image of :I/UWO

even up to isomorphism, will be called a direct shard®* of the multiplier.

« Slicewise right adjoint®* if for all Wy, the functor j{]WO has a left adjoint Ell/jwo 2 V/(Wo x
/Wao

U) = W/W,. We denote the unit as copyy; ° : Id — _-I/UWOEII/JW0 and the co-unit as dropUWU :
Wo /W,
3o 4o 1.
The above definition generalizes the functor 4y that we already had:

Proposition 3.5.2. The functor j/UT W/T = V/(T xU)isequal to 4y : W — V/U over the obvious
isomorphisms between their domains and codomains. Hence, each of the slicewise properties implies the
T-slice property. (Both notions of slicewise shard-freedom imply basic shard-freedom.) O

Note that both notions of slicewise shard-freedom are well-defined:

Proposition 3.5.3. 1. (Obsolete.) The functor j{,W“ factors over (V//U)/(Wy x U, m2).

2. The functor :II/]W0 factors over V//(Wy x U).

3. Directly dimensionally split morphisms are indirectly dimensionally split with the same section. As
such, there is a functor V//(Wy x U) — (V//U)/(Wy x U, m2). Hence, direct shards are indirect
shards and indirect slicewise shard-freedom implies direct slicewise shard-freedom.

Proof. 1. Thefunctor _-I{]WO sends (W, 1) to (W x U, ¢xU). Since moo(1)xU) = 7o, itis dimensionally
split with the identity as a section.

2. The identity is a direct dimensional section.

3. Let ¢ : V — Wy x U be directly dimensionally split with section , i.e. ¢ o x = ¥ X U. Then
ma0pox =m20 (1 X U) = ma, so 7 o ¢ is dimensionally split with section x. O

Proposition 3.5.4. If Ly x U : W — Vis T-slice faithful, then it is slicewise faithful.
Proof. Pick morphisms ¢, x : (W,) — (W’,4)’) in W/Wj such that j/Uwocp = jl/jvx. Expanding the

definition of :I/UWO, we see that this means that ¢ X U = x x U, and hence ¢ = x by faithfulness of
1 X U (lemma 3.2.2). O

Proposition 3.5.5. If Lu x U : W — Vis T-slice fully faithful, then it is slicewise full.

Proof. Pick (W, ) and (W', ) in W/Wy, and a morphism x : jl/]WO (W) — j{]WO(W’,dJ’). This
amounts to a diagram:
X

W x U W'x U (23)
YxU W XU
WO x U
T2 lﬁz 2
U,



ie. a triangle in W/U, the objects of which are in the image of 4y : W — W/U. Then, by fullness of
du we get xo : W — W’ such that 4y xo = X, which by faithfulness of 4;; makes the following diagram
commute:

w—X W (24)
Then X is a morphism xo : (W, ¢) — (W' ¢') in W/W, and j[/JWOXO =x. m

Proposition 3.5.6. 1. fuxU : W — Vis T-slice full, then direct and indirect dimensional splitness
are equivalent, with the same dimensional sections.

2. (Obsolete.) If Lux U : W — Vis T-slice full and shard-free, then it is indirectly slicewise shard-free.
3. f Lyx U : W — Vis T-slice full and shard-free, then it is directly slicewise shard-free.

Proof. 1. We already know that direct dimensional splitness implies indirect dimensional splitness
with the same section (proposition 3.5.3). We prove the other implication.

Pick some (V, ) € V/(Wy x U) such that m3 0 ¢ : V' — U is dimensionally split with section
X : W x U — V. Because dy is full, there is a morphism ¢ : W — Wy such thaty x U = po x :
W x U — Wy x U. Thus, g is directly dimensionally split.

X

W x U (25)

2. Pick some (V, ) € V/(Wy x U) such that m3 0 ¢ : V' — U is dimensionally split. Because 4y is
essentially surjective on V//U, there must be some W € W such that v : 4yW = (W x U, m3) =
(V, g 0 ) as slice objects over U. Because d; is full, there is a morphism 1) : W — W such that
YpxU=por:WxU— WyxU.Thus,. ™! : (V,p) = (W x U, ¢ x U) :j{]WD(VV,w) as slice
objects over Wy x U.

R

W x U (26)

3. Since indirect slicewise shard-freedom implies direct slicewise shard-freedom (proposition 3.5.3).

O

Example 3.5.7 (Obsolete). In the category [ of k-ary cartesian cubes (example 3.3.4), the diagonal
§ : T — T x I has the property that 75 o § is split epi, but (I, §) is not in the image of _-I]{H. Thus, L x Tis
not indirectly slicewise shard-free, despite being T -slice shard-free.

Proposition 3.5.8. If Ly x U : W — Vis T-slice right adjoint, then it is slicewise right adjoint, with

30 (V, ) = (3u(V, 72 0 ), dropy 0 Iy ),
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dropy; " (W) = dropy W = 3y 4" (W, ) — (W.4),
copy(}"" (V, ) = copy(V,ma 0 ) = (Vo) — 473 (V, ).
Proof. Note that a slice category over a slice category is just a slice category, i.e. (C/y)/(x,p) = C/x.

In this light, the functor _-I/UW0 is not just the action of L1 X U on slice objects over Wy, but also the

action of 3y on slice objects over Wy. Now since d has left adjoint 3;7, we get a left adjoint to :I{]WO by
proposition 2.1.7. O

Proposition 3.5.9 (Functoriality of the slice category). A morphism of multipliers Ly x v : L X U —
L x U’ gives rise to a natural transformation $/Wox? o j{]WO — jl/}fvo. Hence, if both multipliers are
T-slice (or equivalently slicewise) right adjoint, we also get EI{]KVO o X/ Woxv EI/UWO.

Proof. For any (W, 1) € W/W,, we have to prove (W x U, Wy xv)o(¢pxU)) = (W xU’,4pxU’). The
morphism W x v : W x U — W x U’ does the job. The second statement follows from lemma 2.1.1. [

Theorem 3.5.10 (Slicewise quantification theorem). If L1 x U is

1. T-slice (or equivalently slicewise) fully faithful and right adjoint, then we have a natural isomor-

phism drop/"* : 3/V° 4/Vo ~ 14,

2. copointed, then we have
(a) hide[/]W0 : Z[/]WO — EI/JWO (if T-slice, or equivalently presheafwise, right adjoint),
(b) spoil/ "0+ /"0 — /™o (if /Y0 exists),
(c) in any case E/UWO jl/]WO — Id.

/Wao

U

/Wo

3. a comonad, then there is a natural transformation ¥/"0%¢ o 4 — 3y, 17> where we compose

multipliers as in theorem 3.6.1.
4. cartesian, then we have natural isomorphisms:
@ 3 (Vo) 25 (V,g) = (Vim0 ),
(b) 37 (W) = Q" (W),
© 3 (W) 2SO (W) = (W x Upom).

Moreover, these isomorphisms become equality if EI/UWO is constructed from 3y = Xy as in the

proof of proposition 3.5.8, and Q{,WO (W, 1) is chosen wisely. (Both functors are defined only up to
isomorphism.)

Proof. 1. This is a standard fact about fully faithful right adjoints such as :I/UWO.

2. By lemma 2.1.1, it is sufficient to prove Z{JWO:I,/JWO — Id, and indeed we have
. v/ Wo 4/Wo _ _
T Xy dy W)= WxUmo(pxU))=WxUpon) = (W, ).

3. This is a special case of proposition 3.5.9.

4. (a) The isomorphism is obtained from the next point by uniqueness of adjoints. We prove the
equality if 3y = Xy. The co-unit is then given by drop;; = 1 : W x U — W. The
construction of EI/UWO then reveals that EII/]WO (V,¢) = (V,m o @), which is the definition of
A%

U ( a@)'
(b) This follows from the definitions.

22



(c) We have
Ao WO (W) = AVOW x U, p x U) 2 (W x U,y 0 (¥ x U)) = (W x U, pomy). O

Theorem 3.5.11 (Slicewise quotient theorem®*). If Lix U : W — Vis T -slice (or equivalently slicewise,
for either notion of shard-freedom) fully faithful and shard-free, then

1. (Obsolete.) :I/UWO W/ Wy ~ (V/JU)/(Wy x U, ) is an equivalence of categories,'®

2. jl/]WD W/ Wy =~V //(Wy x U) is an equivalence of categories. O

3.6 Composing multipliers

Theorem 3.6.1. If L X U : W — V is a multiplier for U and . x U’ : V — V' is a multiplier for U’,
then their composite L1 X (U x U’) := (L x U) x U’ is a multiplier for U x U’.

