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—— Abstract

There are many ways to represent the syntax of a language with binders. In particular, nominal

frameworks are metalanguages that feature (among others) name abstraction types, which can be
used to specify the type of binders. The resulting syntax representation (nominal data types) makes
alpha-equivalent terms equal, and features a name-invariant induction principle. It is known that
name abstraction types can be presented either as existential or universal quantification on names.
On the one hand, nominal frameworks use the existential presentation for practical reasoning since
the user is allowed to match on a name-term pattern where the name is bound in the term. However
inference rules for existential name abstraction are cumbersome to specify /implement because they
must keep track of information about free and bound names at the type level. By contrast universal
name abstractions are easier to specify since they are treated not as pairs, but as functions consuming
fresh names. Yet the ability to pattern match on such functions is seemingly lost. In this work we
show that this ability and others are recovered in a type theory consisting of (1) nullary (i.e. 0-ary)
internally parametric type theory (nullary PTT) (2) a type of names Nm and a novel name induction
principle (3) nominal data types. This extension of nullary PTT can act as a legitimate nominal
framework. Indeed it has universal name abstractions, nominal pattern matching, a freshness type
former, name swapping and local-scope operations and (non primitive) existential name abstractions.
We illustrate how term-relevant nullary parametricity is used to recover nominal pattern matching.
Our main example involves synthetic Kripke parametricity.
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1 Introduction

Nominal syntax There are many ways to formally define the syntax of a language with
binders. In particular, nominal frameworks [24, 31, 27, 30, 12, 33] are metalanguages featuring
(among others) a primitive type of names Nm as well as a “name abstraction” type former
which we write @QN — —. Name abstraction types can be used to specify the type of binders
of a given object language. For example, we can define the syntax of untyped lambda calculus
(ULC) with the following data type.

data Ltm : U where
var : Nm — Ltm
app : Ltm — Ltm — Ltm
lam : (@GN — Ltm) — Ltm

The resulting representation is called a “nominal data type” or “nominal syntax” and offers
several advantages: a-equivalent terms are equal, names are more readable/writable than
e.g. De Bruijn indices, indexing on contexts can often be dropped, and importantly nominal
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Nominal Type Theory by Nullary Internal Parametricity

data types feature a name-invariant induction principle. A drawback of this representation
is that it is not definable in plain type theory.

Inference rules for the name abstraction type former can be defined in two ways: either in
an existential /positive, or in a universal/negative fashion. Interestingly, these presentations
are semantically equivalent [30, 29] but syntactically have different pros and cons.

On the one hand, the existential presentation makes the name abstraction type former
behave as an existential quantification on names. So intuitively an element of that type, i.e.
a name abstraction, is a pair {(a,t) where the name a is bound in the term ¢. Additionally the
system ensures that the pair is handled up to a-renaming. This presentation is convenient
since the user is allowed to pattern match on such “binding” name-term pairs, an ability
that we call nominal pattern matching. The following example is Example 2.1 from [31] and
illustrates this ability. It is a (pseudo-) FreshML program computing the equality modulo
a-renaming of two existential name abstractions. In the example A has decidable equality
eqy : A — A — Bool and the existential name abstraction type is written QN - —.

egabs : (@GN - A) — (@QN - A) — Bool
eqabs (xg,a0) {(x1,a1) = eqy (swap Zo,x1 in ag) a1

Note (1) the occurrences of xg, z1 outside of (xg, ag), {(x1,a1) and (2) the appearance of the
swap operation exchanging free names.

Nominal pattern matching is convenient and for that reason nominal frameworks use
the existential presentation for practical reasoning on nominal syntax. However, inference
rules for existential abstraction types are cumbersome to specify. The issue is that a name
x is considered fresh in a binding pair (z,y) and that information must be encoded at the
type level and propagated when pattern matching. The consequence is that the rules for
existential abstraction types are polluted with typal freshness information. This makes the
implementation of such rules in a proof assistant environment harder.

On the other hand, the universal presentation treats name abstractions not as pairs, but
rather as functions consuming fresh names (a.k.a. affine or fresh functions), as in [27, 12].
This has several consequences: names can only be used when they are in scope, no explicit
swapping primitive is needed and the inference rules are straightforward to specify. However
one seems to lose the important ability to pattern match.

In this paper we will propose a new foundation for nominal frameworks relying on
the notion of parametricity, which we describe now. Parametricity is a language property
expressing that all values automatically satisfy properties that can be derived structurally
from their types [28]. More precisely, parametricity asserts that types behave as reflexive
graphs [6]. For example the parametricity of a function f: A — B is a proof that f maps
related inputs in A to related outputs in B, i.e. f is a morphism of reflexive graphs. Although
the notion of parametricity is typically used in its binary form, the property can actually be
considered generally for n-ary relations and n-ary graphs.

Parametricity can be regarded as a property that is defined and proven to hold externally
about a dependent type theory (DTT). Indeed in [10] the parametricity property, or trans-
lation, is a map [—] defined by induction on the types and terms of DTT. The translation
[A] of a type A asserts the parametricity property at A and the translation of a term a
is a proof [a] : [A]. By contrast, n-ary internally parametric type theory (n-ary PTT for
short) [11, 17, 19, 21, 2, 1] extends DTT with new type and term formers. These primitives
make it possible to prove parametricity results within n-ary PTT.

To that end, n-ary PTT typically provides two kinds of primitives, whose syntax internalize
aspects of reflexive graphs. Firstly, Bridge types are provided, which intuitively are to a type
what an edge is to a reflexive graph. Syntactically, a bridge ¢ : Bridge Aag ... a,_1 at type
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K:U H Bridge K ko k1 ~ ... ‘k‘oEKklﬁ...
A — B || VYaga1. Bridge Aag a1 — Bridge B (ko ao) (k1a1) | YVaoai.ao =a a1 — ko ao =B k1 a1
A x B || Bridge A (ko .fst)(k1 .fst) x (ko .fst) =a (k1 .fst) x
Bridge B (ko .snd) (k1 .snd) (ko .snd) =g (k1 .snd)
U ko= ki —U ko ~ k1

Figure 1 The Bridge and Path type former commute with some example type formers.

A between ag,...,a,_1 is treated as a function N — A out of a posited bridge interval N.
The N interval contains n endpoints (e;);<, and ¢ must respect these definitionally ge; = a;.
When n = 2 this is similar to the “paths” of cubical type theory [35] which play the role
of equality proofs in the latter. However, bridges do not satisfy various properties of paths,
e.g. they can not be composed and one can not transport values of a type P x over a bridge
Bridge A = y to type P y. Moreover, contrary to paths, bridges may only be applied to
variables x : N that do not appear freely in them, i.e. fresh variables. Functions with such a
freshness side condition are also known as affine or fresh functions and we will use the symbol
—o instead of — for their type. Secondly, the other primitives of n-ary PTT make it possible
to prove that the Bridge type former has a commutation law with respect to every other
type former. Figure 1 lists some of these laws (equivalences) for arity n = 2 and compares
the situation for bridges and paths. Path types are written =.

The last column in Figure 1 states a collection of equivalences known as the Structure
Identity Principle (SIP) in HoTT/UF. Concisely, it states that (path-)equality at a type
K is equivalent to observational equality [3] at K. The Bridge column of Figure 1 shows
an analogue Structure Relatedness Principle (SRP) [34] which expresses equivalence of K’s
Bridge type to the parametricity translation of K, i.e. the Bridge type former internalizes the
parametricity translation for types up to SRP equivalences. Finally parametricity of a term
k is the reflexivity bridge A(__ : N). & : Bridge K k ... k mapped through the SRP equivalence
at K. This is summarized in the slogan “parametricity = every term is related with itself”.

Nullary Parametricity as Foundation for Nominal Type Theory

In this work, we propose nullary PTT (i.e. 0-ary PTT) as the foundation for nominal
dependent type theory. First, we make the simple observation that universal name abstraction
types have the same rules as the nullary (i.e. 0-ary) Bridge types from nullary PTT: nullary
bridges and universal abstractions are simply affine functions. This has been noticed in
various forms [20, 14] but never exploited, to our knowledge. Second, we show that, on
its own, nullary PTT (i.e. 0-ary PTT) already supports important features of nominal
frameworks: universal name abstractions (bridge types), typal freshness, (non-primitive)
existential name abstractions, a name swapping operation and the local-scoping primitive v of
[27] (roughly, the latter primitive is used to witness freshness). Third we can recover nominal
pattern matching in this parametric setting by extending nullary PTT with a full-fledged type
F Nm. It comes equipped with a novel dependent eliminator indny, called name induction,
which expresses for a term I' - n : Nm and a bridge variable x in T', that n is either just z,
or x is fresh in n.

