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Chapter 1

Base Categories and Modes

In this chapter, we establish the object part of the mode theory for naturality pretype theory and its
model. Modes will be anpolarity masks @ (section 1.1) which will be modelled in presheaf categories
over certain base categories. We propose two families of base categories, parametrized by the mask d,
and both are built using the category JetSet(a) of jet sets over @ (section 1.2). Jet sets themselves are not
suitable as a base category, e.g. because they are closed under coproducts, which the Yoneda-embedding
will never preserve.

The more complex but better behaved family of base categories are categories of jet cubes JetCu beﬁ (f,a)
(section 1.4). While we can get a grasp on jet cubes by characterizing their morphisms using a calculus
(section 1.4.3), this calculus is relatively complex and its soundness and completeness proofs are even
more complex.

For these reasons, we alternatively propose to use categories of jet topes JetTope(d) (section 1.3).
These are full subcategories of JetSet(a@) on objects that satisfy certain somewhat arbitrary well-behavedness
criteria. The main purpose of the categories of jet topes is to be workable for most basic purposes without
being as complex as the categories of jet cubes.

Upon a first lecture, readers may choose to omit section 1.4 on jet cubes.

Finally in section 3.1, we introduce a number of operations on anpolarity masks which serve to insert
bridge and/or path relations for every degree. These will be both a technical device and a source of
interesting modes in practice.

1.1 Anpolarity Masks

In RelDTT, modes were natural numbers (minus one) expressing the number of available relations. In
NatPT, we will specify for each of these relations whether it is directed or not.

Definition 1.1.0°1. An anpolarity’ is an element of the set A := {x’, O}, where »" stands for po-
lar/directed and O stands for nonpolar/symmetric. We equip A with the partial order O C %", corre-
sponding to the intuition that symmetric relations are a subset of directed (i.e. potentially asymmetric)
relations.

An anpolarity mask or just mask is a list @ € List A of anpolarities. We write len(a) for its length,
and call the numbers 0, ..., len(@) — 1 degrees. We define C on masks of equal length pointwise.

Both for anpolarities and for masks of equal length, we denote meets (infima) with M and joins
(suprema) with L.

“An’ is Latin for ‘whether’, as in ‘Nescio an polare sit, meaning ‘I do not know whether it is polar’.
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1.2 Jet Sets

1.2.1 Definitions

Definition 1.2.1°1. Let @ be a mask. An d-jet-set is a set X equipped with len(&@) (proof-irrelevant?)
reflexive relations —; where

« 0 <i < len(@) is called the degree,
« —>; is called the i-jet relation,
« its opposite <—; is called the opposite i-jet relation,

such that

« when a; = O, then —; is symmetric, in which case we will denote it as —~; and call it the i-edge
relation (notwithstanding that we still consider it a special case of a jet relation),
« & —; y implies both ¢ —; 1 y and & «—;;1 y whenever 0 < i < i+ 1 < len(Q).

A morphism of d-jet-sets is a function that preserves all the jet and edge relations.
The category of d-jet-sets is called JetSet(a).

Definition 1.2.1°2. A jet set morphism is called full if it reflects all jet relations.

Definition 1.2.1°3. A jet set morphism f : X — Y is called jet-surjective if it is surjective as a function,
and moreover for any § —; ¢’ in Y, there exist Z —; &’ in X such that f(Z) = yand f(&') = ¢

Definition 1.2.1°4. A jet set is called transitive if each of the i-jet relations is transitive (i.e. a pre-order
and, if i = O, an equivalence relation).

The following proposition will not really be used directly, but is a nice encouragement:

Proposition 1.2.1°5. Let X be a transitive d-jet-set and 0 < ¢ < j < len(&). Then the double category
whose objects are elements of X, morphisms are (unique) proofs of x —; y, pro-arrows are (unique)
proofs of x —; y and squares are elements of the unit type, is a pro-arrow equipment [nLaa, Wo082,
Woo85].

Proof. It is clearly a double category. The existence of companions and conjoints is trivial. O
Definition 1.2.1°6. We define the
« i-equijet relation «»>; as the symmetric interior of —;, i.e. x <«»; y if and only if x —; y and
T <= Y;
« i-infrajet relation =>; as the symmetric closure of —;,i.e. x ; yifand only ifx —; yorz «; y.

It is immediately clear that for nonpolar degrees, the jet/edge, equijet and infrajet relations coincide.
In general, we can observe that z s, y implies z <«»; y for ¢ < j. So for mode [, x", O], we get

v,:;v_._A .::::;i 'Q;_._A .::::;I ‘::.‘A N L—” !
0 1 2

Definition 1.2.1°7. Let @ be a mask, i < len(@) and X € Obj(JetSet(d)). We define the i-opposite
Op,;(X) of X as the jet set with the same carrier and relations as X except that the i-jet relation is

reversed: x w?p'i(x) y if and only if z <X y. This defines a functor Op,(X) : JetSet(&@) — JetSet(a).

%S0 these relations are functions X — X — Prop where Prop is a universe of h-propositions [Uni13]. In most applications,
these relations will be decidable, but we do not require this.
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We have Op, o Op,; = Id and if a; = O then Op,; = Id.

Definition 1.2.1°8. Write @ ; b if len(@) = len(b), a; = b; forall j # i, a; = O and b; = .
If @ C; b, then we write USym, : JetSet(d@) — JetSet(b) for the forgetful functor which forgets the
symmetry of —;.

Proposition 1.2.1°9. The forgetful functor USym,; is part of an adjoint triple FSym; 4 USym, - CofSym;

where FSym, and CofSym, take a b-jet-set X to a d-jet-set of the same carrier with the same j-jet relations

for j # i but where

Afsymix y if and only if z == y,

ACofSymiX
i

- X

- y if and only if z <+ y.

We have FSym; o USym,; = CofSym, o USym, = Id, so that SymCl, := USym, o FSym, is an idempotent
monad and Symint; := USym; o CofSym; is an idempotent comonad.

-,

Definition 1.2.1°10. We extend the definition of SymCl; and SymInt, to endofunctors on JetSet(b) where
b; can be any anpolarity:

« If b; = X then they are defined as above,
« If b, = O then they are defined as the identity functor.

Either way, they are an idempotent (co)monad and we have SymCl, < Symint;.

1.2.2 Intervals and Prisms

Definition 1.2.2°1. Let @ be a mask and ¢ < len(a).

« The i-jet interval (—;) is defined as the d-jet-set with carrier {0, 1} and relations generated by

« The opposite i-jet interval («;)) is defined as the d-jet-set with carrier {0, 1} and relations gen-
erated by 0 <—; 1.

« The i-equijet interval («;) is defined as the d-jet-set with carrier {0, 1} and relations generated

If a; = O then (—;) = () = (<« =: () is called the i-edge interval.
Note that it would be meaningless to define an i-infrajet interval in the same way.

Definition 1.2.2°2. Let @ be a mask, ¢ < len(@) and X € Obj(JetSet(a)). We define the i-twisted-
prism X X (—;) on X as the d-jet-set with

o carrier X x {0, 1},

« jet relations generated by the following requirements:
- (,0) : Op;(X) = X x (—»4] is a jet set morphism,
- (u,1): X — X x (—;) is a jet set morphism,
- (2,0) —; (z,1) forallz € X.

This defines the i-twisted-prism functor L x (—;) : JetSet(d) — JetSet(a).
We define the opposite i-twisted-prism X X («;) on X as the jet set of mask @ with

« carrier X x {0, 1},

« jet relations generated by the following requirements:
- (,0) : X = X x (<) is a jet set morphism,
- (1) : Op;(X) = X X (<) is a jet set morphism,
- (2,0) «—; (z,1) forallz € X.
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This defines the opposite i-twisted-prism functor L x (—;) : JetSet(d) — JetSet(a).
If a; = O, then we call this simply the i-prism functor L1 X (—;).

Note that in both instances, we take the opposite at the source-side of the jet interval by which we
multiply. This makes it unclear what a prism functor for the equijet interval («+;) should look like.

Corollary 1.2.2°3. We have 1L X (<)) = Op,; (L X (—)). O

Corollary 1.2.2°4. Let F; be a functor between jet set categories of any of the following forms: Op,,
FSym,, USym,, CofSym;, i (—)), Lu X (<+—;3), Ly x (—~;). Let G; be a functor between jet set categories
also of one of these forms, but for a different degree j. Then F; and G; commute, i.e. there is a natural
isomorphism F;G; = G; F;.

Corollary 1.2.2°5. The functor s X (—~;) commutes with itself, i.e. (z,v,w) — (z,w,v) is a natural
automorphism of L1 X (—;)) X (—;). O

1.3 Jet Topes

Definition 1.3.0°1. In a jet set X, write — for the transitive closure of the —;, and similarly <=7 for
the transitive closure of &

+ We say that = and y are ¢-connected if 2 <7 y, and correspondingly define i-connected compo-
nents. We say that X is ¢-connected if any two elements are i-connected.

» We say that X is i-orientable if on any ¢-connected component, the relation — is a total pre-order,
ie. if x == y implies either x —} y or x «} y.

+ We say that X is i-acyclic if x —} y and x « y together imply x +} y.

« We say that X is i-antisymmetric if z +»; y implies x s, _; y fori > 0, or x = y for ¢ = 0.

Note that i-orientability and i-acyclicity are vacuous at symmetric degrees i. On the other hand,
t-antisymmetry at a symmetric degree ¢ would completely define the i-edge relation.

Definition 1.3.0°2. Let @ be a mask of length n. An d-jet-set X is a jet tope if it is:

. finite,

(n — 1)-connected if n > 0, or a subsingleton if n = 0,
. i-orientable for every degree i,

. 4-acyclic for every degree i,

. 4-antisymmetric for every directed degree «.