1. The functor dywy : W = V' /(U x U’) equals j/U(,] o dp.
2. The functor j/UVZ?J, W = V'/(U x U’) equals j/UIfVOKU o j[/]WO.
3. Assume both multipliers are endo. Then:

(a) The composite L1 X (U x U’) is copointed if Ly x U and s x U’ are copointed,

(b) The-ecompeosite-r—r—{(L<L- a-comonad-ifrx-TlandrixT/ are-comonad

(c) The composite L X (U x U’) is cartesian if i X U and i X U’ are cartesian.
4. The composite L X (U x U’) is T-slice faithful if L x U and i x U’ are T-slice faithful.
5. The composite Li X (U x U’) is T-slice full if L X U is T-slice full and L x U’ is slicewise full.
6. The composite L1 X (U x U’) is slicewise full if Ly x U and .1 x U’ are slicewise full.

7. The composite s x (U x U') is T-slice shard-free if Ly x U is T-slice shard-free and . x U’ is
slicewise full and shard-free.

8. (a) (Obsolete). The composite Lix (U x U’) is indirectly slicewise shard-free if Lix U is indirectly
slicewise shard-free and s x U’ is slicewise full and indirectly slicewise shard-free.
(b) The composite L1 X (U x U’) is directly slicewise shard-free if L x U is directly slicewise

shard-free and L X U’ is slicewise full and directly slicewise shard-free.

9. The composite L X (U x U’) is T-slice right adjoint if Ly x U and i x U are T -slice right adjoint,
and in that case we have:
@ v =3v o3y,
() 3 =3y 0 3
Proof. Since T x U = U, we see that (T x U) x U’ 2 U x U’, so the composite is indeed a multiplier
forU x U'.

1-2. Follows from expanding the definitions.

3. (a) Copointed endofunctors compose.

(b) Cemonads-cempose: They most certainly do not!

(c) By associativity of the cartesian product.

13We use a slight abuse of notation by using (V//U)/(Wy x U, m2) as a subcategory of V/(Wy x U).
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4. T-slice faithful multipliers are slicewise faithful (proposition 3.5.4), and the composite dyxy =
j/U[,]jU of faithful functors is faithful.

5-6. Follows from the first two properties, since the composite of full functors is full.

7. Analogous to the next point, with Wy = T.

8. Recall that the assumptions imply that .y x U’ is slicewise fully faithful and slicewise indirectly
and directly shard-free.

(a)

(b)

Pick a slice object (V/,¢') € V'/(Wy x U x U') such that 75 %V o ¢’ : V! — U x U’ is
dimensionally split with section ' : Wy x U x U’ — V’. Then 7%’ o WgD(U’ op =Y oy :
V' — U’ is also dimensionally split with the same section.

Because L X U’ is indirectly slicewise shard-free, we find some (V, ¢) € V/(Wy x U) such

that // : (V' ') = _-I[/}VOKU(V, p) eV /(WyxUxU").

Wi, x U Wy x U wx U’

WO XU<~—WxU wg/
PYxU
U
Note that WgD(UI = 7Y x U’. Because :I/Ul,] is full, the morphism ¢/ o ' : j/[,J(Wl xU,75) —

jr/ﬁ(V, 7Y o ) has a preimage x : (W) x U, 7¥) — (V,7¥ o ) under j/Ul,] Thus, we see

that my 0 ¢ : V' — U is dimensionally split. Because . X U is indirectly slicewise shard-free,
we find some slice object (W, 1) € W/W so that ¢ : (V, ) = j[/jWO (W) e V/(Wo x U).
We conclude that

(V') = 3000 (Vo) 2 37V 4 (W) = 350 (W), (27)
Pick a slice object (V',¢’) € V'/(Wy x U x U’) that is directly dimensionally split for the
composite multiplier with section ' : Wi x U x U’ — V', composing to ¢’ ox’ = 11 x U X U’.
Then ¢’ is also directly dimensionally split for L1 x U’.
Because L x U’ is directly slicewise shard-free, we find some (V, ) € V/(W; x U) such that
Ve (V@) 2 AUV o) e VI (Wo x U x UY).

W11><U\ , W1D<7]I><U/\
Xl X xxU’
, ¥
1% V’—;>VI><U'
/Nl ,l /
=1L %2} ,
exU
Wox U<~——W x U Wo x U x U’
PYxU
& P XU j & P xUKU’ j
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Because j/U‘jVOMU is full, the morphism ¢’ o x' : j{JW‘)MU(Wl x Uy x U) — j{JWOMU(V, ¥)
has a preimage x : (W1 x U, 91 x U) — (V, ¢) under :I{]V,VOD(U. Thus, we see thatp : V — U
is directly dimensionally split with section x. Because L X U is directly slicewise shard-free,
we find some slice object (W, 1) € W/W, so that ¢ : (V, ) = jI/JWO (W) € V/(Wy x U).
We conclude that

(V' @) = 300050 (v, ) = 400 Y Vo (W) = 4% (W), (28)

9. T-slice right adjoint multipliers are slicewise right adjoint (proposition 3.5.8), and the composite
of the left adjoints is a left adjoint to the composite. O

4 Multipliers and presheaves

Definition 4.0.1. Every multiplier .1 x U : W — V gives rise to three adjoint endofunctors between W
and V via theorem 2.3.2, which we will denote

(uxyU) 4 (yU —o ) 4 (yU v/ ). (29)

Correspondingly, a morphism of multipliers L X v gives rise to natural transformations L X yv, yv —o 11
and yv /L.

We will not actually be using the latter two of these functors, although they can be retrieved at least
up to isomorphism from the functors in definitions 2.3.17 and 4.3.1 via the equation .y x U = Xy dy.

Note that the functor L x yU : W= Vis quite reminiscent of the Day-convolution with yU, which
is the reason for our choice of notation. However, each of the notations is to be regarded as a single
symbol, i.e. X, —o and / by themselves have no meaning.

4.1 Acting on elements

In section 3.5, we generalized 47 : W — V/U to act on slice objects as j(/]WO W/ Wy = V/(Wo x U).
Here, we further generalize to a functor whose domain is the category of elements:

Definition 4.1.1. We define (using notation 2.3.3):

e VWIS V(U K yU) (W) = (W x U, x yU),

AT W20 5 {p:WxU=UxyU|mop=m : WxU—=U}:¢— ¢ xyU.
We say that L x U is:

« Presheafwise faithful® if for all ¥, the functor j{,\p is faithful,

« T-slice elementally faithful3? if for all ¥, the natural transformation jg\I’ is componentwise
injective,

« Presheafwise full’® if for all ¥, the functor j/U\P is full,

« T-slice elementally full®” if for all U, the natural transformation 45" is componentwise surjec-
tive,

Indirectly presheafwise shard-free’* (obsolete!*) if for all ¥, the functor :I/U‘Ij is essentially sur-
jective on elements (V, @) € V/(¥ x yU) such that ¢ is indirectly dimensionally split:

— We say that ¢ : V = U x yU is indirectly dimensionally splitif 1o : V — U is
dimensionally split.

l4gee definition 3.5.1
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- An indirectly dimensionally split element (V, 1) € V/(¥ x yU) that is not in the image of

j{}p even up to isomorphism, will be called an indirect shard®* of the multiplier.

« Directly presheafwise shard-free®” if for all ¥, the functor j{]\ll is essentially surjective on ele-
ments (V,p) € V/(¥ x yU) such that ¢ : V. — ¥ x yU is directly dimensionally split:

- We say that ¢ : V = U x yU is directly dimensionally split with direct dimensional
section x : W x U — V if p o x is of the form ¢ x yU. The section can alternatively be

presented as a morphism of elements  : :I/U‘I'(I/V, ) = (V, ).
— We denote the full subcategory of directly dimensionally split elements as V//(¥ x yU).

— A directly dimensionally split element (V, ) € V/(¥ x yU) that is not in the image of :I/U\P
even up to isomorphism, will be called a direct shard® of the multiplier.

« Presheafwise right adjoint®” if for all ¥, the functor j/U\I' has a left adjoint 3[/}1' V/(UxyU) —
W/W¥. We denote the unit as copy/U\P :1d — :I/U‘IjElé,ql and the co-unit as drop/U\I’ : 3{]\11__‘/(]\1/ — Id.

This is indeed a generalization:

Proposition 4.1.2. The functor j[/]ywo W/yWy — V/(yWy x yU) is equal to j[/JWO W/ Wy —
V/(Wy x U) over the obvious isomorphisms between their domains and codomains. Hence, each of
the presheafwise notions implies the slicewise notion (definition 3.5.1). Moreover, each of the T-slice
elemental notions implies the basic T -slice notion.

Proof. Most of this is straightforward after extracting the construction of the isomorphism yWy x yU =
y(Wo x U) from the proof of theorem 2.3.2. To see the last claim, note that

{o:WxU=yWyxyU|mop=m}=((WxUm) = (WoxUm)) = (oW — duWo).
So if injectivity/surjectivity holds for all W and W), then we can conclude that 3 is faithful/full. O
Note that both notions of presheafwise shard-freedom are well-defined:
Proposition 4.1.3. 1. (Obsolete.) The functor j/U‘Ij produces indirectly dimensionally split elements.