Nominal pattern matching can be recovered via an extended version of the nullary
SRP: the Structure Abstraction Principle (SAP), as we call it. The SAP expresses that
the nullary bridge former @N — — commutes with every type former in a specific way,
including (1) standard type formers, (2) the Nm type (3) nominal data types. For standard
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type formers, the SAP asserts that name abstraction commutes as one might expect, e.g.
(GN — A — B) ~ ((GAN — A) — (@GN — B)). However, for Nm, the SAP asserts that
(@N — Nm) ~ 1 4+ Nm, which can be proved by name induction. The SAP also holds
for nominal data types. For example, the SAP at the Ltm nominal data type asserts that
that there is an equivalence e between @N — Ltm and the following data type. Intuitively,
it corresponds to Ltm terms with Nm-shaped holes and we say it ought to be the nullary
parametricity translation of Ltm.

data Ltm; : U where
hole : Ltmy
var : Nm — Ltm;
app : Ltm; — Ltm; — Ltm;
lam : (@QN — Ltm;) — Ltmy

Nominal pattern matching can now be recovered: for a term lamg : Ltm: we have g : QN —o
Ltm and equivalently e g : Ltm; for which the induction principle of Ltm; applies.

Contributions and Outline In this paper, we propose nullary PTT (i.e. 0-ary PTT) as the

foundation for nominal dependent type theory and evidence for its suitability. Specifically:
In Section 2, we define a variant of the univalent parametric type theory of [11] where (1)
we replace the arity n = 2 by n = 0, (2) we construct a type Nm from the bridge interval
@N and provide a name induction principle. We explain how the primitives validate our
Structure Abstraction Principle (SAP) and discuss semantics and soundness.
In Section 3, we systematically discuss the inference rules of existing nominal frameworks
for typal freshness, name swapping, the local-scoping primitive v, existential and universal
name abstractions. We explain in detail how they can all be (adapted and) implemented
in terms of nullary PTT primitives.
Section 4 demonstrates examples of nominal recursion in a nullary parametric setting.
Section 4.1 shows that the nullary translation of data types lets us emulate nominal pattern
matching: functions that are defined by matching on patterns which bind variables. In
Section 4.2 we provide a novel example of a function f defined by nominal recursion, whose
correctness proof requires computing its nullary translation [fy], i.e. the parametricity of
f is term-relevant. Specifically, we connect the Ltm nominal data type to a nominal HOAS
representation and our proofs externalize to Atkey’s Kripke parametricity model [5].

Relational parametric cubical type theory has already been implemented, particularly as
an extension of the mature proof assistant Agda [34]. As such, our work offers a clear path
to a first practical implementation of nominal type theory. To our knowledge, we are also
the first to make explicit and active use of nullary parametricity. We discuss related work in
more detail in Section 5.

2 Nullary PTT

In this section we present the nullary internally parametric type theory (nullary PTT) which
we use as a nominal framework in the next sections. It is an extension of the binary PTT of
Cavallo and Harper (CH type theory, [11]), where we have replaced the arity 2 by 0. More
precisely, our rules are obtained by (1) considering the rules of the parametricity primitives
of the CH binary PTT and replacing the arity 2 by 0 instead and (2) adding novel rules
to turn the bridge interval @QN into a fully-fledged type Nm, including a name induction
principle.
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Apart from its parametricity primitives, the CH theory is a cubical type theory, and so is
our system. We briefly explain what that means before reviewing the nullary parametricity
primitives, and our rules for Nm. For the impatient reader, the relevant rules of our system
appear in Figure 2 and Gel Az can be understood as “the a’s in A for which x is fresh”.

Cubical type theory Cubical type theory (cubical TT) is a form of homotopy type theory
(HoTT, [32]) that adds new types, terms and equations on top of plain dependent type
theory. These extra primitives make it possible, among other things, to prove univalence and
more generally the SIP. Recall from Section 1 that the SIP gives, for each type former, a
characterization of the equality type at that type former (see Figure 1).

Conveniently we will only need to know that the SIP holds in our system in order to
showcase our examples. That is to say, we will not need to know about the exact primitives
that cubical TT introduces. Nonetheless we list them for completeness: (1) the path interval
I, dependent path types and their rules; paths play the role of equality proofs thus non-
dependent path types are written = (2) the transport and cube-composition operations,
a.k.a the Kan operations; these are used e.g. to prove transitivity of = (3) a type former to
turn equivalences into paths in the universe, validating one direction of univalence (4) higher
inductive types (HITs) if desired.

Additionally, in HoTT an equivalence A ~ B is by definition a function A — B with
contractible fibers. We rather build equivalences using the following fact (Theorem 4.2.3 of
[32]): Let f: A — B have a quasi-inverse, i.e. a map g : B — A satisfying the two roundtrip
equalities Va. g(f a) = a and Vb. f(gb) = b. Then f can be turned into an equivalence A ~ B.

2.1 Nullary CH

Let us explain the rules of Figure 2. We begin with the nullary primitives of the CH type
theory since our rules for the bridge interval Nm depend on them.

Contexts There are two ways to extend a context. The first way is the usual “cartesian”
comprehension operation where I" gets extended with a type I' - A type resulting in a context
T',(a : A). The second, distinct way to extend a context I' is an “affine” comprehension
operation where I' gets extended with a bridge variable x resulting in a context written
I, (z : @QN). Note that @N is not a type and morally always appears on the left of - (the
Bridge type former will be written @N — — but this is just a suggestive notation).

Intuitively the presence of QN is required because the theory treats affine variables in
a special way that is ultimately used to prove the SAP (briefly mentioned in Section 1).
Specifically, terms, types and substitutions depending on an affine variable = : @N are not
allowed to duplicate x in affine positions. So typechecking an expression that depends on
x : QN may involve checking that x does not appear freely in some subexpressions. Since
variables declared after z in the context may eventually be substituted by terms mentioning
x, a similar verification must be performed for them.

More formally, such “freshness” statements about free variables are specified in the
inference rules using a context restriction operation —\—. If I" is a context containing
(z : @QN) then I'\z is the context obtained from I' by removing z itself, as well as all the
cartesian (i.e. not @N) variables to the right of z!. If (z : @N) € I' and T'\z - a : A we say
that x is fresh in a.

L Path variables 7 : I and cubical constraints are not removed.
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T, (z: @QN) - Atype I(z:@QN)Fa: A
'k (xz:@QN) — Atype - THAz.a:(x:@QN) —- A -

(x:@QN)eT MNzka:(y:@N)— A . (r:@QN) el Mz, (y:@N)Fa: A
T'kad z: Alz/y - 't (Ay.a)z =alz/y]: Alz/y]

I(x:QN)Fajz=ajz: A o EXT prem. MNz,(y:QN)Fa: A
Il'kay=a):(z:QN) — A T'Fext(Aa' y.b) z (a[z/y]) = b[(Ay.a)/d’,z/y] : Blz/y,a[z/y]/a]

EXT/S

(x:@QN)eT Iz, (y : @N) - A type Mz, (y:QN),(a: Ay) - Btype
M\z,(a’ : (z: QN) — Alz/y]), (y : QN) b : Bla'y/d] Tkag: Alz/y e
T'Fext(Aa' y.b)zas : Blz/y,as/a]

(z:@QN) el Mz - Atype T,(x:@QN)Fg: Gel Az Tha: A
GELF GELE GELS
I+ Gel Az type PHung(Az.g): A ung (Az.gelaz) =a

GELF prem. Mz, (y: QN) - go,g1 : Gel Ay

(x:@N) el MNzha:A
GELI T ung(A\y.go) = ung(Ay.g1): A
gelazx : Gelax Gt
Tk golz/y] = g1[z/y] : Gel Az

T ctx (x:@QN) el
————————— NmF _—
I' = Nm type 'kcxz:Nm

(x:@QN)eT T'Fn:Nm T',z:Nmk Btype T+ bo: Blcz/z]

T, (g: GelNmz) F b1 : Blforgz g/z] T,(g:GelNmz) - forgzr g :=ext(Ag'y.ungg’)zg: Nm
I'Findymznbo (Ag.b1) : Bln/z]

NmI

NmE

NmE prem. without n Nmg NmE prem. without n Mz Fn:Nm Nmg
m m
I'Findnm 2 (cz) bo (A g.b1) = bo : Blcz/y] * TFindumanbo (Ag.b1) =bi[gelnz/g] : Bln/z] '

Figure 2 Parametricity fragment of the CH theory [11] where we replace the arity by 0, and
novel rules for the interval Nm. For binding rules such as EXT, we rely on the invertibility of both
variable and name abstraction to bind using .