S I N O

The category of jet topes JetTope(d) is defined as the full subcategory of JetSet(@) on jet topes.

The conceptual reason for asking i-antisymmetry is to exclude the equijet interval («>;), so that the
only jet tope intervals at directed degrees are (—;)) and (<+;). Having an i-equijet interval object in the
base category, will cause presheaves to contain ‘formal’ i-equijets as an additional symmetric relation,
stricter than the ¢-jet relation, which we wish to avoid.

Proposition 1.3.0°3. Jet topes are closed under the functors Op;, FSym,, i X (—;)) and L x (<—;).

Proof. Clearly, each of these functors preserves finiteness.

Moreover, by existence of 0 < ¢ < n, we conclude that n > 0, so our jet tope needs to be (n — 1)-
connected rather than a subsingleton.

We prove the other properties in the definition of a jet tope:

Trivial.
This functor (defined in proposition 1.2.1°9) clearly preserves (n — 1)-connectedness even if
1 = n — 1. Meanwhile, j-orientability and j-antisymmetry are unaffected for j # 4 and not

required for j = i. In the case of i-antisymmetry, we use that ==, _; and equality (if ¢ = 0) remain
unchanged.
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L1 X (—4)) | To see (n — 1)-connectedness, note that:

« All objects of the form (x,0) are (n — 1)-connected,
« All objects of the form (x,1) are (n — 1)-connected,
« Since i < n — 1, we always have (z,0) =,_; (z,1).

Assume a; = x". For j-orientability, j-acyclicity and j-antisymmetry, we consider 3 situations:

J < i Then for every x, we have (x,0) #2; (z,1). Every j-connected component C' C X produces
two j-connected components {(c,0) |c € C} and {(¢,1)|c € C}, where j-orientability, j-
acyclicity and j-antisymmetry are inherited from X.

j >t Then for every z, we have (z,0) «»; (z,1). Every j-connected component C' C X produces
one j-connected component {(c,u)|c € C,u € {0,1}}, where totality of —7 is inherited
from X.

For j-acyclicity, note that (z,u) =7 (y,v) & = =7 yand (z,u) <7 (y,v) & z <> y. Thus,
j-acyclicity is also inherited from X.

For j-antisymmetry, note that (z,u) <>, (y,v) means that either z <»; y and u = v or that
x =y and u # v. In the former case, we get 2 3*;_; y and hence (z,u) ¥2;_; (y,v). In the
latter case, since j — 1 > 4, we get (x,0) —;_1 (,1), so that (z,u) =;_; (y,v).

j =1 Then (z,u) 2} (y,v) if and only if z =} y. By i-orientability of the original jet tope X, we
have x —7 y or x <} y. Say we have x — y. Then we have (y,0) — (x,0) —; (z,1) =}
(y,1), and thus either (z,u) — (y,v) or (z,u) <} (y,v) depending on u and v.

For i-acyclicity, note that if (z,u) —} (y,v) and (z,u) «} (y,v), then u = v, so this is
inherited from i-acyclicity of X.

For i-antisymmetry, (z,u) <>; (y,v) implies u = v, so this is also inherited from i-antisymme-
try of X.

By an analogous argument. O

1.4 Jet Cubes

In section 1.4.1, we define a family of cube categories Cube])?/[ parametrized by a monad M which defines
the available operations on cube dimensions, and a choice X € {00, 1} of whether we want our cubes to
be affine (no diagonals) or cartesian.

In section 1.4.2, we define a family of jet cube categories JetCu be]):éj (w, @) furthermore parametrized by
a mask @ and an orientation kit w, which determines whether jets can only be forward or also backward
and/or bidirectional.

In section 1.4.3, we characterize morphisms in certain jet cube categories using a calculus.

In section 1.4.4, we shed light on jet cubes from a different corner by introducing the semisymmetric
separated product.

In section 1.4.5 we compare our general class of jet cube categories to existing cube categories in the
literature.

1.4.1 Cube Categories

We introduce a family of cube categories with one flavour of dimension. Fix a monad M on Set.
Example 1.4.1°1. Typically M will be one of the following:

« The ‘exception’ monad Pt; that sends a set X to X {0, 1}, which is the carrier of the free bipointed
set over X;

« The monad IPt; that sends a set X to X W {—a |z € X} W {0, 1}, which is the carrier of the free
[bipointed set equipped with an involution — that swaps 0 and 1] over X;

« The monad DL that sends a set X to the carrier of the free distributive lattice over X;

« The monad DM that sends a set X to the carrier of the free De Morgan algebra over X;

« The monad Boo that sends a set X to the carrier of the free boolean algebra over X.
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1.4.1(a) Cartesian Cubes

Definition 1.4.1°2. We construct the (named) category of cartesian M -cubes Cube?, (and NCube%;
resp.) stepwise:

« The Kleisli category KI(M) of M has objects X where X is a set, and its morphisms f : X — Y
are functions f : X — MY.

. Of this, we take the opposite KI(M)°P. (This is the Lawvere theory corresponding to the monad
M)

« We define NCube¥, as the full subcategory of KI(M )P on finite sets. (Alternatively, this is the
opposite Kleisli category of the restriction of M to finite sets, either as a monad on FinSet or as a
relative monad FinSet — Set.)

« We define Cube?; as a designate skeleton of NCubey, e.g. the full subcategory of NCube¥, on sets
of the form {0, ...,n — 1} withn > 0.

Objects of NCube¥, will be denoted as tuples of names (i : I,...,i,_1 : I) where I is meaningless
but conveys the intuition that we regard i) as a value ranging over the interval (the cube given by the
singleton object). A morphism ¢ : (ip : I,...,i,—1 : I) = (o : L,...,jm—1 : [) is then a function
sending each ji to an expression ji(p) € M{ip,...,i,—1}. The morphism ¢ will also be denoted as
Go{®)/jo, - -+ »3m—-1{¢)/jm—1). The situation in Cube¥; is the same except that we now regard the names
ir, as De Bruijn indices.

Corollary 1.4.1°3. The categories Cube’, and NCube?, have finite products, given by finite coproducts
of sets. O

1.4.1(b) Affine Cubes

If T is a container monad [Uus17], i.e. a monad whose underlying functor is a container functor [AAG05]
of the form TX = X(s : S).(P(s) — X), then we define T# X as the set of affine expressions (s :
S).(P(s) = X), which is an endofunctor on the category Set™ of sets and injective functions. If M is
merely a quotient of a container monad, i.e. M is of the form M X = T X/ ~x with T as above, then we
define M7 X as the set of equivalence classes with an affine representant.

Remark 1.4.1°4. Animportant source of monads such as M are monads specified by a syntactic algebraic
theory [Man12, ARVL10, Nuy22]. A syntactic algebraic theory specifies a set of operations Sy, assigns
to each operation s : Sy an arity Py(s) which is again a set, and subjects these to a set of axioms.> The
container (Sy, Pp) specifies a container functor F'X = (s : Sp).(FPo(s) — X) on Set. A free monad F*
over this functor F exists and satisfies the fixpoint equation F*X = X W FIF'*X. We remark that the
free monad F™* over a container functor F' is again a container functor, i.e. there exists a container (S, P)
such that F*X = X(s : S).(P(s) — X) specifies the free monad over F. The axioms determine an
equivalence relation ~x on F* X such that M X := F* X/ ~x is again a monad. This situation applies
to each of the monads in example 1.4.1°1.

In fact, often the quotient can be taken already at the level of the container, so that there exists a
container (S, P’) such that M X = (s : 5).(P'(s) — X).

We say that (s, f), (s', f') € T#X are mutually fresh, denoted (s, f) # (s, f'), if the images of
f and f are disjoint. Elements of M# X are mutually fresh if they have mutually fresh representants.
We call the monad (7,7, 1) affine if nx : X — TX lands in T# X for all X and pux : TTX — TX
restricted to (7T')# X (note that container functors are closed under composition) lands in 7% X; and
similar for M.

Definition 1.4.1°5. Let M be a quotient of a container monad, and let it be affine. We construct the
(named) category of affine M-cubes CubeZ; (and NCube7, resp.) stepwise:

3We use ‘syntactic algebraic theory’ to refer to the syntactic presentation as described here, and ‘monad’ and ‘Lawvere theory’
to refer to the less syntactic objects they specify.
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« The affine Kleisli category KI7 (M) has objects X where X is a set, and its morphisms f : X — Y
are functions f : X — M#Y such that for any = # 2’ in X, we have f(x) # f(2'). Identity and
composition are well-defined because M is affine.

« Of this, we take the opposite KI% ()P,

« We define NCube5; as the full subcategory of KI# (A1)°P on finite sets.

« We define Cubey; as a designate skeleton of NCube?,, e.g. the full subcategory of NCube', on sets
of the form {0, ...,n — 1} withn > 0.

Objects will be represented as for the cartesian cube categories.

Corollary 1.4.1°6. The categories Cube; and NCube[,; have a symmetric monoidal structure (T, )
given by finite coproducts of sets. The binary operation is called the separated product. O

1.4.1(c) Examples
This way, we get — among others — the following cube categories:

Cube%’t2 The cartesian cube category. A morphism ¢ : V' — W sends every dimension j € W to j(p) €
V' U{0,1}. Its cubes have diagonals.

CubeEt2 The affine cube category [BCH14]. A morphism ¢ : V' — W sends every dimension j € W to
J{p) € VU{0,1}, such thatif j{p) = j'(p) € V then j = j'. Its cubes have no diagonals.

Cube:zl];t2 The symmetric cartesian cube category. We have a negation/involution/symmetry (—i/j) : (i :
I)— (G:I).