2. The functor :I{]\P produces directly dimensionally split elements.

3. Directly dimensionally split elements are indirectly dimensionally split with the same section.
Hence, direct shards are indirect shards and indirect presheafwise shard-freedom implies direct
presheafwise shard-freedom.

Proof. See proposition 3.5.3. O
Proposition 4.1.4. If Ly x U is T-slice faithful, then it is presheafwise faithful.
Proof. Analogous to proposition 3.5.4. O
Proposition 4.1.5. If Ly x U is T -slice fully faithful, then it is T-slice elementally faithful.
Proof. We have

{o:WxU=VUxyU|mop=m}

2 AWo. (@ W x U - Wy x U) x (: Wy = ) x (ma0 (1) x yU) o' = m2)

’EHWo.(gOIZWD(U%WoD(U)X(’QbZWO?\I/)X(ﬂ'gogp/:ﬂ'z)
= HWO.(QO/ AW — _‘IUWO) X (w Wy = \I/) (30)

and

(W = ) = IWo. (W — W) x (W = D). (31)
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Moreover, the action of _-Ig\l' sends (Wp, x, %) in eq. (31) to (Wy, dux, ¥) in eq. (30). Naively, one would
say that this proves injectivity, but some care is required with the equality relation for co-ends. It might be
that (W, x,¢) and (Wy, X, 1) are sent to the same object. This would mean that there exists a zigzag ¢
from Wy to itself and jagwise morphisms 4y W — 4y ¢ (a priori not necessarily in the image of 4y which
is why we need T -slice fullness) and jagwise cells ¢ = ¥ such that the following diagrams commute:

duWo Wo (32)
dux X
jUW > du¢ ¢ : v
jUX/ /
JuWo Wo

Then by full faithfulness of 4y, we see that the unique preimage of the left triangle exists and also com-
mutes and hence ¢ oy = 1o X/, so that (Wy, x,v) = (W,id, o x) = (W,id,vox’) = (Wo, X', ). O

Proposition 4.1.6. If Ly x U is T-slice fully faithful, then it is presheafwise full.
Proof. Pick (W,+) and (W' %) in W/¥ and a morphism x : j/U\IJ(VV, P) — :I/U\II(W’,z//). Then we

also have x : JyW — 4y W' and by fullness, we find a preimage xo : W — W’ under Jy. We have
(¢ x yU) ox =1 X yU, so by T-slice elemental faithfulness, we see that ¢’ o xo = 1), so that ¢ is a

morphism of slice objects xo : (W, ) — (W', ¢'") € W/ and j{]‘I’XO = O
Proposition 4.1.7. If Ly x U is T-slice full, then it is T-slice elementally full.

Proof. In the proof of proposition 4.1.5, we saw that 35" essentially sends (Wo, x, 10) to (Wo, dux, ¥o).
Then if 47 is full, it is immediate that this operation is surjective. O

Proposition 4.1.8. 1. IfLyxU : W — Vis T-slice full, then direct and indirect dimensional splitness
are equivalent, with the same dimensional sections.

2. (Obsolete.) If L x U is indirectly slicewise shard-free, then it is indirectly presheafwise shard-free.
3. If Ly x U is T-slice full and shard-free, then it is directly presheafwise shard-free.

Proof. 1. We already know that direct dimensional splitness implies indirect dimensional splitness
with the same section (proposition 3.5.3). We prove the other implication.

Pick some (V, ) € V/(¥ x yU) that is indirectly dimensionally split with section x. By T-slice
elemental fullness, there isa cell ¢y : W = U suchthat Y Xx yU = pox : W x U = ¥ x yU.
Then ¢ is directly dimensionally split with section .

X WxU (33)

U x yU

lm

yU

Vv

2. Pick a slice object (V, ) € V/(¥ x yU) such that w3 o ¢ is dimensionally split. By definition of
L yU, there is some W such that ¢ factors as p = (p"Vo=¥ x yU)oy. Clearly, my 0 = mpo is
dimensionally split. Hence, by indirect slicewise shard-freedom, (V x) = _-I(/JW0 (W, x") € V/(Wyx
U) for some (W, x') € W/Wjy. Then we also have (V, ) = (V, (¢ x yU) o x) = j[/]‘p(I/V, Pox').
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3. Pick some (V,¢) € V/(¥ x yU) that is directly dimensionally split. Then 75 o ¢ is dimensionally
split. Because iy is essentially surjective on V//U, there must be some W &€ W such that ¢ :
JuW = (W x U,ma) = (V, 72 0 @) as slice objects over U. By T-slice elemental fullness, there
isacellyy : W = Wsuchthaty x yU = 9ot : W x U = ¥ x yU. Thus, 1=} : (V,p) =

WxUypxyU)= j/qu(W/, 1)) as slice objects over ¥ x yU.

L
o

W x U (34)

Proposition 4.1.9. If Ly x U is T-slice right adjoint, then it is presheafwise right adjoint, with

Y (V, (¢ x yU) 0 go) = SV, 00),

drop(/]\I’(W7 ) = dropy W,

copy)” (V, ) = copyy (V, m 0 ).

Proof. Pick (V,¢) € V/(¥ x yU). Then ¢ factors as (Vo= x yU) o oy ""*U. Then (V, py) €
V/(Wy x U) and hence E{IWU (V,p0) € W/Wy. We define

3 (V) = 3/ 3"(V,00)
= %/%(3y(V, m2 0 ¢o), dropy 0 Iy o)
= (Fu(V,my*"Y=Y 0 gg), 4 o dropy; 0 Jy o)
= @y (V, 7YV 5 ) 4 o dropy o Fyp).

We need to prove that this is well-defined, i.e. respects equality on the co-end that defines V = ¥ x yU.
To this end, assume that ¢ = (¢5°=Y x yU) o oy “VoXV = (1= i yU) 0 o) "%V This means
there are a zigzag ¢ from Wy to W7y, jagwise morphisms V' — ¢ x U and jagwise cells ( = W such that

the following triangles commute:

Wo x U Wo (35)
i T D
—
Vv (XU ¢ —~ LU
Y1
\ %
W1 x U W1

By naturality of 2, we find that (V, w3 0 o) = (V, m2 0 ¢1) € V/U. By naturality of drop;, we find that

1o odropy; 0 Iy = Y1 odropy oy + (V, maopg) = (V, ma0¢1) = W. We conclude that EI/U\P(V, ®)
is well-defined.
To prove adjointness, we first show how j[/J‘P on the right can be turned into H/U‘I} on the left. Pick a

morphism y : (V,¢) — _-I(/]\I’ (W) = (W x U,y x yU) in V/(¥ x yU). Then one representation of
pis¢ = (¢ x yU) o x so by definition, HI/J\I}(V, ) = (Fu(V,m3 0 ), o dropy; o Iy x) which clearly
factors over 1, i.e. has a morphism drop;; o Iy : H/U\P(V7 ) = (W, ). If x = id, then we obtain the
co-unit drop{,\p = dropy; o Jyid = dropy;.
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Next, we construct the unit copy/U\P (Vo) — _‘II/J\I’El{]‘I’(V7 ). If o = (¢ x yU) o ¢g, then we have

3 (Vo) = 783 (V, 00)
W, W,
= /U 3o (v, 00).

On the other hand, (V, ) = %/¥*YU(V, ), so as the unit we can take copy{]\ll = E/wnycopy{]WO =

Wi
copyI/] ° = copyy.
The adjunction laws are then inherited from 3y - dy. O

Proposition 4.1.10 (Functoriality of the category of elements). A morphism of multipliers L1 x v :
Lix U — L x U’ gives rise to a natural transformation $/¥*Y? o j{,‘y — :I{J\I,j Hence, if both multipliers
are T -slice right adjoint, we also get 3[/]\1/1 o /¥xyv _y EI{,\P.

Proof. For any (W, 1)) € W/, we have to prove (W xU, (I xyv)o(¢yxyU)) = (WxU',pxyU’). The
morphism W x v : W x U — W x U’ does the job. The second statement follows from lemma 2.1.1. [

Theorem 4.1.11 (Presheafwise quantification theorem). If L1 x U is

1. T-slice (or equivalently presheafwise) fully faithful and right adjoint, then we have a natural iso-
: AIR=TA VAN
morphism drop;; : J;; d;; = 1d.