Nullary bridges The type former of dependent bridges with dependent codomain T, (x :
@N) - A is denoted by (x : @N) — A z. The type of non-dependent bridges with codomain
I'F A is written QN — A and defined as (— : @N) — A. Introducing a bridge requires
providing a term in a context extended with a bridge variable (z : @QN). A bridge o’ : (y :
@N) — Ay can be eliminated at a variable (z : @N) only if z is fresh in ’. In summary,
nullary bridges are treated and written like (dependent) functions out of the @N pretype
but are restricted to consume fresh variables only. From a nominal point of view, a bridge
a’ : QN —o A is a name-abstracted value in A.

Since we will use the theory on non-trivial examples in the next sections, we prefer to
explain the other primitives of Figure 2 from a user perspective: we derive programs in the
empty context corresponding to the primitives of Figure 2 and express types as elements of
the universe type U, whose rules are not listed but standard. Furthermore we explain what
the equations of Figure 2 entail for these closed programs. The closed programs derived from
the CH nullary primitives have a binary counterpart in [34], an implementation of the CH
binary PTT. The nullary and binary variants operate in a similar way. The pseudo-code we
write uses syntax similar to Agda. We ignore writing universe levels and —o is parsed like —,
e.g., it is right associative. We use ; to group several declarations in one line.

Lastly we indicate that the SAP holds at equality types (aja) : QN — A) — ((x : QN) —o
apr =4 ajx) ~ afy = aj. Proofs of this fact in the binary case can be found in [11, 34]. The
nullary proof is obtained by erasing all mentions of (bridge) endpoints.
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The extent primitive The rule for the extent primitive (EXT) together with the rules of —o
and U provide a term ext in the empty context with the following type.

ext : {A : QN — U} {B : (x:@QN) — A x — U3}
(f’ : (a’ : (x:@QN) —o A x) = (x:@N) — B x (a’ x)) —
(x:@QN) —o (a : A x) — B x a

From a function f’ mapping a bridge in A to a bridge in B, the extent primitive lets

us build a bridge in the dependent function type formed from A and B, or II A B for short.

Concisely put, the extent primitive validates one direction of the SAP at II. It can be
upgraded into the following equivalence, using the §-rule of extent, described below.

((a": (z:QN) — Az) = (z:@QN) < Bx(a'z)) =~ (v:@QN)—o(a:Azx)— Bzxa

Proofs in the binary case can be found in [11, 34]. The nullary proof is obtained by erasing
all mentions of endpoints. This equivalence entails ((G@N — A) — (@GN — B)) ~ QN —o
(A — B) in the non-dependent case.

The S-rule of extent (EXT/) is peculiar because a substituted premise a[x/y] appears in
the redex on the left-hand side. To compute the right-hand side out of the left-hand side
only, the premise a is rebuilt (*) and a term where a variable is bound in a is returned. The
step (*) is possible thanks to the restriction in the context I'\x, (y : @N) of a. This is quite
technical and explained in [11, 34]. We instead explain what that entails for our ext program
above. Non-trivial examples of S-reductions for extent will appear in Section 2.2.

In a context I' containing (z : @N), The term T' F ext f’ x a reduces if T' F a is a term
that does not mention cartesian variables strictly to the right of = in I'; i.e. declared after
x in I'. In particular a can mention x. If such a freshness condition holds, = can in fact
soundly be captured in a and the reduction can trigger. By default the reduction does not
trigger because [/, x,a b ext f' x a does not satisfy the freshness condition as in this case a is
a variable appearing to the right of  in the context.

Gel types Internally parametric type theories that feature interval-based Bridge types
[17, 11] need a primitive to convert a n-ary relation of types into an n-ary bridge. In the
CH theory the primitive is called Gel. The rules for Gel types together with the rules of —o
and U imply the existence of the following programs in the empty context. Note that ung is
called ungel in the CH theory.

Gel : U — QN — U
gel : {A : U} - A = (x : @GN) — Gel A x
ung : {A : U} — ((x : GQN) — Gel A x) — A

Similar to extent, Gel validates one direction of the SAP, this time at the universe . The
Gel function can be upgraded into an equivalence U ~ (@N —o I/) by using the rules of Gel
and ext. In particular this requires proving that gel and ung are inverses, i.e. the SAP at Gel
types A ~ (z : QN) — Gel Axz. Again these theorems are proved in [11, 34] in the binary
case, and the nullary proofs are obtained by erasing endpoints.

From a nominal perspective, we observe that Gel is a type former that can be used to
express freshness information. This can be seen by looking at the GELI rule: canonical
inhabitants of Gel A x are equivalently terms a : A such that z is fresh in a. Conversely the
ung primitive is a binder that makes available a fresh variable x when a value of type A is
being defined, as long as the result value is typally fresh w.r.t. . The ung primitive can also
be used to define a map forgetting freshness information.
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forg : {A : U} — (x:@QN) — Gel A x — A
forg {A} = ext [A(g’:(x:@N) — Gel A x).A(_:@QN). ung g’]

Lastly, GEL7 can be used if a certain freshness side condition holds, similar to EXT/3. We
will not need to make explicit use of GEL.

2.2 The Nm type, name induction, nominal data types

So far the rules we presented involved occurrences of the bridge interval morally to the left
of I, as affine comprehensions. Since we wish to use nullary PTT as a nominal framework,
we need a first-class type of names - Nm type. Indeed this is needed to express nominal data
types, whose constructors may take names as arguments. For example the var constructor
of the Ltm nominal data type declared in Section 1 has type var : Nm — Ltm, a regular
“cartesian” function type.

Constructors must be cartesian functions because that is what the initial algebra semantics
of (even nominal) data types dictates. In other words it is unclear whether there exists
a sound notion of data types D with “constructors” of the form @N — D for instance?.
Moreover the fact that nominal constructors use standard functions out of Nm is one of the
main ingredients required to recover nominal pattern matching as we shall see.

Another important ingredient is the SAP at the type of names Nm which reads 1+ Nm ~
(@N — Nm). The principle expresses that a bridge at the type of names Nm is either the
“identity” bridge or a constant bridge. This principle is proved based on our rules for Nm
which we explain now. The rules of Nm together with the other rules of Figure 2 entail the
existence of the following programs in the empty context.

Nm : U
c : QN — Nm
indym : {B : Nm — U} —
(x:@QN) — (n:Nm) —
(b0 : B (c x)) — (b1 : (g : Gel Nm x) — B (forg x g)) — B n

The NmI rule expresses that the canonical inhabitants of Nm in a context I' are simply
the affine variables (z : @QN) appearing in T'. The “identity” bridge program c above is derived
from that rule. In simple terms, ¢ coerces affine bridge variables x into names cx : Nm.

Name induction The indyy, program/rule is an induction principle, or dependent eliminator
for the type Nm. It expresses that in a context I' containing an affine variable (z : @QN)
we can do a case analysis on a term I' F n : Nm. Either z is bound in n and n is in fact
exactly cx, or z is fresh in n. The call indym £ n bg by returns by if n = cz (see rule Nmgy)
and returns by (gelnx) if x is fresh in n (see rule Nmg;). The freshness assumption in by is
expressed typally using a Gel type.

We show that the rules NmgB; and Nmg; are well typed, i.e. that the indy, program
above reduces to something of type B n in both scenarios. If n = cx then the reduction
result is indym @ (cx) bo by = bo : B (cx) and B(cz) = Bn. Else if  is fresh in n then gelnx
typechecks and the reduction result is indnm 21 bg b1 = by (gelnx) : B(forgx (gelnx)) where
forg is the function defined in Section 2.1 So we need to prove that forg x (gelnx) = n. Note

2 If the arity is 2, the path analogue of such a notion does exist: higher inductive types (HITs) [32].
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that forg is defined as ext applied to a function of type ((z : @N) — GelNmz) — @QN —o Nm.

forgz (gelnz) = ext [A(¢' : (z: @QN) — Gel Nmz).\(__: @N).ung¢'] z (gel n z) (def.)

= (M__:@QN).ung (\y.gelny))x (EXTS)
= ung (\y.gelny) (—B)
=n (GELS)

The EXTQ rule triggers because (1) by assumption, x is fresh in n, i.e. n does not mention z,
nor cartesian variables strictly to the right of = (2) thus the term geln z mentions x but no
cartesian variables declared later. The latter condition is exactly the condition under which
this ext call can reduce. To that end, x is captured in the term geln z leading to a term
g’ := M\y.gelny appearing on the second line.