CubeZ, The cartesian cube category with connections. We have morphisms (i V j/k), (i Aj/k): (i:1,j:
I) — (k : I). There are no symmetries

Cubed,, The CCHM cube category [CCHM15], which combines symmetries and connections. We have
(iA=i/j) #(0/§): (1:1) = (:Dand (v -i/j) # (1/§): (:1) = (: D).

Cubeg , A cube category very similar to the CCHM one, but we have (i A —=i/j) = (0/j) : (i: 1) — (j: )
and (iv—-i/j)=(1/§):(:0) = (G: D).

We remark that Cubeg,, and Cubeg,, should be isomorphic as the additional law of boolean algebras
w.r.t. de Morgan algebras only affects non-affine expressions.

1.4.1(d) The Endpoint Model

We remarked above that £ := KI(M)®P is the Lawvere category of M. It is known then (see e.g. [Nuy22]),
that the Eilenberg-Moore category of M (which is the category of Eilenberg-Moore algebras of M) is
equivalent category of models of £ (which is the category of product-preserving functors £ — Set). Such
functors are fully determined by the image of the singleton set (as every set is a coproduct of singletons
and the Kleisli-category retains coproducts) and that image will be exactly the carrier of the corresponding
Eilenberg-Moore algebra.

It is clear that both the cartesian and affine (named) cube categories are subcategories of L. As such,
any M -algebra induces a functor £ — Set and hence a functor from either of the M -cube categories to
Set.

The initial algebra of any monad M on Set has carrier M @, which for each of the monads in exam-
ple 1.4.1°1 equals {0, 1}. Correspondingly, the initial model of £ is the functor EP : £ — Set sending
(ig:1,...,i,_1 : I) to {0, 1}{iosin—1} We call this the endpoint model. It is naturally isomorphic (in
fact equal) to Hom, ((), ) : £ — Set, since we have

Home ((), (o : T, - in—1 : 1)) = Homyqary ({0, - - -, in—1}, @) = (M@)liorin-1} — 1o 1}{iowin-a},

Recall that a morphism ¢ : (i : I,...,i,—1 : I) = (o : I,...,jm—1 : I) assigns to each j a value
J{p) in M{ig, ...,ip—1}, the free M-algebra over {io,...,i,_1}. The function EP(¢) is defined by

EP(p) (vl in-t1= 01 ) () = a(M (0) ((0))).

where o : M{0,1} — {0,1} is the algebra structure on {0,1}. Using the operation >=% : M X —
(X = {0,1}) = {0,1} : & — f — a(M f(&)), we can write this as EP(¢)(v)(j) = j{¢) >=v.
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Proposition 1.4.1°7. The functor EP : Cubeg . — Set is fully faithful.

Proof. We need to show that any function f : {0, 1}tios-in-1} — £0 110 dm-1} can be obtained as
some EP(p) with o : (ip : I,...,ip—1 : ) = (o : L,...,Jm—1 : I). We remark that such a function
f in fact consists of m truth tables in n boolean variables. From the full disjunctive normal form, it is
clear that elements of the free boolean algebra are in 1-1 correspondence with truth tables. Concretely,
for each j, define j{¢) to be the element of Boo{iy,...,i,_1} corresponding to the truth table f (i, j).
Then j{p) >= v will evaluate j(¢) after replacing each variable i with its value v(i), yielding the value
f(v,j) prescribed by the truth table f(L,j). O

Proposition 1.4.1°8. The obvious functor I : Cube;& — Cube% where

« o, X € {0,0} and * < XX according to the order O < [,
« M,N € {Pty,IPty,DL,Boo} and M < N according to the partial order

<
Pto —— IPts

TN

DL—= DM

IN

Boo,

is faithful.

Proof. In a first step, it is obvious by construction that Cube, — Cube¥, is faithful.

In a second step, note that we have a monad morphism ¢ : M — N such that 1x : M (X) — N(X)
is injective for all X. Then the resulting functor between the Kleisli categories, which are opposite to the
cartesian cube categories, is faithful. O

Clearly, the functor I : Cubeg), — Cubeg,  is not faithful: it sends the morphisms (0/3), (i A —i/j) :
(i:1) — (j : 1) in CubeB,, to the same morphism in Cubeg, _.

Corollary 1.4.1°9. The functor EP : Cube}} — Set is faithful for each M € {Pts, IPt,, DL, Boo}.

Proof. Follows by composing proposition 1.4.1°7 and proposition 1.4.1°8. O

1.4.2 Jet Cubes
1.4.2 (a) Jet Cube Objects

Definition 1.4.2°1. An orientation kit is one of the following sets of formal symbols:*
f={—}, fe = {—, <« }, fb = {—, 1}, fbe = {—, —, «>}.
The set of orientation kits will be denoted OKit = {f, fe, fb, fbe}.

Definition 1.4.2°2. Let @ be a mask and w an orientation kit. We define the set of (w, @)-jet-cubes as the
set of lists of elements of {P; | P € w,0 < i < len(@)}, where we identify all P, = Q; =: ~; (P, Q € w)
if a; = O. We denote jet cubes as (ip : ((Po)ig),---sin-1 : ((Pn-1)i,_,)), thinking of the names i, as
De Bruijn indices.

Definition 1.4.2°3. We call a variable i of an (w, @)-jet-cube i-symmetric (for a degree 0 < i < len(a))
if any of the following conditions holds:

« iis not of degree i,

4The letters stand for forward, backward and equijet.



1.4. JET CUBES 13

« 1is an equijet variable, i.e. i: («;)),
. a’i = O'

Otherwise, it is called i-directed. Thus, if i is i-directed, then a; = xand i : (—;) ori: (+;).

Definition 1.4.2°4. Let @ C; b and <+ € w. For any (w, @)-jet-cube W, we define the (w, b)-jet-cube
USymP W by replacing every occurrence of —~; with <;.

Note that a b-]et -cube is uniquely in the image of USym[ if it does not feature the symbols —; and
<+, 1.e. if all variables are ¢-symmetric.

Definition 1.4.2°5. For any (w, @)-jet-cube W, we define the d-jet-set JEP (W) as follows:

JEP(()) = T,

JEP(W)i: (—;)) = JEP(W) x (—),

JEP(W,i: («—;)) = JEP(W) x (),

JEP(W,i: (—~;)) = JEP(W) x (—~),

JEP(W,i: («»;)) = USym,JEP((USymI)~1(W,i: (s+;))) ifa; =x

-1

(
USym, JEP((USym{)~H(W),i: (—~))
USym, (JEP((USym5) =1 (W) x (—)).

Setting V' = (USym{") (), the last equation can be rephrased as

JEP(USymPV,i : (o)) = JEP(USymP (V.2 (~))) = USym,(JEP(V.i: (~)))
= USym,(JEP(V) x ().

Definition 1.4.2°6. We define the jet-erasure function ||, which sends (w, @)-jet-cubes to cubes (i.e.
objects of any of the cube categories defined in section 1.4.1), by

L0 =0, LWz (=d)] = [(Wi: («=i)] = [(Wiiz(e=i)] = [(Woi: ()] = (W], D).

Corollary 1.4.2°7. For any (w, @)-jet-cube W, the carrier of JEP(WW) is EP(| W |). Thus, every jet cube
determines an object of the following strict pullback of categories:

{(w, @)-jet-cubes}

JEP
ey
Cubel} Xset jetSet(ﬁ) > JetSet(a)
JU
Cubeﬁ & Set,
It is straightforward to see that the function thus obtained is injective. O

1.4.2 (b) Jet Cube Categories

Definition 1.4.2°8. Let @ be a mask, w € OKit, @ € {O,0} and M a monad on Set. We define the
category JetCubel! (w, @) of (w,@)-jet-M-cubes as the full subcategory of Cube}l xse JetSet(d@) on
(w, @)-jet-cubes, as justified by corollary 1.4.2°7. The functions JEP and | .| are correspondingly extended
to functors.

Corollary 1.4.2°9. For w € {f,fb}, the functor JEP : JetCube}\(w,@) — JetSet(a@) factors over the
inclusion JetTope(@) — JetSet(a).

Proof. By induction on the dimension and using proposition 1.3.0°3, it is clear that for any jet cube W,
the jet set JEP(W) is a jet tope, which factors the action on objects. The action on morphisms factors
because JetTope(a) is a full subcategory of JetSet(a). O
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We will ultimately only be interested in (f, @)-jet-cubes, but in section 1.4.3, we define an inductive
predicate to determine whether a cube morphism ¢ : |V | — | W | isin fact a jet cube morphism V' — W,
and this predicate’s inference rules make use of (fbe, @)-jet-cubes in their premises. The orientation kits
fe and fb are only introduced for explanatory purposes: we can easily relate jet cubes with and without
<+ (proposition 1.4.2°10), and later on® we will be able to relate jet cubes with and without <> by inserting
additional symmetric degrees.

Proposition 1.4.2°10. Let (w,w’) € {(f,b), (fe,fbe)} and M € {IPts, Boo}. Then the inclusion
JetCubell (w, @) < JetCubel (v, @),
which is fully faithful by definition, is also split essentially surjective and therefore an equivalence.

Proof. One proves, by induction on the length of the jet cube, that any jet cube is isomorphic to the jet
cube in which every occurrence of («—;) is replaced with (—;). O

Proposition 1.4.2°11. The following functors on d-jet-sets lift over JEP to functors on (w, @)-jet-cubes
under the following conditions:

Op; lifts to Op if «—cw
FSym, lifts to FSym?
USym; lifts to USym®’ if «cw
SymCl; lifts to SymC|¥ if «cw

L X () liftsto X (i:(—;))
L X (—~) liftsto wx(i:(—~)) if a=0
L X (o) liftsto wix (i:(—;)) if «—€w

We have FSym% 4 USym! and thus an idempotent monad SymCI¥? := USym® o FSym®, whose defini-
tion we extend to masks b where b; = O as in definition 1.2.1°10.