2. copointed, then we have
(a) hide/U\P : E{]\I’ — 3{]\11 (if T-slice, or equivalently presheafwise, right adjoint),
() spoil )’ = 47 — QY F QY exists),
(c) in any case E{]\P:I/U‘I’ — Id.
3. a comonad, then there is a natural transformation 3/¥%¥% o j/U\II — :I{}I; U-
4. cartesian, then we have natural isomorphisms:
@ 3" (Vo) 2 25 (Vo) = (Vim0 ),
(b) 3" (W) = Q" (W),
© 35" 3" (W) = 2" Qg (W) = (W x yUpom).
Moreover, these isomorphisms become equality if E/Uq, is constructed as above from EI{]WO = E{]WO,

and QI/J‘IJ(VV7 1) is chosen wisely. (Both functors are defined only up to isomorphism.)
Proof. 1. This is a standard fact about fully faithful right adjoints such as :I/U\P.

2. By lemma 2.1.1, it is sufficient to prove E/U\I/:I/U\I] — Id, and indeed we have 7 : E{]\Dj{]\l’(VV, P) =
(WxUmio(pxyl))=WxUyom) = (W)

3. This is a special case of proposition 4.1.10.
4. (a) Let p = (¢ X yU) o . Then we have
' (Vo) = 230" (Vo)
= SISV, o)
= E/d)(v, 1 © (po)
=(V,pomopg)= (V.m0 x yU)owy) = (V,71 0 ).

(b) This follows from the definitions.
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(c) We have
AW, ) =AW x U x yU) = (W x U,y 0 (¢ x yU)) (36)
and of course 1y o (Y X yU) =tpom : W x U — W. O

Theorem 4.1.12 (Presheafwise quotient theorem®). If Ly x U : W — V is T-slice (or equivalently
presheafwise, for either notion of shard-freedom) fully faithful and shard-free, then

1.

2.

4.2

(Obsolete.) j{]‘y : W/ ~ (V//U)/(¥ x yU, m2) is an equivalence of categories."

_-I(/]\p :W/U ~V//(¥ x yU) is an equivalence of categories. O

Acting on presheaves

Proposition 4.2.1. The functor .y X yU : W = V:

1.

2.

Proof.

2.

is a multiplier for yU,

has the property that 4,y : W — V/yU is naturally isomorphic to (dv), : W — V//\U over the
equivalence between their codomains,

. has the property that the slice functor jﬁ’, : 17\/\/ U= V/(F x yU) is naturally isomorphic to the

—

. vy euysm— :
left lifting of the elements functor (d;; ), : W/¥ — V/(V¥ x yU) over the equivalences between
their domains and codomains,

. is copointed if and only if L1 x U is,

. is a comonad if and only if L X U is,

. is cartesian if and only if Ly x U is,

. is T-slice fully faithful if and only if Ly x U is T-slice fully faithful,

. is slicewise fully faithful if and only if Ly x U is presheafwise fully faithful,

. is T-slice right adjoint if Ly x U is T-slice right adjoint, and

+ Jyv is naturally isomorphic to (3y7), over the equivalence V//?] ~ 17/ yU,

. Hﬁ’, is naturally isomorphic to (H/U\Ij)! over the equivalences between their domain and
codomain.

1. Since T x yU 2 yT x yU 2 y(T x U) = yU. We use, in order, that y preserves the
terminal object, that F} oy =2 y o F' (theorem 2.3.2) and that L1 x U is a multiplier for U.

The functor (dy7), sends a presheaf I' € W to the presheaf in V/]T] determined by

(Vip) = (), I = IW((V,9) = W) x (W = T). (37)
On the other hand, 4,yT" is the slice object (I' x yU,m2) € V/yU. Taking the preimage of 7y
(proposition 2.3.6), we get a presheaf A € V/U determined by

Vie)=A = {(yxyU)ox:V=TxyU|mo(yxyU)ox =}
{(yxyU)ox:V=TxyU|mox =y}

W VoWxxU)x(v:W=T) X (ma0x =)
IW.(x : (V, ) — JuW) x (W = T).

1l

I

Indeed, we see that these functors are isomorphic.

15We use a slight abuse of notation as (V//U) /(¥ x yU, w2) is in fact neither a slice category nor a category of elements.
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3. The functor (j{]‘ll), sends a presheaf ¥ | I - Ctx over W/U to the presheaf ¥ x yU | (4y¥),I" -

7.

8.

9.

Ctx over V/(¥ x yU) determined by:

(V, pV=0xvly (j{f”) D= AW,V =Y).((V,p) — V(W) x (W) = T). (38)

!

On the other hand, :Ié,‘g(\ll.l",w) is the slice (V.I' x yU, 7 x yU) € ﬁ/(\ll x yU). Taking the
preimage of m X yU (proposition 2.3.6), we get a presheaf ¥ x yU | A F Ctx over V/(¥ x yU)
determined by

v, sDv:>\1u><yU) N
={(pAyxyU)ox: V=V xyU|(nxyU)o(pyxyU)ox =p}
={({WyxylU)ox:V=UITxyU|(¥xyU)ox=¢}

AWV WxU)x @ :W=0)x(y: (W,¢)=T)x (¥ xyU)ox =)
= I(W, V=) (x s (Vi) = 307 (W) x (v (W) = T).

Indeed, we see that these functors are isomorphic.

. Assume that L X U is copointed. It is immediate from the construction of Ly that L preserves

natural transformations. Moreover, we have Id, 2 Id, so we get 71 : (L X yU) — Id.

Conversely, assume that L1 X yU is copointed. Then we have y(Lux U) = (yu x yU) — y. Since
y is fully faithful, we have proven (L x U) — Id.

. Analogous to the previous point.

. Assume that L x U is cartesian. We apply the universal property of the cartesian product, and the

co-Yoneda lemma:
V=CxyU)=3W(V->WxU)x (W=T)
2IW(V W) x (V-o>U)x (W=T)
2 (V->U)x(V=T)
2 (V=yU)x(V=T).

Conversely, if Ly X yU is cartesian, we have

VaoWxU=V=y(WxU)
=2V =yWxyU
> (V=yW)x (V=yU)
=V -W)x (V=)

This follows from point 2 and proposition 2.3.4.

This follows from point 3 and proposition 2.3.4.

+ We know that (3y), - (dv), so moving it through the natural isomorphism yields a left
adjoint to dy .

- By proposition 4.1.9, 3,/]‘1} exists. We know that (H/U\Ij)! o (:I/U\Ij)! so moving it through the

. . . - /U
natural isomorphism yields a left adjoint to 4 ;. O
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4.3 Four adjoint functors

Unlike the slice category 17\/\/ W, the equivalent category W/\\I/ is a presheaf category and therefore im-
mediately a model of dependent type theory. Therefore, we prefer to work with that category, and to use
the corresponding functors:

Definition 4.3.1. The adjoint functors E/Uq, - :I{I‘II give rise to four adjoint functors between presheaf
categories over slice categories, which we denote

ag'U = jj”,‘J - v“yp,‘] - o (39)

We call the fourth functor transpension.
The units and co-units will be denoted:

copyé,lj ;o Id — jél:ﬁl;i[:] drop;\z{:} : Elél:]_-l;i[:] — Id
const)q,}‘, : Id — v\“f?j\)ﬁ? appy{ : j\}i}fv\)f/? —Id (40)
reidx,;; 0 Id = 0,V unmeridyg; ¢ V0o, — 1d

For now, we define all of these functors only up to isomorphism, i.e. for the middle two we do not specify
whether they arise as a left, central or right lifting.

Note that, if in a judgement ¥ | T I J, we view the part before the pipe (|) as part of the context,

then Hg‘U and VglU bind a (substructural) variable of type yU, whereas jglU and Qg‘U depend on one.

It is worth mentioning that, since .1 X U = Xy dy, the functors in definition 4.0.1 can be (essentially)
retrieved as

LxyU=Sd0h A yU - =Y 000 4 yUJ/u=T0500 (41)

Corollary 4.3.2. The properties asserted by proposition 4.2.1 for :Ié,\lpj also hold for :I:,‘J

Proof. Follows from the fact that j;PLI, = (j[/]\ll)!, and the observation in proposition 4.2.1 that this functor

in turn corresponds to :Iﬁj] O

Proposition 4.3.3 (Presheaf functoriality). A morphism of multipliers L x v : Ly X U — L1 x U’ gives
rise to natural transformations

. H;I,’}J, o R¥xyvl 3;‘, (if T-slice (hence presheafwise) right-adjoint),

UKyv | | | UKyv |
e DPyvlo 400 — 407 and 4y — QPYvlo 407,

Vo Y o QU and VI, o VYl YL
@ v v
. H D(y’Ul o QyU — QyU”
Proof. Follows directly from proposition 4.1.10. O
Proposition 4.3.4 (Contextual quantification theorem). If Ly x U is
1. T-slice (or equivalently presheafwise) fully faithful, then drop;‘J (if T-slice right adjoint), const;yllj
and unmeridfj(lj are natural isomorphisms.
2. copointed, then we have

(a) hide;I,IZIJ : E;I,’(‘] — EI;I’[‘] (if T-slice, or equivalently presheafwise, right adjoint),

(b) spoilyy; : duy — Q.
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T Al v
(c) cosp0|IyU Ay — VyU.
3. a comonad, then we can apply proposition 4.3.3to i x 0 : i x U = Ly x (U x U).