SAP at Nm We now prove that 1 + Nm ~ @N — Nm. We take inspiration from [11] who
developed a relational encode-decode technique to prove the SAP at data types. The type
Nm is defined existentially, i.e. by an induction principle, and it turns out that a similar
technique can be applied.

loosen : 1T + Nm — @QN — Nm
loosen (inl _) = Ax. c x g loosen (inr n) = A_. c n

t1 : (GN —o Nm) — (x:@QN) — 1 + Gel Nm x
t1 n’ x = indym x (n’ x) (inl _) (X (g:Gel Nm x). inr g)

t2pre : (x:@QN) — (1 + Gel Nm x) — Gel (1 + Nm) x
t2pre x (inl _) = gel (inl _) x
t2pre x (inr g) = ext [Ag’. Ay. gel (inr (ung g’)) y] x g

t2 : ((x:@QN) — 1 + Gel Nm x) — (x:@N) — Gel (1 + Nm) x
t2 = A s’ x. t2pre x (s’ x)

tighten : (@GN — Nm) — 1 + Nm
tighten n’ = ung (t2 (t1 n’))

It remains to prove the roundtrip equalities. The roundtrip for s : 1 + Nm is obtained by

induction on s. If s = inl— then (ungotg oty oloosen)s = (ung oty oty)(Ax.cx) Nm /o (ung o

to)(Az.inl—=) = ung (Az. gel (inl—) z) = s. If s = inrn then (ungots ot oloosen) s = (ungotyo
t1)(Az.n) N (ungoty)(Az.inr(gelnx)) = ung (A\x. ext [Ag'y. gel (inr(ung ¢’)) y] = (gel n x)) P
ung (Az. gel (inrn)x) = inrn.

For the other roundtrip we first give a sufficient condition. It is the first type of this
chain of equivalences and can be understood as a propositional n-rule for Nm.

~

(z : @N) —o (n: Nm) — (n =nm ext [loosen o tighten] z n

1

(SAP_,)

)
(n' : @N — Nm) — (2 : @QN) —o (n'x =nm (loosen o tighten) n’ )
' (SAP-)

(n’ : @GN — Nm) — n/ = (loosen o tighten)n

The ext in the first line vanishes in the second because EXTf triggers. We prove the sufficient
condition. Let (z : @N),(n : Nm) in context. We reason by name induction on n. If
n = cx then the right-hand side is ext [loosen o tighten] x (c z) s ((loosen o tighten) c) x.
From the proof above we know that tightenc = inl— , and by definition loosen (inl—) = c.
So both sides of the equality are equal to cz. If = is fresh in n then the right-hand side is

XX:9
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’ Parameters ‘ (z:@N) — ‘ K H = H K ‘
A:QN — U, (x:@QN) —o | (a:Ax)—>Bza ~ |l (@ : (x: @QN) — Az) — (z :
B : (z: @QN) — @N) — Bz (a' )

Az = U (z:@N) - [ (@a:Az)x (Bza) ||~ || (@ : (z:@N) - Az)x ((z:
@N) — B z (a’ 7))
(z : @QN) —o u ~ | U
A : U,ag,a1 | (x:QN)— awwr=a T ~ a0 =@N-oA G1
QN — A.
(x:@QN) — Nm ~ || 14+ Nm
AU (z:@QN) —o Gel Az ~ || A
A:(z:QN) — | (z:@N) — (y:@QN) - Azy ~ || (y:@QN) — (z:@QN) — Azy
(y: @QN) - U

Table 1 The Structure Abstraction Principle

ext [loosen o tighten] 2 n s (loosen o tighten)(A—. n)x. By the proof above tighten (A—.n) =

inrn and by definition loosen (inrn) = A—.n. Thus both sides are equal to n : Nm.

Nominal data types When looking at a specific example of a nominal data type D we
temporarily extend the type system with the rules of D. This includes the dependent
eliminator of D. For example in the case of the Ltm type of Section 1 we add a rule that
entails the existence of this closed program:

indLtm : (P : Ltm — U) ((n : Nm) — P(var n)) (Va b. P(app a b)) —
(g : QN — Ltm) ((x:@QN) — P(g x)) — Vt.P t

2.3 The Structure Abstraction Principle (SAP)

As hinted above, the primitives of our nullary PTT allow us to prove the Structure Abstraction
Principle (SAP). Similar to the SIP of HOTT/UF, or the SRP of binary PTT [34], the SAP
defines how (nullary) Bridge types commute with other type formers. Table 1 lists several
SAP instances, including the ones we have encountered so far. Each instance is of the form
V.- ((x : QN) — K) = K’, where K may depend on some terms and (z : @N). Note
that the instances in Table 1 involve primitive type formers K. In order to obtain the SAP
instance of a composite type K, we can combine the SAP instances of the primitives used to
define K. This was done e.g. in Section 2.2 when proving the propositional 7-rule of Nm. A
larger example will appear e.g. in Theorem 1.

For a type K (potentially dependent, composite), the SAP provides a type® K’ ~ QN —o
K which we will refer to as (1) the observational parametricity of K or (2) the nullary
parametricity translation of K. Types of DTT can contain terms and thus there exists a
SAP for terms as well. The basic idea is simple. Any term & : K induces a reflexivity bridge
A(_: @N).k: @GN — K, and the SAP for K says SAPk : K’ ~ @QN — K. K’ is (typically)
the recursive translation [K]y of the type K and the translation is defined in such a way
that [k]o : [K]o. Now, The SAP for k : K asserts that the reflexivity bridge of k and its
translation agree up to =, i.e. SAPE'(A_. k) = [k]o. For that reason, we define and write the

3 With this direction SAPy; = Gel and SAP = ext.
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observational parametricity of a term to be [k]o := SAPR'(A_. k). Note that this definition
depends on the exact choice of K’ and equivalence SAP .

For example suppose A and B are types with SAP instances A’ ~ (QN — A) and B’ ~
(@N —o B). The SAP at A — B is the composition SAP ', ; : (GN — (A — B)) ~ ((@N —o
A) — @N —o B) ~ A’ — B’. The map SAP,', ; is given by \f’.SAP3' o (ext™! f') 0 SAP 4
where ext™ ! f/ = A(a’ : QN — A). X\(z : @QN). f’ z (a’ x). With this choice of SAP instances,
the observational parametricity of a function f : A — B has type [f]o : A” — B’ and unfolds
to [f]o = SAPZ" 0 (@GN —o f) 0 SAP4 where (@GN —o f) = \d'. f (a’x) is the action of f on
bridges. So the SAP for a function f: A — B asserts that its action on bridges agrees with
its translation, up to the SAP at A, B.

The SAP of a composite type K is obtained by manually applying the SAP rules from
Table 1. This process will produce an observational parametricity/parametricity translation
K’ that is equivalent to @N — K. Although we suggestively use the notation [—]o, the actual
function [—]p which maps every type/term to its recursively defined translation, does not
exist in our system and we manually define K’ on a case-by-case basis. In the binary case,
Van Muylder et al. [34] have shown that this process can be systematized, by organizing
types and terms together with their SRP instances into a (shallowly embedded) type theory
called ROTT. For types K and terms k : K that fall in the ROTT syntax, the parametricity
translations [K]o,[k]o and the SAP equivalences [K]o ~ @N —o K and SAP'(\_. k) = [k]o
can be derived automatically. Although we believe the same process applies here, we have not
constructed the corresponding DSL, instead applying SAP instances manually in examples.

2.4 Semantics, Soundness and Computation

We follow Cavallo and Harper [11] in modeling internal parametricity in cubical type theory
in presheaves over the product of two base categories: the binary cartesian cube category Ao
for path dimensions [4] and the n-ary affine cube category O, for bridge dimensions. For
nullary PTT, Oy is a category whose objects are finite ordinals (sets of names) and whose
morphisms ¢ : V — W are injections —[p] : W — V.

We note that [y is the base category of the Schanuel sheaf topos [26, §6.3] which
is equivalent to the category of nominal sets [26] used to model FreshMLTT [27]. The
sheaf-condition requires that presheaves I' : [J)” — Set preserve pullbacks, i.e. compatible
triples in l'ywy — l'vwyvww < Fvww have a unique preimage in I';;. Conceptually, if a cell

v € N'ywyww is both fresh for V' and for W, then it is fresh for V' & W with unique evidence.

This property is not available internally in nullary PTT, nor do we have the impression that

it is important to add it, so we content ourselves by modeling types as presheaves over [y.

It is worth noting that the property holds for any presheaf over (0,50, so that both Psh(Oy)
and the Schanuel topos are legitimate nullary analogues of Psh((,,~0).

The semantics of the primitives and inference rules of nullary CH are then straightforwardly
adapted (and often simplified) to our model.