Proof. The functors FSym;, Op, and USym, have no effect on the carrier, so they certainly lift to Cu beﬁ,
hence to the pullback Cube}} xse; JetSet ().

« FSym, lifts to jet cubes by replacing every occurrence of —;, «<—; or «»; with —~;.

+ Op; lifts to jet cubes if «— € w by reversing the last occurrence of either —; or «+—; (corollary 1.2.2°3),
if present.

« USym, lifts to jet cubes as the operation USym already introduced in definition 1.4.2°4.

To prove FSym™ 4 USym™, we need to build unit and co-unit natural transformations. Since the cat-
egories of jet cubes are fully faithful subcategories of the pullback Cu be]]sj X set JetSet(d), it suffices to
build them there. They were already established in JetSet(@) by proposition 1.2.1°9. As they reduce to
the identity unit and co-unit of Id - Id for the carriers, they trivially lift to Cu be]l:VI[.

The various prism functors multiply the carrier with {0, 1} and thus lift over EP to the affine/cartesian
cube category by multiplying with (i : I). Hence, they also lift to the pullback Cu be])—;lj X set JetSet(a).
Each of them lifts to jet cubes by appending the symbol concerned (if available). O

Proposition 1.4.2°12. Any two functors on jet cubes concerned in proposition 1.4.2°11, instantiated on
different degrees, commute. In other words, the natural transformation given in corollary 1.2.2°4 lifts to
jet cubes when the associated functors lift.

Proof. Since the categories of jet cubes are fully faithful subcategories of the pullback Cubeﬁ X serJetSet(d),
it suffices to prove the natural isomorphism there. The isomorphism was already established in JetSet(a)
by corollary 1.2.2°4, and the effect on the carrier is either nothing (when at most one prism functor is
involxg:d) or swapping components (when both functors are prism functors). These isomorphisms lift to
Cubejy,;. O

SRefer
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Proposition 1.4.2°13. The functor 1 X (i : (—;)) commutes with itself; i.e. the natural automorphism
given in corollary 1.2.2°5 lifts to jet cubes as (i/1,j/j) : Lux (i : (—i)) X (G : () Zax (G : (—))x ([

(~)-

Proof. Analogous to the proof of proposition 1.4.2°12. The isomorphism was already established in JetSet(a)
by corollary 1.2.2°5, and the effect on the carrier is swapping components, which lifts to Cube]I\j/[. O

Remark 1.4.2°14. As of this point we will only be interested in the monads |Pt; and Boo because:

« We need involutions in order to be able to work with the source-side of the twisted prism, ruling
out Pty and DL.

« We do not see any advantage of DM over Boo. In particular, we want EP to be faithful (proposi-
tion 1.4.1°8).

Theorem 1.4.2°15. Assuming decidability of the affineness predicate on cube morphisms, then for M €
{Pty, IPt>}, we have isomorphisms of categories®

JetCubel; (w, @) = JetCube¥, (w, @),

which act as the identity on objects.

Proof. We know that JetCubep,, (w, @) is a subcategory of JetCube/3, (w,@). So we need to show that
any morphism in JetCu be,%t2 (fbe, @) is in fact affine. Take such a morphism ¢ : V. — W (write ¢ = |$])
and assume it is not affine. Since M only has nullary and unary operations, this means that W has
dimensions i and j such that i(y) and j() are not mutually fresh, meaning that V' has some dimension k
such that i{y), j(¢) € {k, —k}. Then JEP(¢) cannot be a jet set morphism as JEP(W) has no diagonals.
This is a contradiction. O

Note that the situation is not so simple for Boo. For example, at symmetric degrees, JetCubeE’OO (f,a)
features the ‘exclusive or’ operation

(AVHA=GA)/K) G (g () = (s (=)

which cannot be constructed in JetCubeg,(f,@). More startlingly, even at directed degrees, we have
operations such as the following:

(iAj/Pink/q): (G (—i),j: (—d k: (=) = (P (=), a: (—i)),

“Depending on the formalization, possibly even equalities.
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which collapses five consecutive points of the Hamiltonian path and is a legitimate jet cube morphism:

(1,0,0) (1,0,1)

A

(1,1,0

\
/

~

(1,0) > (1,1).

While the operations V and A in themselves are useful in developing a base category for pro-arrow
equipments in order to extract companion and conjoint squares from an arrow, cube transformations
such as the one above are not assumed in the definition of pro-arrow equipments, so we wish to exclude
these. For this reason, we will no longer be interested in cartesian jet-Boo-cubes. By theorem 1.4.2°15,
we are also no longer interested in cartesian jet-IPto-cubes. In short then, by remark 1.4.2°14:

Remark 1.4.2°16. We are no longer interested in cartesian jet cubes.

1.4.3 A Calculus for Jet Cube Morphisms

In this section, we develop a calculus that inductively generates the morphisms of the category JetCube¥, (fbe, @)
and therefore also those of its full subcategories JetCube, (w, @).

Since the forgetful functor U : JetSet(@) — Set is faithful, so is || : JetCubel;(w, @) — Cubej;.
As such, we can regard ‘being a morphism of jet cubes’ as a proof-irrelevant property of morphisms of
cubes, which we will therefore use as preterms. Our calculus will therefore feature a single judgement
F ¢ : V — W meaning that the morphism ¢ : [V | — |W] is in fact a morphism of jet cubes. Sound-
ness (theorem 1.4.3°4) of the calculus will be the property that the judgement’s meaning actually holds
when the judgement is derivable, whereas completeness (theorem 1.4.3°26) means that the judgement is
derivable when its meaning is true. We do not have to bother with an equational theory, as we can simply
inherit it from Cubel,.

Definition 1.4.3°1. We call a jet cube conventional if each of its dimensions has a degree equal to or
lower than the previous one. We write JetCubeConv}} (w, @) for the full subcategory of JetCubely (w, @)
on conventional cubes.
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Corollary 1.4.3°2. By proposition 1.4.2°12, the inclusion JetCubeConv}}(w, @) < JetCubel}(w, @) is
essentially surjective (in fact split essentially surjective by the existence of sorting algorithms) and thus
an equivalence of categories. 0

Definition 1.4.3°3. For M € {IPty, Boo}, any mask a and for any two objects
V,W € Obj(JetCubeConvy,(fbe, @)),

we define a proof-irrelevant predicate on morphisms ¢ : |V ]| — |W ], denoted - ¢ : V' — W, induc-
tively generated by the inference rules in fig. 1.1.

We discuss these inference rules one by one; their soundness and completeness will be proven in
theorems 1.4.3°4 and 1.4.3°26. Specializations of these rules for symmetric degrees are given in fig. 1.2,
and some rules are grouped together in fig. 1.3.

The unique morphism to the terminal cube () is a jet cube morphism (TERMINAL).

We can substitute the last variable with an endpoint. If this end point is at the last dimension’s source
side, then the rest of the morphism lands in the i-opposite of W (SrRc:FwD, SRC:BCK), otherwise it lands
in W itself (TGT:FWD, TGT:BCK).

We can apply an involution to the last variable, provided that we turn around its direction (INV:FWD,
INV:BCK). Doing so means that the source-side is mapped to the source-side and the target-side is mapped
to the target-side, so W remains unaffected.

We can apply the (opposite) i-twisted prism functor to a morphism (PRISM:FWD, PRISM:BCK).

If the last dimension of our target cube is of the form i : (+;), then we know that our cube is in the
image of USym!”, and we can proceed using the adjunction FSym% 4 USym® (symmETRIZE). This turns
our last dimension into i : (—;]) which is a special case of both i : (—;) and i : («;]), so we can proceed
by using the Fwp and Bcx rules of the calculus.

We can weaken w.r.t. the last dimension (WkN) of the source cube, but some caution is required. At
the source-side of the last dimension, we find Op?(V), whereas at the target-side we have V. Thus, ¢
needs to be a morphism of jet cubes from Op}’ (V) — W as well as from V' — W. This can be achieved
by asking that ¢ starts from SymCI™ (1), which can be thought of as a join of Op}’ (V) and V. In the case
of an equijet dimension, SymCI¥ (V) = V = Op (V).

We can exchange variables of the same symmetric degree ¢ (EXCHANGE). Note that conventionality
implies that all variables in U are also of type («»;).