4. cartesian, then we have natural isomorphisms:

V|~ 5
(a) HyU = EyU’

) A=y,
(¢) Vi, =11V,
(d) Uay 2 S, G Q" exists).
Equality is achieved for any pair of functors if they are lifted in the same way from functors that
were equal in theorem 4.1.11.
Proof. 1. This is a standard fact about fully faithful left/right adjoints.

2. By lemma 2.1.1, it is sufficient to prove E;I’[‘J:I;I,I[‘J — Id, which follows immediately from m; :
IR )
3. Of course we can.

4. This is an immediate corollary of theorem 4.1.11. O

Proposition 4.3.5 (Fresh exchange). If ¥ | " - Ctx, ie. T € W/\\I', then we have an isomorphism of
slice objects (natural in I'):

(¥ x yU). 3047 = U.T % yU (42)
U x yU.

This proposition explains the meaning of _-I)/II;J: it is the type depending on a variable of type yU whose
elements are required to be fresh for that variable, where the meaning of ‘fresh’ depends on the nature

of the multiplier. If the multiplier is cartesian, then j;};] is clearly just weakening over yU.

Proof. The slice object on the right is jé‘g(\ll.l", 7). By proposition 4.2.1, this is isomorphic to j;l,lrljl" over
the equivalence from proposition 2.3.6 which sends A to (U x yU).A, ). O

4.4 Investigating the transpension functor

Definition 4.4.1. 1. We define the indirect boundary ¥ x QU as the pullback

U x OU —=> U x yU (43)
U —S U,

i.e. the subpresheaf of ¥ x yU consisting of all cells ¢ such that 75 o ¢ is not dimensionally split.

2. We define the direct boundary, also denoted ¥ x QU, as the subpresheaf of ¥ x yU consisting
of all cells ¢ that are not directly dimensionally split.

By proposition 3.5.3, the indirect boundary is a subpresheaf of the direct boundary.
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Remark 4.4.2. Just like T-slice shard-freedom (remark 3.4.19), direct presheafwise shard-freedom can
be formulated using (co)sieves. A multiplier is directly presheafwise shard-free if either of the following
equivalent criteria is satisfied:

« The objects in the essential image of _-I/UE constitute a cosieve in W/Z x yU.
« The objects outside the essential image of :I{]E constitute a sieve in W/= x yU.

The objects of the cosieve generated by objects of the essential image of 4 = are called directly dimen-
sionally split. The boundary = x 9U is the largest sieve in W/=Z x yU (largest subpresheaf of = x yU)

that is disjoint with the objects of the essential image of _-I/UE.

If L x U is presheafwise fully faithful, then the above conditions are furthermore equivalent to :II/JE
being a Street opfibration.

Definition 4.4.3. For either notion of boundary, write (€ QU ) for the inverse image of Y x9U C ¥ xyU,
which is a presheaf over W/(¥ x yU) such that (U x yU).(€ 0U) =2 ¥ x 9U. We also write (€ 9U)

for the inverse image of U C yU. Finally, we write Z(/;II;[}')U -1 ... for the functors arising from
UxoUCVU xyU.

Theorem 4.4.4 (Poles of the transpension). For either notion of boundary and any multiplier L1 x U :

N,
W — V), the functor sze?lg‘ o {};I”Ilj :W/U — V/(¥ x 9U) sends any presheaf to the terminal presheaf,
. UxyU| vl
ie. Q(eaU) o {ij =T.

Proof. We show that there is always a unique cell (V, ¥ =¥*V) = szebfd){][{‘ {};PL‘,F We have

9 UyU| x¥
(V,<pv:>‘w U)jQ(eD;%)IleUF

= S (V! TRy T
= (V"= = pllr

=V hy(V, 7" Y) 5T

=V, =) (W) = Vv (V¥ = 09Y)) — (W) = T)

= VW) (4 (W) = y (Ve 0 ) o (W) = T)

= V(W V=) (W x Uy x yU) = (V" Z9)) = (W) = 1),

and then we see that the last argument x cannot exist. Indeed, suppose we have a commuting diagram
(where the dotted part only applies in the indirect setting)

WxU X 1% (44)

\Il[><yU<T\IJ[><8U

) T2 ™2
> yU < 5 aU.

indirect boundary Then we see that 3 0 ¢ : V' — U is dimensionally split with section x but is also a
cell of U which means exactly that it is not dimensionally split.

direct boundary Then we see that ¢ : V = ¥ x yU is directly dimensionally split with section y but
it is also a cell of ¥ x QU which means exactly that it is not directly dimensionally split. O
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The following theorem shows that dimensionally split morphisms are an interesting concept:

Theorem 4.4.5 (Boundary theorem). 1. (Obsolete.) Using the indirect boundary, we have

TxyU | (€U) = (L F Ctx
and more generally

U yU | (€ 0U) 2= QUYVIg L1+ Cix.

2. Using the direct boundary, we have
U yU | (€ 9U) = (41, L I Cix.

Proof. 1. We prove the first statement by characterizing the right hand side of the isomorphism. We
have

v, (pV¢T><yU) N QT\ L

Yooy (Vo =) L

YW, 0" T)AW, () = by (Ve = T o (W) = 1)
WV, OV T)(W, () = Yo by (Ve 7T = o

YW, 0" =) (W,0) = (V"2 T o

YW, 0" (W U, () x U) = (V"7 T9)) » o

NVW((WK Umy) = (Vimaop)) > &
> (FW.(W x U,ma) = (V,m2 0 ) — .

Clearly, the left hand side of the last line is inhabited if and only if 79 o ¢ is dimensionally split.
Hence, there is a unique cell (V, V= T*¥V) = Q L if and only if 7 o ¢ is not dimensionally

split, showing that Q;ljJ_ is indeed isomorphic to (€ OU).

The second statement follows from applying Q0*¥U! to both sides of the first statement and observ-

ing that, being defined by pullback, the indirect boundary predicate is preserved by the substitution
functor.

2. We prove this by characterizing the right hand side of the isomorphism. We have
(V, /=" ) = gyl L
=Vyy(V,pV=voty o 1
= VW, =) (W) = Wy (V¥ = 9Y)) = (W) = L)
(W, ) = Yoy (V, oV =V 0)) o o
(3 (W) = (V709 5 g
(Wx Uy xU)— (V"= 5 o
W x Up x U) = (V" 7V — o,

— =~

= V(W =),
= V(W "=Y)
= V(W)
= (3W, "),
Clearly, the left hand side of the last line is inhabited if and only if ¢ is directly dimensionally split.

Hence, there is a unique cell (V, oV =¥*yV) = Q)‘I;IIJJ_ if and only if ¢ is not directly dimensionally
split, showing that le‘]L is indeed isomorphic to (€ 9U). O

— =

Remark 4.4.6. In section 6.3 (theorem 6.3.1), we will see that unless the multiplier is T -slice (or equiv-
alently presheafwise) fully faithful, the transpension type may not be stable under substitution. Instead,
for o : U1 — Wy, we only have QoxyUl o {}‘Ij“" Q‘Ijl o el
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Instantiating this with ¢ = () : ¥ — T and applying both hands to L, which is preserved by the

substitution functor, we find Q()ny|Q;’|’(|]J_ — Q;Illljj_ i.e. the indirect boundary predicate implies the
direct boundary predicate.

Since the transpension type is stable under substitution for T-slice (or equivalently presheafwise)
fully faithful multipliers, we can conclude that for those multipliers, both notions of boundary coincide.
In fact, we already proved this for T-slice full multipliers (proposition 4.1.8).

Theorem 4.4.7 (Transpension elimination). Let i x U : W — V be T-slice (or equivalently presheaf-
wise) fully faithful and shard-free. Then we have!®

U xyU | T F Ctx
U | V;I,’[ljf F Atype
U yU | r.<§}j}J ’A> - Btype

TxU| (A TxU| .
W O | QT F b - (Q(e'gm B) [(id, )]

| (vﬁ“(']r) AFb: (vj['JB) [<7r (unmeridjl‘])_1 (g))]
o |l 38 (b)) F O (ape (406)) = b [0f255 (apol o)
(et BY [(id, ) [o{228T (appyts o )]

\Ill><yU\F.<QjHA>I—b:B

(45)
and b reduces to by and b if we apply to it the same functors and substitutions that have been applied to

B in the types of by and b.