The type Nm is interpreted as the Yoneda-embedding of the base object with 1 name
and no path dimensions. The elimination and computation rules for this type are based on a
semantic isomorphism x : @N = Nm =2 T W Gel Nm x which is straightforwardly checked. Kan
fibrancy of this type is semantically trivial, since we can tell from the base category that any
path in Nm will be constant. As for computation, we propose to wait until all arguments to
the Kan operation reduce to cx for the same affine name =z, in which case we return cx. This
is in line with how Kan operations for positive types with multiple constructors are usually
reduced [13, 4]. Regarding nominal data types, which we only consider in an example-based
fashion in this paper, we take the viewpoint that these arise from an interplay between the

XX:11
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usual type formers, bridge types, Nm, and an initial algebra operation for ‘nominal strictly
positive functors’. We do not attempt to give a categorical description of such functors
or prove that they have initial algebras. The Kan operation will reduce recursively and
according to the Kan operations of all other type formers involved.

3 Nominal Primitives for Free

In this section, we argue that the central features in a number of earlier nominal type systems,
can essentially be recovered in nullary PTT. The case of nominal pattern matching is treated
separately, in the next section. Concretely, we consider Shinwell, Pitts and Gabbay’s FreshML
[31], Schopp and Stark’s bunched nominal type theory which we shall refer to here as BNTT
[30, 29], Cheney’s AT [12] and Pitts, Matthiesen and Derikx’s FreshMLTT [27]. The central
features we identify there, are: existential and universal name quantification, a type former
expressing freshness for a given name, name swapping, and locally scoped names. Existential
and universal name quantification are known to be equivalent in the usual (pre)sheaf or
nominal set semantics of nominal type theory, but generally have quite different typing rules:
the former is an existential type former with pair-like constructor and matching eliminator
(opening the door to matching more deeply), whereas the latter is a universal type operated
through name abstraction and application (getting in the way of matching more deeply).
We note that some systems (FreshMLTT, A"™) support multiple name types, something we
could also easily accommodate but leave out so as not to distract from the main contributions
(but see Section 5). BNTT even allows substructural quantification and typal freshness for
arbitrary closed types (rather than just names), which is not something we intend to support
and which inherently seems to require a bunched context structure. In what follows, we will
speak of ‘our rules’, not to claim ownership (as they are inherited from Bernardy, Coquand
and Moulin [9] and Cavallo and Harper [11]), but to distinguish with the other systems.

Universal name quantification Universal name quantification is available in BNTT, A'¥
and FreshMLTT. In our system, it is done using the nullary bridge type (z : QN) — A,
whose rules are given in Figure 2. The rules —oF and —ol correspond almost perfectly with
the other three systems; for BNTT we need to keep in mind that our context extension with
a fresh name, is semantically a monoidal product. The application rules in A\"™ and BNTT
also correspond almost precisely to —E, but the one in BNTT is less algorithmic than ours.
Specifically, the BNTT bunched application rule takes a function © - f : (z : T) — Az and
an argument A ¢ : 7T and produces ft: At in a non-general context © x A. Our rule —FE
(inherited from [9, 11]) improves upon this by taking in an arbitrary context I' and computing
a context I'\z such that there is a morphism I" — (I'\z, (z : @N)). The application rule in
FreshMLTT is similar, but uses definitional freshness — based on a variable swapping test —
to ensure that the argument is fresh for the function.

Typal freshness A type former expressing freshness is available in BNTT (called the free-
from type). FreshMLTT uses definitional freshness instead. In nullary PTT, elements of A
that are fresh for = are classified by the type Gel Az. BNTT’s free-from types only apply to
closed types A, so GELF is evidently more general. BNTT’s introduction rule corresponds
to GELI, which is however again more algorithmic. BNTT’s elimination rule is explained in
terms of single-hole bunched contexts [29, §4.1.1] which specialize in our setting (where the
only monoidal product is context extension with a name) to contexts with a hole up front.
Essentially then, the rule can be phrased in nullary PTT as
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I,z :@N,z:Gel Bx,O F T type Iyy:B,z:QN,O[gelyx/z] - t: T[gelyz/z]
Iz:@N,z:GelBz,©@+t:T

where I' must be empty, together with 8- and »n-rules establishing that the above operation is
inverse to applying the substitution [gel y #/2]*. We can in fact accommodate the rule for non-
empty I'. Without loss of generality, we can assume © is empty: by abstraction/application,
we can subsume © in 7°. We then have an equivalence

((y: B) = ((x:@QN) - T[gelyx/2])) =~ (2':(x:@N)—o Gel Bx) — ((x: QN) — T[2 x/2])
(x:QN) — (2: Gel Bz) = T

where in the first step, we precompose with the gel/ung isomorphism (the SAP for Gel), and
in the second step, we apply the ext equivalence (the SAP for functions).

Existential name quantification Existential name quantification is available in FreshML
and BNTT. We first discuss how we can accommodate the BNTT rules, and then get back
to FreshML. The BNTT existential quantifier is just translated to the nullary bridge type
(z : @QN) — A again, i.e. both quantifiers become definitionally the same type in nullary
PTT. BNTT’s introduction rule follows by applying a function

bind : (z : @N) — Bz — Gel ((w : @N) — Bw) z,

which is obtained from the identity function on (w : @N) — B w by the SAP for functions
and Gel. BNTT’s elimination rule essentially provides a function

matchbind : ((z : @N) — Bz — GelC'z) — (((z : @QN) — Bz) — C)

such that if we apply matchbind f under Gel to bind b, then we obtain fzb. Again, the
SAP for Gel and functions reveals that the source and target of matchbind are equivalent.
The non-dependently typed system FreshML has a similar type former, but lacks any typal
or definitional notion of freshness. Their introduction rule then follows by postcomposing the
above bind with the function forg that forgets freshness (Section 2.1). If we translate
FreshML’s declarations I' - d : A to operations that convert terms I'' A F ¢ : T to
terms I' - t{d} (not necessarily by substitution), then we can translate their declaration
I'Fval(zx)y=-e: (x:@N,y: B), where e is an existential pair, as matchdecl e where

matchdecl : (@GN — B) - (@GN — B - T) — (Q@N — T').

This function is obtained by observing that the second argument type, by the SAP for
functions, is equivalent to (@N — B) — (QN —o T'). It may be surprising that the result
has type @QN —o T rather than just T'; this reflects the fact that FreshML cannot enforce
freshness, and is justified by the fact that it allows arbitrary declaration of fresh names via
the declaration I' F freshz : (z : @N), which we do not support.

Swapping names The name swapping operation is available in FreshML and FreshMLTT.
We can accommodate the full rule of FreshML (which is not dependently typed) and a
restricted version of the rule in FreshMLTT, where we allow the type of the affected term

4 The original rule immediately subsumes a substitution A — (z : @N, z : Gel A ).

5 This may raise questions about preservation of substitution w.r.t. ©. However, we are unaware of any
non-bunched dependent type systems that assert preservation of substitution w.r.t. a part of the context
that is dependent on one of the premises of an inference rule.
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to depend on the names being swapped, but other than that, only on variables fresh for
those names. We simply use the function swap : (zy : QN) — T'zy — Ty whose type
is equivalent to ((zy : @N) — T'zy) — ((zy : @N) — T'y x) by the SAP, and the latter is
clearly inhabited by Atz y.tyx. Finally, we note that the aforementioned restriction on the
type can be mitigated in an ad hoc manner, because types T : (zy : @N) — A — U (where
A denotes any telescope consisting of both affine names and non-affine variables) are by the
SAP in correspondence with types A” — (zy : @N) —o U for a different telescope A”. This
however does not imply that we can accommodate the full FreshMLTT name swapping rule
in a manner that commutes with substitution. We expect that this situation can be improved
by integrating ideas related to the transpension type [20, 18] into the current system.
Using swap, we can follow Pitts et al. [27] in defining non-binding abstraction (z)— =
Aay.swapzya: Az — (y: @QN) — Ay, where A can depend only on variables fresh for x.