We can substitute the last variable with a variable of a weaker (higher) degree in either direction
(or of equijet dimension). Inspired by proposition 1.2.1°5, we choose to use terminology from pro-arrow
equipments and refer to this action as creating a companion when the direction of the arrow remains the
same (P = ()), and a conjoint when it reverses ({ P, Q} = {—, +}); we introduce the term concursor
(CONCURSOR) as the common generalization of companions, conjoints, and their symmetric counterpart
equiconcursors (P = <«>). Some measures of caution need to be taken however, which we consider in
the case of forward companions (P = ) = —), where we wish to derive (p,j/i) : (U,j: (—;),V) —
(W,i: (—»4))). First of all, we need to enforce affineness and make sure that ¢ does not use the variable
j,sowe will have ¢ : ([U], |V ]) — |W|. Now let us look at what happens when we set i and j to 0 or

to 1:

(0pB(U), V) ? » OpP (W)

(O/j)l J(O/i)

U3 (=), V) — = Wiz (=)

(UJ’)T T(l/i)

U, V) y W

©
So ¢ needs to be both a morphism of jet cubes from (U, V') to W and from (OpjB (U), V) to Op (W) or
equivalently from Op;” (Op}’ (U), V) to W. This can be achieved by asking that ¢ starts from SymCl, (SymCl,;(U), V),
which can be thought of as a join of (U, V) and Op;’(Op5 (U), V).
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FO:V—=()

SRC:FWD
Fo:V — OpP(W)

SRC:BCK
Fo:V — OpP(W)

F(p,0/i): V — (W,i:(—»))

TGT:FWD
Fo: VW

F e, 1/1) : V = (Wi : (i)

TGT:BCK
Fo: VW

Flp,1/i): V — (W,i: (—4))

INV:FWD
E (e, t/i) : V= (Wi: («=i))

F(p,0/i): V — (W,i: (+))

INV:BCK
+ (Sﬁat/i) V= (W71 : (]H%D)

F (o, —t/i): V — (W,i: (—))

PRISM:FWD
Fo: VoW

F (o, —t/i): V = (W,i: ()

PRISM:BCK
Fo: VW

F (p,i/1) : (Vii: (=) = W,i: (—))

SYMMETRIZE

= (p,1/1) s (Vi (o) = (Wiis (i)

ng:FSymiE'V%W

Fo:V — USymHPW

WKN
F @ : SymCIE (V) - W

R e {—D7<1—7<H>}

EXCHANGE
Fo: (Vo (e, Ur,iz (o0, U2) = W

Fp,i/0) : (Vii: (Ri) = W

CONCURSOR
P e {—|>7 <, <H>}

Fo: (Vi (oo, Uryj: (o), U2) > W

Qe{— <} j>i

Fo: SymCI?(SymCIjEU, V)W

H (QD,_]/I) : (Ua.] : (]PJDaV) —

CONN:PRISM:SRC-NEUTRAL

(@, <) € {(=V), (M)}
Fo:SymCIEV — W

(. t/i) - OpF V. — (Wi (Qi))

F (et Oi/i) : (Vi (Qi)) — (Wit (Qi))
CONN:PRISM-INV:SRC-NEUTRAL

(@, ¢, P) € {(=2,V, ), (A, =)}
Fo:SymCIPV — W

= (o, t/1) : OV — (Wi (Qi))

Boo

Boo

Fp,t & =i /i) (Vi (R)) —

(Woi: (@)

(Wi (Qu))

CONN:PRISM:TGT-NEUTRAL

(@, <) € {(==,A), (=)}
Fo:SymCPV — W

Fp,t/i) : V= (Wi (Qi))

F et 0i/i) : (Vii:(Qi) — (Wi (Qi))

Boo

CONN:PRISM-INV:TGT-NEUTRAL

(@€, P) € {(= A +): (5 Vo =)}

F o SymCIYV — W

F (e t/i) - IV — (Wi : (Qi))

F (ot Oimi /i) s (Vi (B ) — (Wi (Qi))

Boo

CONN:DEGREE-SYMMETRIC

Q€ {—,+«}

¢ e{v,n}

(@, 8/i) : SymCIPV — (Wi : (Qi))
F(p,t/i) 1 V = (W,i:(Qi))
Flp,t O s/i): V= (Wi:(Qi))

Figure 1.1: A calculus of affine fbe-jet-cube morphisms, for the monads IPt; and Boo. See fig. 1.2 for
specializations of these rules to symmetric degrees and fig. 1.3 for unified versions of the specialized
forward/backward rules.
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ENDPOINT:SYM INV:SYM
Fp: VoW ce{0,1} F o, t/i): V= (W,i: ()
Fp,c/i): V= (Wit (i) Fp, /i) V= (Wi ()
PRISM:SYM WKN:SYM
Fp: VoW Fp: VoW
F (g, i/i) : (Vii: (i) — (Wi () F(pi/@) s (Vii: (~) = W
CONN:SYM
O e{v,A}
EXCHANGE:SYM Fp,s/i): V= (W,i:(—~))
Fo:(V,j: (i), Ur,i: (—i),U2) = W F o, t/i): V = (W,i: (—~)) Boo
Fo:(Vii:(—~),Ur,j: (—),U2) = W F o, tOs/i): V= (Wi ()

Figure 1.2: Symmetric specializations of the rules in fig. 1.1. Note that the rules coNN:PRISM:* become
a special case of CONN:DEGREE-SYMMETRIC. We omit TERMINAL which specifies no degree, CONCURSOR
which specifies two, and syMMETRIZE which already places constraints on the anpolarity a;.

SRC TGT
(@.) « RES 00 Q) € {E= 1, (0}
Fo:V — Opg (W) Fo:V = W
F(pc/i): V= (Wit (Qi)) F (e, c/i) 1 V = (Wit (Qi))
INV
{RQ} = {—D, 4—} PRISM
F (o, t/i): V = (W,i: (P)) Fo: VW Qe {—,<+}

F(p,t/i) 1 V = (Wi (Qi)) E (e, i/1) - (Vi (Qi) = (Whi: (Qi))

Figure 1.3: Unified versions of the specialized forward/backward rules in fig. 1.1.

The last five rules involve connections (conjunction and disjunction) and only apply if M = Boo,
as I[Pty does not provide these operations. Due to the twisted nature of the twisted prism functor, it
turns out that we can substitute the last variable of the target cube only with a connection of which one
operand (say the right one) is either (the negation of) the last variable of the source cube, or an expression
depending only on i-symmetric variables.”

In either case, it turns out that whether the last term reduces to 0 or 1 on any end point of the source
cube, is sufficiently irregular that i-directed terms in the remainder of ¢ can only depend on ¢-symmetric
variables. The promotion of all variables of degree i to equijet variables in the context of ¢ in at least one
of the premises, precludes their usage in i-directed terms.

In the latter case, we can use CONN:DEGREE-SYMMETRIC, where s is also checked in the symmetrized
context.

In the former case, we get to apply a rule that combines a connection, possibly an inversion, and the
pRISM rules. The main point worth remarking upon is that the behaviour of ¢ only matters when the
other operand reduces to the neutral element of the connection at hand. Depending on this, we decide
whether ¢t must be checked in the i-opposite context or not. For example, in CONN:PRISM:SRC-NEUTRAL,
if @ = — and < = V, then the neutral element is 0, so the behaviour of ¢ only matters when the other
operand is 0. This means that we are coming from the source-side of i, i.e. from OpZ V. This distinction
leads to four different rules (CONN:PRISM:SRC-NEUTRAL, CONN:PRISM:TGT-NEUTRAL, CONN:PRISM-INV:SRC-
NEUTRAL, CONN:PRISM-INV:SRC-NEUTRAL).

"This is formalized in lemma 1.4.3°23.
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It is worth pointing out that if a; = O, then CONN:DEGREE-SYMMETRIC specializes to the rule coNN:sYM
(fig. 1.2) that is sufficiently general to also subsume the symmetric specializations of the other connection
rules.

1.4.3 (a) Soundness

Theorem 1.4.3°4 (Soundness). If a morphism ¢ : |V | — |W| satisfies the predicate - ¢ : V. — W
from definition 1.4.3°3, then it actually arises as the image ¢ = |¢| of a morphism ¢ : V. — W.

Remark 1.4.3°5. The derivation rules in our calculus are all natural w.r.t. V and W. Indeed, since ||
is faithful, this is simply inherited from the underlying operations on cubes.

Proof. Note that what really needs to be proven is that - ¢ : V' — W implies that EP (), which a priori
is a function from the set EP(|V'|) = U(JEP(V)) to EP(|W]) = U(JEP(W)), is in fact a morphism of
jet sets JEP(V) — JEP(W). We prove this, of course, by induction on the derivation of the inductive
predicate.

« For TERMINAL, note that JEP(()) is the terminal jet set.

« For SRC:FWD, SRC:BCK, TGT:FWD and TGT:BCK, this follows immediately from definition 1.2.2°2.

« For INV:FWD, by postcomposition, it suffices to show that ¢ : (idw,—-i/i) : |[(W,i: («))] —
[(W,4: (—»4)))] is a morphism of jet cubes, i.e. that EP(() : (W, u) — (W, —u) is a morphism of jet
sets JEP(W) x (o) — JEP(W) x (—).

Let (W,u) —; (W,u') in JEP(W) x (<+;). Then by definition 1.2.2°2 of the opposite i-twisted
prism, there are 3 possibilities:
- We have u = v/ = 0 and & —; ' in JEP(W). In that case, we also have the required jet
between the images (W, 1) —»; ( ,1) in JEP(W) x (—).
- We have u = v/ = 1 and W —«>j IU/ in Op,; (JEP(W)). In that case, we also have the required
jet between the images (@, 0) —; (@', 0) in JEP(WW) x (—).
- Wehave j =i,u = 1,4/ = 0 and @/ = . In that case, we also have the required jet between
the images (@, 0) —; (@, 1) in JEP(W) x (—»).
The proof of soundness of INV:BCK is analogous.

+ Soundness of PRISM:FWD and PRISM:BCK was already established by proposition 1.4.2°11.

+ Soundness of sYMMETRIZE follows from the adjunction established in proposition 1.4.2°11.

« We prove soundness of wkn by precomposition with a jet cube morphism that erases to (id,i/@) :
[(V,i:(R:))] — SymCl;|V|. Thus, we need to prove that EP(id,i/@) : (¢, w) — ¥ is a jet set
morphism JEP(V,i: (R;)) — JEP(SymCIF(V)). Let (¥, w) —; (¢, w’) in JEP(V,i: (R;)). Then
there are two possibilities:

- w =’ and (¥, w) —; (¥, w). The latter implies ¢ —; ¢ in JEP(V) if j # i and ¥ ==, ¥’ if
j = i. Moving to JEP(SymCI¥(V)), we get © —; ¥ in all cases, as required.
- j=1i,7 =14 and w —; w'. In this case we have & —; ¥ in JEP(SymCI(V)) by reflexivity.

« Recalling definition 1.4.2°5, soundness of EXCHANGE follows from proposition 1.4.2°13. (Note that,
since we are dealing with conventional cubes, all variables in U; also have type (<»;]).)