(If the multiplier is not T-slice (or equivalently presheafwise) right adjoint, then :I;,PI‘J may not be a

v| o
CwF morphism, but the term app;I,’[‘J (dyU b) is essentially a dependent transposition for the adjunction

j;lll‘] - V;I,JJJ which even exists if only the right adjoint is a CwF morphism [Nuy18]).
In words: if we want to eliminate an element of the transpension type, then we can do so by induction.
We distinguish two cases and a coherence condition:

« In the first case (bp), we are on the boundary of U and the transpension type trivializes.

+ In the second case, we are defining an action on cells that live over all of yU. In the transpension

type, such cells are in 1-1 correspondence with cells of type A under the isomorphism unmeridﬂ, :
Yoy lat = 1d
yUXyU — .
+ The boundary of the image of cells in the second case, must always be bs.

Note that right adjoint weak CwF morphisms such as Qi‘] give rise to a DRA by applying the CwF
morphism and then substituting with the unit of the adjunction. As such, the transpension type is mod-

elled by the DRA sending A to < ;I,’(‘] ‘ A> = (Q;I,'ZIJA) {reidx;m ]
Proof. Well-formedness. We first show that the theorem is well-formed.
« The rule for I" just assumes that I is a presheaf over V/(¥ x yU).

« Then V;I’lljf is a presheaf over W /W and we assume that A is a type in that context, i.e. a presheaf

over the category of elements of leljl".

«+ Then the DRA of Q;I,’[‘] applied to A is a type in context I". We assume that B is a type over the
extended context.

6regardless of the notion of boundary, as these coincide for T-slice full multipliers (proposition 4.1.8); we do not even have to
distinguish cases in the proof as we will simply apply the appropriate version of the quotient theorem 4.1.12.
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« Being a central lifting, QEPEE(?][{' is a CwF morphism and can be applied to B, yielding a type in

context

UK AU| o . UOU|R (UxOU| 7| QU iy V|
Q(eaU) (F. ({}yUA> [reldnyD Q(eaU) T. ( (coU) {} A) [ (o) reidx;
Q

UxoU|
(eaU) LT,

o~

where the isomorphism is an application of theorem 4.4.4. The substitution (id, ) = 7~ yields a

type in context Q‘(IIEEGU[;'F. We assume that by has this type.

Being a central lifting, V rlj is a CwF morphism and can be applied to B, yielding a type in context

V;P[‘] (I‘. (Q;I,'(‘]A) [reldx ! D ;I,Jrljl" ( Q‘P‘ A) [ preidx ol }
The natural transformation ( unmeridij[‘])_1 gives rise [Nuy18] to a function
(unmerid;lj,‘])_1 ( Q‘I" A) [(unmerid;l,/L',)_l]. (46)
Now, by the adjunction laws, Vﬂ,reidx;lf[lj o unmeridgl‘] =1id, so

VyUreldny = V reidxgl,lllj o unmeridi’[‘] o (unmerid;I,’[‘J)*1 = (unmeridf,}llf)*l. (47)

Then we have

(unmerid;l,jllj)*1 ( Q‘yl A) [ reldx } (48)

Thus, we can substitute V;I’[‘]B with (, (unmeridf,’llj)_l(f)), yielding a type in the desired context.
We assume that b has this type.

In the coherence criterion, we have applied operations to by and b before equating them. We have
to ensure that the resulting terms are well-typed in the given context and type.

- If we apply _-I;I,I(‘] to the term b, we get

v o -1
U yU | (j;ﬂ']vxvl 1") Y A (jjfl‘]vj‘UB) {jj’('] <w7 (unmeridj“'U) (5))} .

If we subsequently apply app;I,jllj, we get

o o . -1
U yU | (jj[‘]vjrbr) LAF app?) (dyvb) . B [appy[‘]} |:j;IjU (7r, (unmend%) (5))] :
Next, we apply Q (€ BU) " and obtain something of type

UxyU]| UxyU| | UxyU| 0| o\t
(Q(eayU) B) [Q(Eabl']) appr] [Q(GB‘Z) E <7r, (unmerldyU> (E))} )

Now if we look at the context of szebé}(}L)f‘B, we see that the last type is the unit type by

theorem 4.4.4, so the substitution applied to B is determined by its weakening. So we rewrite:
UxyU . UxyU UxyU| & TR
.= (Q(e?(’])|3> [(id, O)][7] [Q(ei)%)lappyrlf} {Q(;{%)j | (77, (unmerldyrlj) (f))]
UxyU . UxyU UxyU| @ w7t
— (Q(e'?[’])|3) [(id, -)] {Q(eirf[’])\appy[” [7] {Q(;a)['])j | (77, (unmerldle) )
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-1
— (QEIIGD;‘Z?'B) [(id, J)] {QEPG?{})”app;I,}H {Qé?gj;lf[l] (’R’ ) <7r, (unmeridfj,lj) (f)))]

= (2505 B) (60, [ ameyy ] (25 4y

UxyU| . UxyU v
= (Q(;a}[’]) B) [(id, J)] {Q(gg&)‘ (appyl‘J ow)} .
— It is immediate that the substitution applied to by yields the given type.

Soundness of the coherence criterion. Note that, if we apply to b the same reasoning that we
applied to B to show well-formedness of the last 3 premises, we find that the coherence criterion does
hold if by and b arise from a common b.

Completeness of the elimination clauses. We now show that b is fully determined by the by and
b that can be derived frorrol it. Afterwards, we will show that the given coherence condition is sufficient
to make sure that by and b determine some b.

Note that B, being a type in a presheaf CwF, is a presheaf over the category of elements of

I. (QEI‘JA) [reidxf,}H. Hence it acts on cells
(V PVFIYU o (Vie)=T a(V,w,w):(Q;P[‘JA) [reidX;PUD ]

Now we divide such cells in two classes: on-boundary cells (for which (V, ¢) is on the boundary) and

total cells (the others). As Q‘(Ije?{gl is exactly the restriction of presheaves to the on-boundary cells, it is
clear that by determines the action of b on those.

For total cells, note that the full subcategory of V/(¥ x yU) consisting of the total elements, is (by
theorem 4.1.12) equivalent to JV/ ¥, with one direction given by :I{]\I'. Restriction to total cells is then

given by the central lifting of that functor, being VELI, Combined with the knowledge that Vf&{};{’[‘] =1d
(theorem 4.1.11), this reveals that b determines the action of b on total cells.

Completeness of the coherence criterion. The action of a term on cells should be natural with
respect to restriction. This is automatic when considered with respect to morphisms between cells that
are either both total or both on-boundary. Moreover, there are no morphisms x : (V,¢) — (V/,¢') :
V/(¥ x U) from a total cell to an on-boundary cell, since the boundary is a well-defined presheaf. So we
still need to prove naturality w.r.t. morphisms from on-boundary cells to total cells.

Let x : (V,¢) — (V',¢') be such a morphism. Then (V', ¢’) =, j/U\IJ(W, ) = j{fa{fj{f(m P) =
:I/U\I’HI/J‘II(V’ , ') by an isomorphism

j[/]qjﬂl/jwfl o j{,\lj(drop[/]q’)_1 oL

= _-I[/]‘I’EI[/J‘I’L_1 o copy{]‘y ot

= copy{f’ ot tor= copy{}p.
Hence, by naturality, xy = (copy(/}l’)_1 o copy/U\Ij ox = (copy/U\I})_1 o _-I/U\I’HI/J‘I/X o copy/U‘I/. Thus, we have
factored x as an instance of the unit copy[/}p followed by a morphism between total cells. This means it
is sufficient to show naturality with respect to copyl/;y (Vo) — j{f”a{f’(v, ©). (The cells of T" and the

transpension type available for (V’, ¢’) carry over to :I{]\PH/U‘II(V, ) by restriction.)
Now the action of b on (V, ) is given by the action of by on (V, ¢). Meanwhile, the action of b on

j{]‘yE/U\II(V, ¢) is given by the action of b on EI{;II(V, ), which is the action of 4" on (V, ¢). These have

to correspond via copy{]q/ (Vo) — :I{]\PH/U\P (V, ), which corresponds via central lifting to the natural

transformation appyllj on presheaves. This is exactly what happens in the coherence criterion: we use

appgllj : :I;I,’I‘JV;I;[‘J — Id to bring by and b to the same context and type, and then equate them. Since

by only exists on the boundary, we also have to restrict b to the boundary, but that’s OK since we were
interested in an on-boundary cell anyway. O
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Example 4.4.8 (Affine cubes). We instantiate theorem 4.4.7 for the multiplier Ly + I : 0¥ — OF (exam-
ple 3.3.3). There, Ol is essentially the constant presheaf with k elements. So by determines the images of
the & poles of the transpension type. The term b determines the action on paths (for & = 2, for general k&
perhaps ‘webs’ is a better term), and the paths/webs of the transpension type are essentially the elements
of A. The coherence condition says that the image of such paths/webs should always have the endpoints
given by bs.