Locally scoped names Locally scoped names [22, 25] are available in FreshMLTT, by the
following rule on the left, and allow us to spawn a name from nowhere, provided that we use
it to form a term that is fresh for it:

I,z :@QN F T type I'F Stype
Lr:@QNF¢t: T Mz:@QNFvz.t=t:T Ir:QNF¢t: S
x is fresh for ¢ : T Added: va.t =t if x is not free in ¢. x is fresh for t : T
I'tvz.t:ve. T 'tvax.t:S

It is used ([23]) in FreshMLTT to define e.g.

inla — inl (z)a

/ /
Ac.vx.casec x { inr b 1> inr ()b

: (@GN — A+ B) —» (@N — A) + (@N — B)

It has a computation rule which says that as soon as x comes into scope again, we can
drop the v-binder. Combined with a-renaming, this means v x. says ‘let z be any name we
have in scope, or a fresh one, it doesn’t matter’. In particular, v x.— is idempotent. Before
translating to nullary PTT, we add another equation rule, which says that we can drop v z.—
if « is not used freely at all (in the example above, x is used freely but freshly). This way, the
FreshMLTT v-rule above becomes equivalent to the one to its right. Indeed, the functions
T va. T and S — S now constitute an isomorphism between types that are and are not
dependent on x : @N. The advantage of the rule on the right is that it is not self-dependent.
In nullary PTT, we express freshness using Gel, suggesting the following adapted rules:

I'x:QNF¢: GelSx Iz:@NFgel(vz.t)z=t:GelSz
F'va.t:S vx.gelte =t (where x cannot be free in t by GELI).

In this formulation, it is now clear that vx.t can be implemented as ung ¢, while the two
computation rules follow from GELn and GELS.

4 Nominal Pattern Matching

In this section we provide concrete examples of functions D — E defined by recursion on a
nominal data type D, within nullary PTT as introduced in Section 2.

4.1 Patterns that bind

Some nominal frameworks with existential name-abstraction types [31] provide a convenient
user interface to define functions f : D — E out of a nominal data type. The user can define
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f by matching on patterns that bind names (see eqabs in Section 1). We explain how nullary
parametricity lets us informally recover this feature in our system.

The following nominal data type is the nominal syntax of the m-calculus [16]. This
data type appears in [8]. The constructors stand for: terminate, silent computation step,
parallelism, non-determinism, channel allocation, receiving®, and sending.

data Proc : U where nu : (GN — Proc) — Proc
nil : Proc inp : Nm — (@QN — Proc) — Proc
Tpre : Proc — Proc out : Nm — Nm — Proc — Proc

par, sum : Proc — Proc — Proc

The 7-calculus [16] is a formal language whose expressions represent concurrently com-
municating processes. An example of a process (in an appropriate context) is par (outabq)
(inpa (A(x : @N).p'x)). The first argument of par emits a name b on channel a and continues
with g. Simultaneously, the second argument waits for a name x on channel a and continues
with p’ 2. The expectation is that such an expression should reduce to parq (p’'{b/x}) where
p'{b/x} replaces occurrences of (z : @N) in the body of p’ by the name b : Nm. Note that
pb does not typecheck and that this substitution operation called nsub must be defined
recursively, as done in [8] and here. The following is an informal definition of nsub where
some patterns bind (bridge) variables.

nsub : Nm — (@QN — Proc) — Proc

nsub b (Ax. par (u’ x) (v’ x)) = par (nsub b u’) (nsub b v’)

. --nil, 7pre, sum similar

nsub b (Ax. (nu (g’ x))) = nu (Ay. nsub b (Ax. g’ x y))

nsub b (Ax. inp a (g’ x)) = inp a (Ay. nsub b (Ax. g’ x y)) --(0)
nsub b (Ax. inp (c x) (g’ x)) = inp b (Ay. nsub b (Ax. g’ x y)) --(1)

Note how patterns (0) and (1) match on the same term constructor inp m ¢, but cover the
case where m is different resp. equal to the variable being substituted. The informal nsub
function reduces accordingly.

More formally in our system we define nsub by using the SAP at Proc, so nsubb is the
following composition (@N —o Proc) —— AProc —— Proc. The SAP at Proc asserts that
(@N —o Proc) is equivalent to AProc, the nullary translation of Proc:

data AProc : U where
nil, 7pre, par, sum, nu : ... --similar
inp2 : Nm — (@GN — AProc) — AProc
inpl : (QN — AProc) — AProc
out@® : Nm — Nm — AProc — AProc
out@1l , outl®@ : Nm — AProc — AProc
outl1l : AProc — AProc

We can then define nsub’ : Nm — AProc — Proc by induction on the second argument. Then
the informal clauses (0), (1) can be translated into formal ones using inp0, inpl, respectively.

5 The reader might wonder if we could instead bind a cartesian name in the second argument of inp.
However, this would lead to exotic process terms which can check the bound name for equality to other
names.
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4.2 A HOAS Example by term-relevant parametricity

Let D be a nominal data type. This example illustrates the fact that defining and proving
correct a function f : D — E often requires (1) the SAP at E and (2) to compute the
translation of the term f: D — FE.

We connect the nominal syntax of the untyped lambda calculus (ULC) to a higher-order
abstract syntax (HOAS) representation. The nominal syntax of ULC is expressed as the
following data type family Ltm, parametrized by a natural number j : nat.

data Ltm (j : nat) : U
holes : Fin j — Ltm j
var : Nm — Ltm j
app : Ltm j — Ltm j — Ltm j
lam : (QN — Ltm j) — Ltm j

The type Fin j is the finite type with j elements {0,...,j — 1}. Ltm; is a shorthand for
Ltm j. The types Ltm and Ltm; of Section 1 are Ltmg and Ltm; respectively.

The corresponding HOAS representation, or encoding, is HEnc; : U defined below. Since
it uses a II-type we say it is a II-encoding (there are other ways to define and use HOAS not
discussed here).

HMod (j : nat) = (H : U) x (Fin j — H) x (Nm — H) X

(H—H — H) X ((H— H) — H)

--projections

|[_| : V {j}. HMod j — U

|_| M =M .fst

holesOf , varOf, appOf, hlamOf = ... --other projections of HMod

HEnc (j : nat) = (M : HMod j) — |M]|

NMod (j : nat) = (H : ) x (Fin j — H) x (Nm — H) X
(H—=> H — H) X ((GN — H) — H)

The type of “nominal models” NMod; is also defined as it will be useful later on. The carrier
function |—| and other projections are defined similarly for nominal models. Additionally
we define explicit constructors mkHM, mkNM for HMod;, NMod;. For instance mkNM; : (H :
U)— (Finj—-H)—- (Nm—H) = (H—H — H) — ((Q@N — H) — H) — NMod;.

We will show that we can define maps in and out of the encoding HEnc; and prove the
roundtrip at ULC if a certain binary parametricity axiom is assumed, as explained below.

ubd : V{j}. HEnc; — Ltm;
toh : V{j}. Ltm; — HEnc;
rdt-ulc : V{j}. (t : Ltm;) — ubd(toh; t) =t

Unembedding We begin by defining the “unembedding” map denoted by ubd, which has
a straightforward definition that does not involve nominal pattern matching. The name
and the idea behind the definition come from [5, 7], where Atkey et al. were interested in
comparing (non-nominal) syntax and HOAS TI-encodings using a strengthened form of binary
parametricity called Kripke parametricity. We claim that the correspondence obtained here
between Ltm; and HEnc; is a partial internalization of what these works achieve, and we
do in fact rely on a (non-Kripke) binary parametricity axiom to prove rdt-ulc. This is
discussed later, for now let us focus on the the example.
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ubd {j} = A(h : HEncj). h (Ltm-as-HMod j) where
Ltm-as-HMod : V j. HMod;
Ltm-as-HMod j = mkHM; Ltm; holes var app (hlamLtm j)
hlamLtm : V j.(Ltm; — Ltm;) — Ltm;
hlamLtm j f = lam(A(x:@N). f(var (c x))))

So unembedding a HOAS term h consists of applying h at Ltm;. This is possible thanks to
the fact that Ltm; can be equipped with a higher-order operation hlamLtm;.

Defining the map into HOAS The other map toh; is defined by nominal recursion. In

other words it is defined by recursion on its input ¢ : Ltmj, i.e. using the eliminator of Ltm;.

We write the (uncurried) non-dependent eliminator as rec;. Its type expresses that Ltm; is
the initial nominal model.

rec; : (N : NMod;) — Ltm; — [N]|

Hence in order to define toh; we need to turn its codomain HEnc; into a nominal model.

For fields in NMod; that are not binders this is straightforward.

holesH : Fin j — HEnc; holesH k = A (M:HEnc;). holesOf M k
varH : Nm — HEnc; varH n = X (M:HEnc;). varOf M n
appH : HEnc; - HEnc; — HEnc; appH u v = X M. app0f M (u M) (v M)

Additionally we need to provide a function lamH : (@N — HEnc;) — HEnc;. This is done by
using the SAP at HEnc;, i.e. the following characterization of (@N — HEnc;).

» Theorem 1. We have mbump; : (@N — HMod;) ~ HMod; 1, nbump, : (@GN — NMod;) ~
NMod;;1, ebump; : (@N —o HEnc;) ~ HEnc; 41 and Ibump; : (QN —o Ltm;) =~ Ltm; .