« We prove soundness of CONCURSOR. Assume that s a jet cube morphism SymCIY (SymCIljz' Uuv)—
W and j > i. We prove that (¢, j/1) is a jet cube morphism (U, j : (P;),V) — (W,i: (Q;)). Write
f =EP(p) and g = EP(p,j/i).

Pick a jet (@, t, V) — (@', t', ") in JEP(U,j : (P;), V). We can assume that this jet is not reflexive.
Let k be the variable where both hands differ. There are three possibilities:
- Ifk € U, thenwe have t = t/, ¥ = ¢ and (4, t,0) —, (@', ¢, 7).

« Ifk # j and k # i, this implies (@, 7) —» (@', ¥) in JEP(U, V') and therefore also in
JEP(SymCI'Z-E(SymCI'jz'U7 V), whence f (@, V) — f(d',¥), whence g(4, t,7) = (f(@,V),t) —¢
(f(@,0),t) = g(@. i,7).

« If k = ¢ or k = j, this implies (@, 7) &2, (¢’,7) in JEP(U, V) and therefore (@, T) «>,

(@', ) mJEP(SymCIE'(SymCIE ,V)), whence f(, V) <>, f(@, V), whence g(, t,¥) =
(f(@,0),1) «op (f(@,7),1) = g(@, ¢, 7).
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- Ifk = j, then we have k = j, @ = @', t # ¢’ and ¥ = ¢'. Then g(4,t,7) = (f(4,7),t) =
(f(@,7),t') = g(, ¢, ¥) which implies ¢(#, ¢, ¥) —; g(u,t’, v) since j > 1.
- Ifk € V,thenwehavet =t/, 4 = @' and ¥ —, ¥ in JEP(V).
« Ifk # 1, thisimplies (i, ¥') —, (4, "’)mJEP(SymCIE(SymCIBU V), whence f (i, V) —
£, ), whence g(ii, t,) = (f(il,0),t) =4 (f(il,").) = g(ii, ).
« Ifk = i, this implies (@, ¥) «>; (4, 0") inJEP(SymCIE'(SymCIjE'U, V), whence f (@, ¥) <>;
f(@,v"), whence g(u,t,v) = (f(@,V),t) «; (f(@,v),t) = g(u,t, 7).

« We prove soundness of CONN:PRISM:SRC-NEUTRAL for the case where () = — and {» = V, the other
case is proven analogously. Assume that ¢ is a jet cube morphism SymCI¥'V — W and (i, t/i) is
a jet cube morphism Op'V — (W,i : (—»;)). We prove that (¢,t V i/i) is a jet cube morphism
(Vii: (=) = (W,i: (—,)). Write f = EP(¢) and g = EP(p, ¢V i/i) and h = EP (¢, t/i).

Pick a non-reflexive jet (¢, ) —; (¢,u') in JEP(V,i : (—;)). Let k be the variable where both
hands defer. There are two possibilities:

- Ifk =i,thenj =i, ¥ =7,u=0and v = 1. In this case, (¢t V1)(7, 1) = 1, so that there is
necessarily an i-jet g(7,0) = (f(¥), (t Vi)(¥,0)) —; (f(¥),1) = g(7,1).
- Ifk € V, then u = «’ and (¥,u) —; (7', u). Let 1 be the variable in (W,i : (—;))) such that
I{¢, t V i) depends on k. If there is no such variable, then we are done.
» If 1 = i, then k occurs in .

- Ifu =1, then g(v,1) = (f(U) 1) :oj (f (@), ) = g(¥", 1) as required.

- Ifu = 0, then we have 7 —; @ in JEP(Op}'V'). Because (¢,t/i) is a jet cube
morphism OpP'V — (Wi : (—;)), we get g(¥,0) = h(T) —; h(¥') = g(¥,0) as
required.

« If 1 € W, then k occurs in . Define z = (¢ V i){T,u) = (¢t V i){7,u). We have
9(U,u) = (f(V), 2) and g(v", u) = (f(V"), 2).

- If j = i, then we have ¥ <»; @ in JEP(SymCIF'V), whence f(7) <»; f(¢") in
JEP(W), whence g(¥,u) = (f(¥),2) = (f(¥"), 2) = g(¥',u) in JEP(W,i: (—»;)).

- If j # i, then we have ¥ —; ¥ in JEP(SymCIF'V), whence f(¥) —; f(¥) in
JEP(W), whence g(7,u) = (f(?), 2) —; (f(7'),2) = g(¥,u) in JEP(W,i: (—;)).

« Soundness of CONN:PRISM:TGT-NEUTRAL is proven analogously to that of CONN:PRISM:SRC-NEUTRAL.
« Soundness of CONN:PRISM-INV:SRC-NEUTRAL is proven from soundness of CONN:PRISM:SRC-NEUTRAL
by precomposing the result with (idy, —i/i) which is a jet cube morphism (V,i : (P;)) — (Vi :
Qi)
+ Soundness of CONN:PRISM-INV:TGT-NEUTRAL is similarly proven from soundness of CONN:PRISM: TGT-
NEUTRAL.
« We prove soundness of CONN:DEGREE-SYMMETRIC. Assume that
- (g, 8/i) is a jet cube morphism SymCIPV — (W,i: (Q:)),
- (p,t/i) is a jet cube morphism V' — (W,i: (Qq)).
We prove that (¢, s  t/i) is a jet cube morphism V' — (W,1i: (Q;)). Write

f=EP(p),  g=EP(p,s/i), h=EP(p,t/i),  d=EP(p,st/i).

Pick a non-reflexive jet ¥ —; ¢ in JEP(V'); we prove that d(7) — d(¢") in JEP(W,1 : (Q;)). Let
k be the variable of V where ¥ and ¢” differ. There are four possible cases:

— If ¢, s and ¢t do not depend on k then the target jet is reflexive.
— If ¢ or s depends on k, then we have t(0) = t(v") =: t,.

«» If j # 4, then we have ¥ —; ¥ in JEP(SymCI;’V), whence (f (%), s(¥)) = g(¥) —;
g(v") = (f(7'),s(¥)) in JEP(W,i : (Q;))). Taking a connection with ¢y does not in-
fluence the direction of the arrows to the left of i, nor of the arrows at i. Hence we get
4(3) = (F(5), (0 O to) —5 (F(7), 5(7) & to) = d(@).

« If j = 4, then we have ¥ «»; @ in JEP(SymCIP'V), whence (f(%), s(%)
g(@") = (f(¥'),s(¥")) in JEP(W,i : (Q;)). Hence we get d(¥) = (
(f(@), s(t") $ to) = d(T).
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— If t depends on k, then we have f(¥) = f(0') =: fo and s(¥) = s{¥') =: so. We get
(fo, t(0)) = h(¥) —; h(V") = (fo, t(?")). Taking a connection with s¢ yields d(¥) = (fo, s0<
(1) —; (fo, 50 O (V")) = d(V"). O

1.4.3 (b) Lemmas for Completeness

Proving completeness for the Pty monad is fairly straightforward, but for the cases involving connections
(conjunctions and disjunctions), we need a couple of helper lemmas.

Boolean reduction In this section, we establish a normal form for affine boolean terms.

Definition 1.4.3°6. Boolean terms ¢ € Boo(X) are equivalence classes t = [e] of boolean expressions
e € BooE(X), which are defined as abstract syntax trees made up of 0, 1, V, A, — and elements of X.
Thanks to commutativity and associativity, we regard V and A as having a multiset of operands with at
least two elements. The other operations have the usual arities.

We define a reduction algorithm that reduces an expression e to ¢’ such that [e] = [¢/]:

« push all negations down to the leaves of the syntax tree,

« eliminate negations of constants,

« eliminate double negations,

« eliminate conjunctions/disjunctions with constants,

« remove parentheses of nested conjunctions / nested disjunctions.

We call an expression normal if it is its own reduction, i.e. if it is either a constant or a tree whose nodes
are alternatingly (as we climb the tree) labeled with VV and A (the root can have either) and whose leaves
are literals, where a literal is either a variable or its negation.

Definition 1.4.3°7. Let d and e be normal expressions. We say that d is a pruning of e if any of the
following conditions hold (inductively):

« d is a literal occurring in e,
« e has a subexpression e’ which has the same root label > € {V, A} as d and such that there exists
a partition of the multiset of operands of d, i.e.

d:D1<><>Dn where Dz:dzloodzkl

such that every D, is a pruning of a root operand in ¢/, and moreover a single operand of ¢’ cannot
be used more often than its multiplicity in the multiset of root operands of ¢'.

Proposition 1.4.3°8. Let e be a normal expression with variables in X and let o be a bit-assignment
0:Y — {0, 1} of the variables in Y C X. Let e[o] reduce to d. Then d is either a constant or a pruning
of e.

Proof. By induction on e. If e is a constant or a literal, this is immediate. If e is a conjunction or disjunction,
then this follows from the induction hypothesis for the immediate children of e. O

Lemma 1.4.3°9. For every t € Boo™ (X) and ¢ € {0, 1}, there exists a bit assignment ¢ : X — {0,1}
such that t[o] = c.