Example 4.4.9 (Clocks). We instantiate theorem 4.4.7 for the multiplier L * (¢ : ®y) (example 3.3.6),
where we adapt the base category to forbid diagonals: a morphism may use every variable of its domain
at most once. The boundary 9(i : ®y,) is isomorphic to y (i : ®_1) if & > 0 and to the empty presheaf
L if k = 0. So if we want to eliminate an element of the transpension type over y (i : ®f), which means
we have a clock and we don’t care about what happens if the time exceeds k, then we need to handle two
cases. The first case by says what happens if we don’t even care what happens at timestamp k; in which
case the transpension type trivializes. Then, by giving b, we say what happens at timestamp k and need
to make sure that this is consistent with by. The elements of the transpension type at timestamp k are
essentially the elements of A, which are fresh for the clock.

Example 4.4.10 (Embargoes). Recall that the multiplier L x ¥ sends W € Wto (W, T) € W x 1, the
Yoneda-embedding of which represents the arrow yW — yW, ie. yW.L T under the convention that

U 1.0 denotes (V.0 — W). Its left lifting is L1 x y¥ : W — VVX\T, and y! is the terminal object, so that
W x 1/y? = W x 1. We get 5 adjoint functors, of which we give here the action up to isomorphism:

U o= (L =),

dp 0 U = (VO

uxy! or dp o2 T (¥ — ),
)

)

yl— or Yy @ 0O — (V.0 V0),
y'vVu  oor N A (T —T).

The boundary of y¥is 9% = y (T, L) which is isomorphic to the arrow L. — T. Thus, we see:

Jyr If, for some unknown embargo, we have information partly under that embargo, then we can only
extract the unembargoed information,

dyr If information is fresh for an embargo, then it is unembargoed,

vy If, for any embargo, we have information partly under that embargo, then we can extract the infor-
mation,

Qy! If information is transpended over an embargo, then it is completely embargoed.

Perhaps the above is more intuitive if we think of an embargo as a key or a password.

So let us now instantiate theorem 4.4.7, which allows us to eliminate an element of the transpension
type, i.e. essentially an element of A — T. The boundary case exists over the boundary 1 — T and
allows us to consider only the codomain of the arrow, i.e. the part of the context before the embargo,
where the transpension type is trivial. The case b then requires us to say how to act on embargoed data
in a coherent way with what we already specified in by. The embargoed data is essentially an element of
A, which comes from the mode where the embargo does not apply.

5 Prior modalities

Many modalities arise as central or right liftings of functors between base categories [NVD17, ND18,
Nuy18, BM20]. The following definition allows us to use such modalities even when part of the context
is in front of a pipe.

Definition 5.0.1. A functor G : W — W yields a functor G/Y : W/¥ — W'/G\¥ : (W,1))
(GW, G\4). This in turn yields three adjoint functors between presheaf categories:

Gl 4av 4Gy (49)
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If a modality is both a right and a central lifting, then the following theorem relates the corresponding
‘piped’ modalities:

Theorem 5.0.2. If G : W — W’ has a right adjoint G - S, then we have

e o /oY 4 /Y G/Y 4 Q/mo§/GY

ZEII ° G;Sy‘lﬂl 4 S:I/’| "I" - le o S'GI\P\ o~ G\I/|* (50)
S'\p/\ ~ GS!\IJ’\* o Qs!\ - S\IJ"* G\I/|* 4 SGg\I/|* ° Hm\ o~ G;I"
sVl = mElogd! 4 gY a4 gmlosaYl

assuming — where mentioned — that Q/"™ exists.

Proof. For the left half of the table, we only prove the first line. The other adjunctions follow from the fact
that Ly, L™ and L, are pseudofunctors, and the isomorphisms follow from uniqueness of the adjoint. We
have a correspondence of diagrams

GW — W (51)

w SW’
X % e10G1 %

S’ v’

ie. morphisms (W,1) — S/Y'(W’,¢') : W/S1¥ correspond to morphisms ¥/¢'G/S'Y' (W, 1)) —
(W' ") - W /0.

On the right side of the table, we similarly only need to prove the first line, and we prove it from the
first line on the left side. The left adjoint to /7 o S/¢'¥ is (2/5! o G/S’G!‘I’) o X/™ . We prove that this
is equal to G/Y:

S/EGQSCY S/ (W W — W)

= N/G/ Y (W o : W — SiGiT)

= Y/ (GW,Gimy o Gyip : GW — G1SG1T)

= (GW,er0 G o Gip : GW — G\U) = (GW, Gy : GW — G\U). O

6 Commutation rules
6.1 Substitution and substitution

See theorem 2.3.18.

6.2 Modality and substitution

Theorem 6.2.1. Assume a functor G : W — W’ and a morphism ¢ : ¥; — Wy : W. Then we have a
commutative diagram

/¥1
W/, S WGy, (52)

E/ffl iz/cl"

W/, A W' /Gy

and hence
H G | G | c.
z || 2% = g*lxel [ olghils 5 gPalrptel
Q || el gTael | aolgPl = guilaGel | oGelgl 5 gilgel
I 171G gPeln@el | %elgyl = gyl
B 571G GV gl
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where every statement holds if the mentioned functors exist.

Proof. 1t is evident from the definitions that the given diagram commutes. Then by applying .*, we find
the that Q7IGY2l* = GY11*Q%|_ The rest of the table then follows by lemma 2.1.2. O

Remark 6.2.2. o« Ifoc = m: W.A — U, then this says something about weakening and the ¥- and
[I-types over A.

« If Gy moreover happens to be a CwF morphism, then this relates weakening and the - and II-types
over A to those over G/ A.

« If Ly x U is a cartesian multiplier and we take 0 = : U x yU — U, then by theorem 4.1.11, this
says something about H\P‘ . j;l,lllj . V U Q

6.3 Multiplier and substitution

If, in section 6.2, we take GG equal to some multiplier L1 x U : W — V), then we have

¢V =4, a=uxyu, &'=4y,  cW=vy,  all=00. 63)

This immediately yields the general case of the following theorem:
Theorem 6.3.1. Assume a multiplier L X U : W — V and a morphism ¢ : ¥; — U5 in 17\/\ Write
p p

7 = 0 X yU. Then we have:

I 3 | j | v | g
27135 <t 3 ET‘%' =~ 302 | 2oy oy Vs [ Brlpy s 0,187
o132l <2 30 lorl [ a3l ot 3ol [ oolvlel = viilorl Tarlghel o) glilael (sq)
T 0 T | T30y < el | 1oy <t vl | ] = e
$Tuj; < 3715 $Ulv$5' < v§5'$fl §710,2 <! Q;“g]‘ss"\

» g5 oM

where every statement holds if the mentioned functors exist, and where
1. In general, <! means <, >; means — and the other symbols mean nothing.
2. If L x U is T-slice right adjoint, then <i* upgades to =2 and <1? upgrades to <.

3. If Ly x U is cartesian (hence T-slice right adjoint), then <i* and <i? upgade to = and <i® upgrades
to <.

4. If Ly x U is T-slice fully faithful, then we have

soVY = STV (0w yU) W), (55)
so that > upgrades to = and > upgrades to —.
Proof. 1. The general case is a corollary of theorem 6.2.1 for G = L1 x U.
2. To prove the T-slice right adjoint case, we show in the base category that X/ "Ell/]q}l

EI/U%E/ (exyU) " We use the construction of EI/U\I’ in the proof of presheafwise right adjointness
(proposition 4.1.9). On one hand, we have:

S/, (T ) yU) 0 pVFWoxV) = slon/iig[Woy, o) = m/ocvig/Voy, o).
On the other hand:
/YD, (07T ) yU) 0 gV TWOR) = JF(V, (0 0 ) K yU) 0 )
= p/rong/Vo (v, o).
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3. This follows from theorem 2.3.18.

4. We show that E"‘V;I,’[}‘ = V;I,’IQJIZT‘. Pick a presheaf " over V/(¥; x yU). On the one hand, we
have:

(W, 3/2=¥2) = 2olviT
= AW, V=Y (00 (Wa,1ha) = /7 (Wi, 1)) x (W, 4b1) = VT
yU
= AW, )" 7). (0 1 (Wa,iba) = (Wi, 0 04h1)) x (Wi x U, 41 x yU) =T)
& Wy, IV 7Y 9V W (4 = g o 4hy 0 0) x (W x U, ¢y x yU) = T)
We now absorb 6 into 1)7:
= 2T (g = 0 o) X (Wa x Uy x yU) = T).
On the other hand, we have:
(W, py/27V2) = vyzlsrir
= Wy x U,hy x yU) = 27T
= 3(V1, 1 7Y, (W (W x Uy x yU) — E/T(Vhsﬂl)) x ((V1,1) =T)
= 3(Va, )" 7YY (w s (Wa x U, thy x yU) — (Vi, (0 x yU) 0 1)) x ((Vi, 1) = T)
We now deconstruct 1 = (11 X yU) o x:

o~ E|V17 Wl’XVH%WlIXU,wFﬁ?\I/l.