Proof. The Ibump, equivalence is the SAP at a (nominal) data type and its proof is performed
using an encode-decode argument similar to the proof of SAPy,, or other data types as in
[11, 34]. One salient feature of Ltm; is its nominal constructor var : Nm — Ltm;. Intuitively
the type of var is the reason why the j index gets bumped to j + 1. Indeed the SAP at
Nm — Ltm; contains an extra factor Ltm;y1 x (Nm — Ltm;yq1) >~ (@N — Nm — Ltm;). We
don’t prove Ibump,; and prove mbump; instead, which uses a similar fact.

For space reasons we sometimes omit types for ¥ and —o, e.g. we write x — T as
shorthand for (z : @QN) —o T

z — HMod; ~ (H' : x — U) x (x — [(Finj — H'z) x ...]) SAPy
~(H :2—oU)x (x—o (Finj = H'z)) x (x — [...]) SAPy;
~ (H' :x —oU) x (holes’ : Finj — (x — H'z)) x (x — [...]) SAPfin .-

2

Since Fin j is a non-nominal data type its SAP instance asserts Finj ~ (z — Fin j), i.e. the
only bridges in Fin j are reflexive bridges. This was proved in the binary case in [11, 34] for
various data types. This is related to the fact that Finj is “bridge-discrete” [11]. Moving on,

~ H' x holes’ x (x —o [(Nm — H'z) x ...])

~ H' x holes’ x (x —o (Nm — H'zx)) x (z — [...]) SAPy
~ H' x holes’ x ((x —o Nm) — (x — H'x)) x (z —o [...]) SAP_,
~ H' x holes’ x (foo: (1 4+ Nm) = (z — H'z)) X (x — [...]) SAPNm

XX:17



XX:18

~~
=o
53]

711
712

713

714

718
719
720
721

722

723
724
725
726
727

728

729
730

i1

733
734
735
736
737
738
739
740
741

742

744
745
746
747
748

749
750

751
752

753

Nominal Type Theory by Nullary Internal Parametricity

~ H' x holes’y x (var' : Nm — 2 — H'z) X (x — [...])

where holes’, : Fin (j+1) — (x — H'z) is defined as holes’;. 0 = foo (inl (—)) and holes’; (k+
1) = holes’k. The next two types in  —o [...] are computed using the SAP at —. Thus so
far we have shown that @N — HMod; is equivalent to:

(H': 2 —U) x holes’ | x var’ x (app’ : (x —0 H'x) — (v — H'z) — (x — H'z))
x(hlam’ : ((x — H'x) — (x — H'z)) — (x — H'z))

Now since the SAP at U is Gel : U = (@GN —o U), we can do a change of variable in this
last ¥ type, i.e. use a variable (K : i) instead of (H' : x — U) at the cost of replacing
occurrences of H' by Gel K. Pleasantly, occurrences of (z — H’z) become (x — Gel K )
and are equivalent to K by the SAP for Gel types: the inverse of Gel is the nullary bridge
type former. Hence @N — HMod; ~ HMod;1. Equivalences for ebump; and nbump; are
obtained similarly. |

Next, we can define the desired operation lamH : (@N — HEnc;) — HEnc; as lamH A/ =
A(M : HMod;).lamOf M $ A(m : [M]). (ebump; A’) (m :: M) where (m :: M) is the HMod 1
obtained out of M : HMod;;+1 by pushing m onto the list holesOf M. In other words,
holesOf (m :: M)0 = m and holesOf (m :: M) (k + 1) = holesOf M k. All in all we proved
that HEnc; is a nominal model, and since Ltm; is the initial one we obtain the desired map
toh; : Ltm; — HEnc;.
toh; = rec; (mkNM; holesH varH appH

(A h’ M. lamOf M (A(m:|M]|). ebump;, h’ (m::M))))

Observational parametricity of toh; Computing the nullary observational parametricity of
toh; : Ltm; — HEnc; will be needed to show the roundtrip at Ltm;. Recall from Section 2.3
that, since SAP instances are fixed for Ltm; and HEnc;, we can define the observational
parametricity of toh; as [toh;]o = ebump;1 o (@N —o tohj) o lbump, : Ltm; 1 — HEnc;yq. Tt
turns out that [toh;]o = toh, ;. As explained in Section 2.3, the global, recursive nullary
translation is not first-class. Using a notation [—]g that reminds the latter recursive translation
has merit because the proof of the square [toh;]o = toh;; is structurally the same than a
“proof” by computation showing that [toh;]o reduces to toh;;;. Indeed we can prove the
following derivation (up to a small fixable lemma, see below) which looks like a series of
reductions, ending in a term that looks like toh;11 (some parts are proved/stated afterwards).

[toh,]o = [rec; (mkNM; HEnc; holesH ; varH; appH; lamH;)]o
= [rec;]o ([mkNM,]o [HEnc;]o [holesH ]o [varH;]o [apij]O [lamH;]o)
= recj4+1([mkNM;]o [HEnc;]o [holesH o [varH;]o [apij]O [lamH;]o)
= rec;+1([mkNM;]o HEnc; 41 [holesH]o [varH;]o [apij]O [lamH;]o)
recj+1(mkNM, 1 HEnc, 1 ([varH,]o (inltt) :: [holesH,]o)

([varH;]o o inr) [apij]O [lamH;]o)
= rec; 11(mkNM; 1 HEnc; . holesH; 1 varH; 1 appH; ; [lamH;]o)

Before proving that [lamH]y = lamH ;11 we justify some of the steps above. First, since
the function rec; is dependent, its square, i.e. the equality [rec;]o = rec;i; is dependent
as well. It asserts that V(X' : @GN — NMod;)(Ky : NMod; ). (nbump; K’ = K,) —
(@N —o rec;) K’ ~ recji1 Ny where a ~ b means a,b are in correspondence through the



755
756
757
758
759
760
761
762

763
764

765

766
%

769
770
771
772
773
774
775
776

77

778

779

780

781
782
783

784

786

787

788

790

791
792

793

794
795
796
797

798

A. Van Muylder, A. Nuyts, and D. Devriese

equivalence ((z : @QN) —o (Ltm; — |N'z|)) ~ Ltm,y; — |N4|. We were able to prove
[rec;] = rec; 41 by induction on Ky and by extracting the exact definition of nbump; from
Theorem 1. We don’t give the proof here. Second, [HEnc; : U]y = HEnc;j;1. Indeed the
reflexivity bridge A(_ : @N).HEnc; : @N —o { maps to the type QN — HEnc; via the

SAP equivalence Gel ™ : (@GN —o ) = U. And by univalence (@QN —o HEnc;) = HEnc; ;.

Third, varH : Nm — HEncj thus [varH]o : 1 + Nm — HEnc; ;. Furthermore we can prove
that [mkNM;]pAenv;vrgaplm = mkNM;_; A (vro(inl(tt)) :: env;) (vr oinr) apIm. Fourth we
can show ([varH]o(inl(¢t)) :: [holesH]p) = holesH 1, ([varH]o o inr) = varH;1; and [appH]o =
app,;41- The proofs pose no particular problem.

To obtain [toh;]o = toh,; it remains to prove that [lamH]y = lamH;;,. Again we inspect
lamH to do so and can prove

[lamH]o = [A(k : @N —o HEnc;)(M : HMod;). lamOf M (Am. ebump; k(m :: M))]o
= A(k+ : @N —o HEnc;j+1) (M4 : HModj11). lamOf M (Am.y.[ebump,Jo k4 ([::]o My m4))

where [::]p : (M4 : HMod,;11) — |M4| — HMod, 5 is the translation of the function — :: —.

Things become less straightforward now because (1) [ebump;]o # ebump, ., and (2)
[::Jo My my # (mg :: M) (recall that the latter right-hand sides appear in the definition
of toh;;1). Instead we can prove [ebump;lo ki = ebump; (flipky) and [::]o My my =
insert; M m4 where (1) flip is defined as the following composition (z — HEnc; 1) = (z —o
y —o HEnc;) = (y — & — HEnc;) — (y — HEnc;11) and (2) insert; inserts the value m4 at
index 1 in the holes list of M (by contrast — :: — inserts values at index 0 instead). Hence
what remains to be seen is the following lemma. We have not proved the lemma yet, but are
confident we can provide a proof.

» Lemma 2. ebump; (flipky)(insert; M m ) = ebump, 4 ky (my =2 M)

Observational parametricity of ubd; The proof that [ubd;]o = ubd;;; is somewhat similar.

We have [ubd;]p = ...