Proof. Pick an affine representant e € [t] and assume it is normal (reduce if it is not). Then we can prove
this by induction on the height of e. O

Lemma 1.4.3°10. For every normal affine expression e € BooE™ (X)) mentioning all and only the vari-
ablesin Z C X, and for every Y C X, there exists a bit assignment o : X \' Y — {0, 1} such that e[o]
reduces to a (necessarily normal affine) expression d which mentions all and only the variablesin Y N Z.
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Proof. By induction on e. If e is a leaf (i.e. a constant or a literal), then this is trivial. If e is a node with label
& € {V, A}, then we invoke the induction hypothesis for all immediate subtrees mentioning variables in
Y, and find assignments for the variables mentioned in those immediate subtrees. For immediate subtrees
not mentioning variables in Y, we use lemma 1.4.3°9 to find an assigment that reduces this subtree to the
neutral element ¢, of <. Combining all assignments yields the required result. O

Corollary 1.4.3°11. For every normal affine expression ¢ € BooE™ (X) that has a leaf § € {y, —y}
where y € X, there exists a bit assignment o : X \ {y} — {0, 1} such that ¢[o] = Z. O

Corollary 1.4.3°12. If e is a normal affine expression e € BooE” (X)) depending on y, then every ex-
pression representing [¢] depends on . We say that an affine term ¢ € Boo™ (X) depends on y € X
if the following equivalent conditions hold:

« All representants of ¢ depend on y.
« All normal affine representants of ¢ depend on y.
« Some normal affine representant of ¢ depends on y. O

Definition 1.4.3°13. If e is a normal affine expression ¢ € BooE* (X) depending on z,y € X, then
we say that  and y are in {-connection (where { € {V, A}; concretely, we call this in disjunc-
tion/conjunction) in e if the closest common parent node of (the negation of) x and (the negation of) y
is labelled with . We also write this as getConn,(z,y) = .

Lemma 1.4.3°14. Let d, e € BooE? (X) be normal affine expressions and d a pruning of e. Let d (hence
e) depend on z,y € X. Then z and y are in >-connection in d if and only if they are in {>-connection in
e.

Proof. Take the closest common ancestor of  and y in d. Proving that d is a pruning of e involves, at
some point, that the operands of d mentioning x and y are separated. At that point, a corresponding
node in e was chosen with the same label; call e’ the subtree rooted there. The immediate subtrees of d’
mentioning = and y are prunings of different immediate subtrees of ¢/, so that the root node of €’ is also
the closest common ancestor of z and ¥ in e. O

Lemma 1.4.3°15. An affine boolean expression ¢ € Boo™ (X) mentioning exactly two variables = and
¥y, has only a single normal representant, which is of the form Z { § with Z and 7 literals mentioning x
and y, and $ € {V, A}

Proof. Since every node has at least two children and there are exactly two leaves, there is exactly one
node. This constrains the form of the normal representant. Next, each one of these forms produces a
different truth table and the truth table is a property of ¢, so there can be only one normal representant. [

Lemma 1.4.3°16. Let t € Boo™ (X)) depend on z,y € X, and let { € {V, A}. The following conditions
are equivalent:

« x and y are in {)-connection in some normal affine representant of ,
« x and y are in {)-connection in all normal affine representants of ¢,
« x and y are in {-connection in ¢ (definition).

We also write this as getConn,(z,y) = <.

Proof. Let e and ¢’ be normal affine representants of ¢ and let x and y be in {>-connection in e. Pick an
assignment o such that e[o] reduces to d which depends exactly on {x,y}. By lemma 1.4.3°15, d is then
the unique normal affine representant of ¢[o], so that e’[0] also reduces to d. Then d is a pruning of both
e and €', so by lemma 1.4.3°14, x and y are in {>-connection in €’. O

Lemma 1.4.3°17. (Not used.) Let e € BooE#(X) be a normal affine expression depending on x and y
where x # y. The following conditions are equivalent:

« getConn_(x, z) = getConn,(y, 2) forall z € X \ {z,y},
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« the literals Z and ¢ corresponding to = and y occurring in e are immediate siblings.

Proof. It is clear that the second condition implies the first. To prove the other implication, assume that &
and ¢ are not immediate siblings. Let { = getConn,_(z, y). Then one of them, say 7, has a closer relative
Z such that getConn_(y, z) = © # . This means that e has a pruning of the formd = Z $ (7 © Z). But
then we have

getConn,_(z, z) = getConn,(z, z) = & # O = getConny(y, z) = getConn,(y, z),

violating the assumption. O

Lemma 1.4.3°18. Let X1, X5,..., X,, C Z bedisjointandn > 1. Lete € BooE#(Z) be a normal affine
expression depending on all and only on variables in X = |J, X;. Let {{, O} € {V, A}. The following
conditions are equivalent:

« both of the following conditions hold:

- getConn, (z,y) = forallz € X,y € X;,1 # 7,
- each X is O-connected meaning that no further partition of X is possible maintaining the
property above,

« eisofthe forme = dy $ds § ... dy, with each d; depending on all and only on variables in X,
and being either a leaf or a tree with root node labelled with ©.

Proof. It is clear that the second condition implies the first. To prove the other implication, assume that
e is not of this form. There are two possibilities:

« eis of the forme = dy {$ de & ... & diy, but the dependencies are not as expected. Then we get
a different partition of X by the upward implication which we already proved. But then we can
intersect both partitions, yielding a finer one, which is in contradiction with the assumption that
further partitioning was not possible.

« eisoftheforme =d; Ody Q... 0 d,,. Then X is O-connected meaning that n = 1, violating the
assumptions. O

Lemma 1.4.3°19. A non-constant normal affine boolean expression ¢ € BooE™ (X) is fully determined
by the set of literals it mentions and getConn, (L, L1).

Proof. Lete,e’ € BooE™ (X) be normal affine boolean expressions mentioning the same literals and such
that getConn, (L, 1) = getConn,, (L, L1). We prove that e = ¢’ by induction on e. If e is a constant or
a literal, the result is immediate. Otherwise, e is of the form e = dy { da ...  dy,, where {$, 0} €
{V, A}. Then lemma 1.4.3°18 partitions X in O-connected components. Then by the other implication of
lemma 1.4.3°18, ¢’ is of the form ¢’ = d} $ db, & ... O d),, where d; and d have the same dependencies
X;. Thus, they must also depend on the same set of literals. Since d; is a pruning of e and d!, is a pruning
of ¢/, we have getConn, (,L1) = getConn,(,1) = getConn, (L, 1) = getConny (L, 11) when
considered on pairs of distinct variables in X;. From the induction hypothesis, we conclude that d; = d,
for all 4, and hence e = ¢’. O

Theorem 1.4.3°20. Every affine boolean term ¢ € Boo™ (Z) has exactly one normal affine representant.

Proof. Let e, e’ € BooE™ (X) be normal affine representants of ¢. By corollary 1.4.3°12, we know that
e and €’ depend on the same set of variables X. By corollary 1.4.3°11, we know moreover that they
mention the same literals. By lemma 1.4.3°16, we know that getConn, (s, 1) = getConn,, (L, ) =
getConn, (s, L1). Thus, by lemma 1.4.3°19, we conclude that e = ¢’. O
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Understanding jet cube morphisms

Lemma 1.4.3°21. In JetCubeZ, (fbe, @) with M € {IPty, Boo}, the following holds: If a cube morphism
@ is a jet cube morphism V' = (Vp,j : (B;), V1) = W = (Wo,i: (Qs), W1) with P,Q € {—,+, >}
and j > ¢, and if either of the following conditions hold:

- j appears in i{p),
« j does not appear in ¢ at all,

then ¢ is also a jet cube morphism V := (SymCIF (Vo). j = (5], V1) — W.

We remark that this lemma is vacuous if a; = O or P = «».

In words, the lemma says: When a variable of the domain of a jet cube morphism is used at a lower
degree in the codomain, or not at all, then that variable and all variables of the same degree to its left can
be promoted to equijet variables.

Proof. Let W’ be the cube obtained from W by simply deleting all variables of degree i or lower. Then
the weakening morphism 7 : W — W’ is a jet cube morphism. Thanks to affineness, o ¢ : V. — W'
does not depend on j. Hence, ro o (0/j) =mopo (1/j) =: p: (|Vo],|Vi]) — |[W’]. In the category
of jet cubes and cube morphisms between their erasures, we have a commutative diagram

(0/3) (1/3)

.
Js

(Op;'Vo, V1) (Vo, V1)

w

Eiad
where the black arrows are known to be jet cube morphisms, and hence the dotted arrows are also jet cube
morphisms as jet cube morphisms compose. Thus, p is both a jet cube morphism (OpjE Vo, V1) = W' and
(Vo, V1) — W, hence it is a jet cube morphism (SymCIjE Vo, Vi) = W',

We now show that ¢ is a jet cube morphism V — W, ie. that f := EP(y) is a jet set morphism

JEP(V)) — JEP(W). Pick a non-reflexive jet 7 = (7o, u,71) —¢ 7' = (T, v, ¥;) in V; we show that
f(0) = f(¥U). f k # j, then ¥ —, ¥ is also a jet in V' and therefore preserved by f. Thus, we can

assume that k = j. Let k be the unique variable where ¢ and ¢ differ. There are three possibilities

In this case, we have vy ¥; U in Vo, u = v/, 0y = ¢/}, ¥ <2; " in V and f(7) s&; f(¢") in W.
If ¢ does not depend on k, then f(¥) = f(¢") and therefore f(¥) —; f(7’). So we assume that ¢
depends on k; let 1 be the variable such that 1{¢) depends on k.

« Iflis of degree £ < i < j,then f(¥) &; f(¥") is only possible if f(¥) s, f(¢") which implies
f(@) =i (V).

« If1is of degree £ > i, then we have EP(p) (0, ¥1) foj EP(p) (¥, U1 ) because p is a jet cube
morphism (SymCIJE'VO, V1) — W’. Since EP(p) = EP(7)oEP(p)oEP(c/j) forany ¢ € {0,1}
and the components forgotten by EP () are identical, we have f(7) <>, f(?).

In this case, we have 0y = ¥, U1 = ¥}, and ¥ <2; ¥ in V. Therefore we get f(7) <2; f(¢") and
these vectors differ at their value for i, which has degree i, so this is only possible if f(¥) ==, f(?"),
which implies f(7) «»; f(T").