(w: (Wo x Upa x yU) = (Vi, (0 0 ¢h1) x yU) 0 X)) x (V1, (1 x yU) o x) =T
%JHV1 Wl XV1—>W1[><U w}/vlé‘lll wW2D<U—>V1-

(Y2 x yU = ((o0¢1) x yU) o x ow) x ((Vi, (1 x yU) o x) = T)
We now absorb w into x:
~ 3, w}/V1:>‘I’1 XW2D<U—>W1><U.

(2 x yU = ((00¢1) x yU) o x) x (W2 x U, (1 x yU) o x) = I)
Let x = 4720 : 3072 (Wa, b)) — 472 (Wi, 00 4):

= W, ) TV 02 W (Y = g o1 00) x (Wa x U, (11 00) x yU)) = T)
We now absorb 6 into 1)1:

= )27V (Yo = g oh1) x (Wa x U, (1 x yU)) = T)

This proves the isomorphism. The rest follows from lemma 2.1.2. O

6.4 Multiplier and modality

Theorem 6.4.1. Assume a commutative diagram (up to natural isomorphism v : F(Lux U) =2 GLix U’)

wW—Ssw (56)

|_|I><Ui luD(U/

y——V
F

where Ly X U and Ly x U’ are multipliers for U and U".
Then X/* is a strictly invertible functor and hence we have

EV}‘ o~ erll o Hy!‘ o~ nyll Zyrll ) ng‘ [a] Hyrll ~ QI/!‘7 (57)
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where Q¥ 'l is the strict inverse to Q*!.
Then we have ¥/% j/UC,;’\I’G/ Ve~ p/ ‘I"XU:I/U\I'. This yields the following commutation table:

| R, G | F*,G* | E., G,
3 33{!}‘1/’\91/!71\1:1!‘1’ny\ D1 G"I’|3‘I’l|] Ej’l\]F‘I’\* Do G‘l’\*g?{!ﬁ’lgur”
I N Y N Y i el I ey e
v || velan TRV gl | VL ET e gvivaign T [ aign IR s, gE VY
v * * Oy | xGr Y w | xGH V| ~ v Ul xW¥
0 Oy GV FUUlQuiga T qulgs G = FF UYL

where any statement holds if the mentioned functors exist, and where
1. In general, I>; means — and >3 means nothing.

2.fW =V, W =V, F = G, both multipliers are cartesian and v respects the first projection,
i.e. m ov = Gy, then > upgrades to = and > upgrades to —. Note that in this case we have
GU2G(TxU)=, GT xU".

Remark 6.4.2. In the above theorem, we think of ' and G as similar functors; if we are dealing with
endomultipliers, we will typically take F' = G. The multipliers, however, will typically be different, as in
general U 2 FU.

. . . . . . . . . . —1 . .
Proof. Since v is an isomorphism, $/* is a strictly invertible functor with inverse /" . Since Li* is a

—1
2-functor, Q" is also strictly invertible with inverse 2“1 |. Because equivalences of categories are adjoint
to their inverse, we get the chains of isomorphisms displayed.

1. The given commutation property in the base category follows immediately from the definitions and
naturality of v and its image under L. The rest of the table then follows by lemma 2.1.2.

2. We invoke theorem 6.2.1 with 0 = w9 : U x yU — V. This yields Q;I:(‘JG\P\* = QYU

. . o v
Now Gi\7a = 79 o 11 so we can rewrite this to Qy}]G\I'I* = G‘I’XYU‘*QVz\Qy[’], | The rest of the

table then follows by lemma 2.1.2. O

6.5 Multiplier and multiplier

Theorem 6.5.1. Assume we have a commutative diagram (up to natural isomorphism v : Ly x U x I =
L X J x U') of multipliers

w XLy (58)

I_H><Ui iu[xU’

y ——V.
LI

Then we have the commutation table given in fig. 1 where every statement holds if the mentioned functors
exist, and where

1. In general, >>; means —, <! means + and the other symbols mean nothing.

22.1fW =W,V =V, x U = L x U, the multipliers .i x J and .y X I are cartesian and
(mxU)ov=m:(uxU)xI—xU,then <! upgrades to = and <1? upgrades to <.

(a) If moreover Ly x U is T-slice fully faithful, then <i? upgrades to = and < upgrades to <.
3. The symbols I>; upgrade under symmetric conditions.

Proof. 1. In the base category, it is clear that _-I[/}I,J Yy ‘]_-Ié‘y ~ »/v _-I?P KyU_—I[/J\p. Applying the 2-functor

1" yields the commutation law for V and hence, by lemma 2.1.2, the general case.
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I dr, 3 | dr,4s 7 Vi,V 7 0.0y
— H
m_ T me_x%Q_ ~3 _m_ww\%,:bs T m_w\%\%,\_bs f_equ_ >y n_u:w ] f <equ_ Y _m_w\%\%,\_bs m_ww\%,:bs _oex%S >y 06_ m_
G_ G_ H GX%Q_ YKy ] XY ] .H\_ UKyU] 6_ _ g GX%Q_ | I XYJ] | YKy J] @X%Q_ A;
ew_qme%,\ U] mi m\: [&Q\ mn fwu_\q\ Lw&\ IQﬂv; qu uJQme W\H_ < M\NM _wﬂq\ m\x[&q O e So e_L T
Xy 2 Xy : Xy _ Xy yUT ~ y S y _ Xy
<%,W_mi_ A_em_%%,_ﬂzq\ ED:A: %Q\ e@w T %_N ex S < < < T Q,<_\.<Q\ e@:& <.<Q\ emww N_&E Tx W_ M
3 gUKy S Z | 5T XY y _x% XY : y ~ y
oém SR V) e Qg L 0 0 < Ly, Qg NGy gy = 0yr 7

Figure 1: Commutation table for 2 multipliers (theorem 6.5.1).
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2. We invoke theorem 6.3.1 with 0 = 71 : ¥ x yJ — W. This yields

—

Qb = s lam Ul Y ek yU — W/ x y .

Now m X yU =m0 Vfl so we can rewrite this to

—

Qv =Yyl IV ek yU - W sy,

The rest then follows by lemma 2.1.2.
(a) Also follows from the same invocation of theorem 6.3.1.

3. By symmetry. O
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A Changelog

The first version of this technical report and the associated paper appeared in 2020. Since then, there have
been significant changes, primarily terminological ones. To help out readers coming back to these texts
after having consulted earlier versions (or associated presentations), we list the most important changes
here.

A.1 Definition 3.1.1
« Unpointable objects were formerly called spooky,

« Not objectwise pointable categories were formerly called spooky.

A.2 Definition 3.1.2
« Copointed multipliers were formerly called semicartesian,
« Multipliers that are comonads were formerly called 3/4-cartesian,
« T-slice faithful multipliers were formerly called cancellative,
« T-slice full multipliers were formerly called affine,
« Not T-slice objectwise pointable multipliers were formerly called spooky,

« T-slice shard-free multipliers were formerly called connection-free, and shards were formerly
called connections,

« T-slice right adjoint multipliers were formerly called quantifiable.

A.3 Definition 3.4.1

« A morphism of copointed multipliers was formerly called a semicartesian morphism of mul-
tipliers,

« A comonad morphism of multipliers was formerly called a 3/4-cartesian morphism of multi-
pliers.
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A.4 Quotient theorem

The quotient theorem was formerly called kernel theorem.

A.5 Definition 3.5.1

Slicewise faithful / full / shard-free / right adjoint multipliers were formerly called strongly cancellative
/ affine / connection-free / quantifiable.

A previous version of paper and technical report featured only the now obsoleted definition of indirect
shards/connections and slicewise indirect shard-freedom / strong indirect connection-freedom, that was
based on the indirect boundary and indirectly dimensionally split morphisms. These notions are obsolete
and are retained solely for consistency with [Nuy20, ch. 7]. The qualifier ‘indirect’ was only added a
posteriori to distinguish with the more appropriate direct notions.

A.6 Definition 4.1.1

Presheafwise faithful / full / shard-free / right adjoint multipliers were formerly called providently
cancellative / affine / connection-free / quantifiable.
T-slice elementally faithful / full multipliers were formerly called elementally cancellative / affine.
A similar note as above applies to (in)direct shards/connections, shard/connection-freedom, bound-
aries and dimensional splitness.
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