= [A(h : HEnc;). (mkHM; Ltm; holes; var; app; hlamLtm;)]o
= )\(h+ : HEan+1). ([mkHI\/I]]O Ltmj+1 [hO'GSj]O [Val’j]o [app]] [hlamLtmﬂo)
= A hy.mkHM; 11 Ltmj g ([varj]o.fst :: [holes;]o) ([var;]o.snd) [app;] [hlamLtm]o

= /\h+.mkH|\/|j+1 Ltmj+1 varjyivari1 app;y g [hlamLtmj]O
And [hlamLtmj]p = ...

= [A(f : Ltmj — Ltm;).lam; (A(z : @QN). f(var; (cx)))]o
A(fy Ltmjpr = Ltmjgq). lamjgq (A(z : @QN). fr ([A(y : @N).var;(cy)]o x))
A

(f+ s Ltmjpq — Ltmjpq).lamjy g (A(z : @N). fy (Ibump; (A_.var; (cz)))

By definition of Ibump;, which is extracted from Theorem 1, it turns out that the term
lbump; (A_.var; (cz)) reduces to var;i (cz). Thus [hlamLtm;]o = hlamLtm;, and thus
[ubd;]p = ubd; .

Roundtrip at Ltm; We now prove that Vj (¢ : Ltm;).t = ubd, (toh;t). Note that within
the proof we use a specific binary parametricity axiom. The proofs for constructors other
than lam; are easy. For ¢ = lam;(g : @N — Ltm;) we must prove that if the induction

hypothesis holds (g° : (z : QN) —o (gz = ubd; (toh;(gz)))) then lam; g = ubd; (toh; (lam; g)).

We are indeed doing an induction on ¢, i.e. using the dependent eliminator of Ltm;. Let g*
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in the context and let us compute the right-hand side of the latter equation. We use the $
application operator found e.g. in Haskell. This operator is defined as function application
but associates to the right, improving clarity.

= ubd; $ AM. lamOf M $ Am. (ebump, o (GN —o toh;)) g (m :: M) (def.)
= hlamLtm; $ Am. (ebump, o (@N —o toh;)) g (m :: M) (det.)
= hlamLtm; $ Am. (toh;1 o Ibump;) g (m :: M) ([toh;]p = toh;11)
= lam; $ A(x : @N). (toh;j;; o lbump;) g (var(cz) :: (Ltmy,...)) (def.)
= lam; $ A\(z : @QN). (toh; 1 o lbump;) g $

mkHM Ltm; (var(cz) :: holes;) var; app; hlamLtm; (def.)

The latter model is of type HMod;;1 and we observe that it looks similar to mkHM ;1 Ltm;
holes; 11 var;+1app;q hlamLtm;;; : HMod; 1. More formally, for (z : @N) in context the
(graph of the) map foo : Ltmj;y; — Ltm; : v — Ibumpjlux turns out be a structure-
preserving relation between Ltm;ii,Ltm; : HMod;;. The proof is not difficult. This
suggests to use binary parametricity, which for dependent functions k out of HMod;; asserts
that & preserve such structure-preserving relations. So taking k& = (toh;1; o lbump;) g, in a
context containing (z : @N), binary parametricity grants the first equality of this chain:

lam; $ A(z : @N). (toh; 1 o lbump;) g (var(cx) = (Ltmj,...))

= lam; $ \(x : @N).foo$ (toh;; o lbump;) g (Ltm;; : HMod; 1)
= lam; $ A(z : @N).foo § (toh; 41 (Ibump,g)) (Ltm; 41 : HMod; 1)
= lam; $ \(x : @N).foo$ (ubd; 1 o toh;1)(lbump; g)

= lam; $ A(z : @N). (Ibump; '$ (ubd;+1 o toh;1)(Ibump, g))
=lam;$ Ibump;1$ (ubdj 11 o tohjyy)(Ibump; g)

Now it remains to see that g = Ibumpj_1$(ubdj+1 o toh;1)(lbump; g), i.e. lbump;g =
(ubd;+1 otohji1)(lbump; g). Let us denote the roundtrip function by r; := ubd; o toh;. (1)
The induction hypothesis tells us ¢* : (z : @QN) —o (gz = r;j(gz)) so by the SAP at = we get
g = A(z: @QN).7;(g2) and by applying Ibump; we get Ibump; g = Ibump;(A(z : @N).7;(g2)).
(2) Observe that [r;]o = [ubd; o toh;]g = [ubd;]o o [toh;]o = ubd;i1 o toh; 1 = 7;41. The
function r; has type Ltm; — Ltm; and [r;]o = 7,41 desugars to rj4q 0 lbump; = lbump; o
(@GN —o 7;) = Ag.lbump,;(A(y : @N).7;(qy)). Applying both sides to g : @N —o Ltm; we
get rjr1(lbump; g) = Ibump,;(A(y : @N).7;(gy)). (3) Now, step (1) told us lbump;g =
lbump; (A(y : @N).7;(qy)) and step (2) told us Ibump;(A(y : @N).7;(gy)) = rj+1(lbump; g).
Hence Ibump;g = 741 (Ibump, g) = ubd; 4 (toh;1; (Ibump, g)). This concludes the proof of
the roundtrip equality at Ltm;.

Synthetic Kripke parametricity The above definitions of toh;, ubd; and the proof of the
roundtrip at Ltm; draw inspiration from [5, 7]. In [5], R. Atkey shows that, in the presence
of Kripke binary parametricity, the non-nominal syntax of ULC is equivalent to the standard
HOAS TII-encoding VA.(A - A - A) - (A - A) — A) — A. The Kripke binary

parametricity of f : A — B is written [f] k2 and is very roughly a proof of the following fact:
[flka : V(W : PreOrder)(ag aj : A). Mon(W, [A]2 ag a1) — Mon(W, [B]a (f ag) (f a1)).

Here Mon(W, X) is the set of monotonic functions from W to X and [A]s denotes the binary
(non-Kripke) parametricity translation. So the Kripke parametricity of f asserts that f
preserves monotonic families of relations.
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We claim without proof that the correspondence we obtain between Ltm; and HEnc;
(done in nullary PTT with a binary axiom) maps to the analogue correspondence in Atkey’s
model (which uses N-restricted Kripke 2-ary parametricity). I.e. externalizing (0,2)-ary
parametricity leads to N-restricted Kripke 2-ary parametricity.

With regards to unrestricted Kripke parametricity, we observe that the quantification on
preorders is hard-coded into [f]kz, i-e. [f]ka is not the mere meta-theoretical conjunction of
its W-restricted Kripke parametricities. In particular [f]ks lives one universe level higher
than f which is peculiar. Interestingly this hard-coding plays a crucial role in the proof of
the roundtrip at HOAS. Indeed, within Atkey’s model, the proof introduces a variable B : U
and uses (roughly) [f]ke(List B) (1 :U) (B : U) to conclude. This is a form of diagonalization
that can not be internalized in our nullary PTT. Hence we claim that in our system the
roundtrip at HOAS can not be proved by a similar argument.

5 Related and Future Work

We remark here that 1 + Nm ~ @N — Nm and (@N —o Ltmg) ~ Ltm; were proved
semantically in [15].

We have already discussed the most closely related work in nominal type theory [31, 29,
30, 12, 27] and internally parametric type theory [9, 11, 34] in detail in Sections 3 and 2
respectively.

Semantics of other nominal frameworks In Section 2.4 we modelled nullary PTT in
presheaves over the nullary affine cube category [y, which is also the base category of the
Schanuel sheaf topos [26, §6.3], which is in turn equivalent to the category of nominal sets [26]
that forms the model of FreshMLTT [27]. FreshML [31] is modelled in the Fraenkel-Mostowski
model of set theory, which nominal sets seem to have been inspired by. Schépp and Stark’s
bunched system [30] is modelled in a class of categories, including the Schanuel topos, that
is locally cartesian closed and also equipped with a semicartesian closed structure. Finally,
A [12] has a syntactic soundness proof.

FreshMLTT and A"™ support having multiple name types. As long as a set of name
types I is fixed in the metatheory, we can support the same and justify this semantically by
considering presheaves over [y x (I3F.

Transpension The category [y is an example of a cube category without diagonals and as
such, its internal language is among the first candidates to get a transpension type [20] with
workable typing rules [18]. Dual to the fact that universal and existential name quantification
semantically coincide, so do freshness and transpension. As such, the transpension type is
already present as Gel in the current system, but Gel’s typing rules are presently weaker:
the rules GELF and GELI remove a part of the context, rather than quantifying it (which
can be done manually using ext in the current system). Nuyts and Devriese [20] explain the
relationship between Gel and transpension in more generality, and apply the transpension
type and related operations to nominal type theory; however all in a setting where all name-
and dimension-related matters are handled using modal techniques.
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