Then ¢ —; ¢" holds in V" and is therefore preserved by f = EP(¢). O

Lemma 1.4.3°22. In JetCubel. (fbe, @) with x € {O,@}, let V be a jet cube with only i-directed
variables called (from left to right) ji,...,jn, and consider ¢ : V' — (i : (P;)) with P € {—, < }. Then
i(¢p) is either a constant or of the (obviously affine) form

i) = (... ((5Pj1 &1 7P%j2) $2 7P2js) ...) On—1 P "jn
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with p, € {0,1} and O € {V, A, K} where we define z Ky := y.
We will only use this lemma when = = 0.

Proof. We assume P = —, the proof for P = + is analogous.

We prove this by induction on n. If n = 0 then i{(p) is necessarily a constant. Assume n > 0, implying
that a; = x". The jet set JEP(V') has 2" elements and a unique Hamiltonian path of i-jets. The function
f := JEP(y) sends this Hamiltonian path to a path in JEP(i : (—;)) = {0 —; 1}. Thus, f is entirely
determined by the step in the Hamiltonian path where the image of f flips from 0 to 1. Write j}. to mean
Jr if jk : (—) and to mean —jy, if ji : («—)). There are 5 possible scenarios:

« The entire path is sent to 0. Then i{yp) =1 = _KO0.

« The entire path is sent to 1. Then i{p) =1 = _K 1.

« The first half of the path is sent to 0, the second half is sent to 1. Then i(p) = j,, = K j,,.

« The output of f flips somewhere in the first half of the path. Then i{p) = s V j/, for some boolean
expression s depending on ji,...,j,_1. Write V. = (U, j, : _). Then we have (s/i) : OpS’U —
(i: (—)), such that JEP(s/i) is essentially the restriction of f to the first half of the Hamiltonian
path as is evident from the following commutative diagram:

= (i ().

m%

V= (Ua.]n : *)

OpFU

By the induction hypothesis, s is of the prescribed form, and therefore so is i{¢).

« The output of f flips somewhere in the second half of the path. Then i{¢) = sAj,, for some boolean
expression s depending on ji,...,jn—1. Write V- = (U,j, : -). Then we have (s/i) : U — (i:
(—i)), such that JEP(s/1) is essentially the restriction of f to the second half of the Hamiltonian
path as is evident from the following commutative diagram:

U /0 (i: ().

V= (U7jn : 7)

By the induction hypothesis, s is of the prescribed form, and therefore so is i{p). O

Lemma 1.4.3°23. In JetCubeg,(fbe, @) where a; = 7, consider ¢ : V — (i : (P;)) with P € {—, «}.
Write ji,...,Jjn for the i-directed variables of V. Then ¢ does not depend on variables of degree lower
(stronger) than 4, nor on i-equijet variables of V. Moreover, i(p) is of the form

i(¢) = hp(hp—1(. .. ha(ha(h1 (=P j1) O1 =P2j2) G2 =P2j3) . ..) One1 =P"jn)

with p, € {0,1} and &y € {V, A, K} where we define = K y := y, and every hy, is a composition of
functions of the form 11 O ¢ with ¢ any affine boolean expression mentioning only i-symmetric variables
and © € {V,A,K}.

Proof. We assume P = —, the proof for P = + is analogous.

First of all, the i-equijet relation as well as all /-jet relations for ¢ < i are reflexive in JEP(i : (—;))) =
{0 —; 1}, so that JEP() must be constant on i-equijet- or {-jet-connected components, implying that
¢ cannot depend on those variables. Then ¢ factors over the map x : V' — W that weakens over all
those variables. (JEP(x) is the map that quotients out the i-equijet relation and therefore also the (-jet
relations for ¢ < ¢.) Thus, without loss of generality, we can assume that V' = W contains no variables
of degree lower than ¢, and no ¢-equijet variables. Moreover, applying corollary 1.4.3°2, we can assume
without loss of generality that V' is conventional so that the i-directed variables in V" are the last ones.
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Write U for the i-directed part of V' and note that any assignment of bits to all i-symmetric variables
yields a jet cube morphism o : U — V whose composite with ¢ necessarily satisfies lemma 1.4.3°22.
By lemma 1.4.3°10, there exists a particular assignment oy : U — V such that i{¢ o 0g) depends on all
i-directed variables that i{,) depends on. The form of lemma 1.4.3°22 then dictates that i(¢) depends on
a final segment of the i-directed variables in V. Then ¢ factors over the map x : V' — W that weakens
over the initial segment of i-directed variables that ¢ does not depend on, and again, without loss of
generality, we assume that V' = W, i.e. that ¢ uses all i-directed variables in V.

The fact that i(¢pooyg) satisfies lemma 1.4.3°22 and is a pruning of i{¢) (by proposition 1.4.3°8), severely
constrains the possible forms that i{¢) may take. However, lemma 1.4.3°22 does not require that conjunc-
tion and disjunction appear in alternation, and thus, a priori, by associativity, parentheses could be moved
around before unpruning. Thus, we need to constrain further to obtain the form in the current lemma.

Let e be the unique normal affine representant of i(¢) (theorem 1.4.3°20). We proceed by induction
on e. If e is a constant or i-symmetric literal, then it is of the required form. If it is an i-directed literal,
then it is the only one it depends on, hence =P~ j/ with n = 1, and thus of the required form.

If e is of the form e = dy $ ... { d,y,, then we need to prove that either =P~ j,, is a direct operand
of e, or all i-directed variables occur in the same direct operand of e. Suppose that neither is the case.
Then we can assume that d; depends indirectly on j,, and dy depends on j. Say dy = c1 & ... & ¢, with
{O, %} = {V, A} and ¢; depends on j,,. There is an assignment oy of the i-symmetric dependencies of
d; that reduces all ¢;> 5 to the absorbing element cog, of &, and thus reduces d; to cog = i, the neutral
element of . For ¢ > 2, there is an assignment o; of the i-symmetric dependencies of d; that preserves
all ¢-directed dependencies. We combine all these assignments to a single assignment o : U — V. Then
e[o] reduces to a normal expression that depends on j, but not j,,, which is then a representant of i{p oo},
which we know must satisfy lemma 1.4.3°22 and thus cannot depend on jj without also depending on
Jn- O

Lemma 1.4.3°24. In JetCubeConvg, (fbe, @),let » : V' — W be a jet cube morphism and write ¢ = | @ ].
Let W = (Wo,i: (Qq)) with @ € {—,+} and a; = x". Let e be the normal affine representant of i{¢)
and let jq,...,jn (n > 0) be all the variables of degree i that e depends on, and kq, ..., k;, (m > 0) all
the other variables that e depends on. Assume m + n > 2, so that e necessarily contains a conjunction
or disjunction. By lemma 1.4.3°23, we know that ji,...,j, are the last n variables of degree i in V.
Write V. = (Vo,j1 : (P}),.-,jn @ (P"), V1) so that (even if n = 0) all variables in V{, have degree
at least (at the strongest) ¢ and all variables in V7 have degree strictly less (stronger) than . Here, each
P',...,P" € {—,+}3 Define V = (SymCIZVy,j1 : (P),---,jn : (PP, Vp), ie. every variable of

degree i to the left of j; gets promoted to an equijet variable. Then ¢ is a jet cube morphism V' — W.

It is clear that ki, . . ., k,, all occur in Vjy as they cannot have degree less (stronger) than 7.

In words, this lemma says that if the last variable i of W is substituted with an expression ¢ depending
on at least two variables, then all variables in V' of same degree as i that e does not depend on, can be
promoted to equijet variables.

—

Proof. Forc € {0,1},let A, be the set ofall (7, () € {0, 1} such thati()(7/K, (/j) = c. Let U be the
(ordinary) cube obtained from | V| by removing all dependencies of e. Then for any (%, () € {0,1}™+™,

by applying cube opposite functors in all the right places, there is a jet cube U (7.0 such that {U (7, 5)J =U
and (7/K, (/) : Uz — V is a jet cube morphism.

-

Then in the category of jet cubes and cube morphisms between their erasures, for any (<, () € A., we
obtain a commutative diagram

U0 T (OpP) (W)
m/ﬁml lwi)
1% W
©

8We could in principle allow <> but it is easy to see that ¢ being a jet cube morphism (equivalently, EP(() being a jet set)
implies P1,..., P™ € {—»,+}.
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where all the black lines are jet cube morphisms and the cube morphism Y is defined as (i/@) o ¢ o
(7/k,C/j), which thanks to afineness does not depend on our choice of (%, (), nor even on ¢. Commuta-
tivity of the diagram and the fact that JEP(¢/1i) is a full jet set morphism, imply that ¥, too, is a jet cube
morphism.

We now show that  is a jet cube morphsim V' — W. Let & —, @/ in V. We prove that f (%) —, f(7")
where f = EP(y). If ¥ = ¢ then this is trivial, so let 1 be the variable where they differ. If k £ ior1 & V;
then we have ¥ —, ¥ in V so this is preserved by f.

Assume k = i and 1 € V{, which implies that 1 is not a dependency of e. This implies that e(¥) =
e(v") =: ¢, or differently put i(f(7)) = i(f(¢')) = ¢. We have ¥ =2, ¥/ in V, say ¥ S; ©' where
S € {—, <« }. This is preserved by f, so f(¥) S; f(¥"). Because (c/1i) is a full jet set morphism, writing
p = EP(i/®), we can conclude that p(f(¥)) S; p(f (")) in (Op)1=¢(Wp).

Let @ and @’ be bit-assignments to the variables in U obtained by projecting out all bits assigned to
the dependencies of e in the vectors ¥ and ¢, and let f and < be the bits thus forgotten (which are the
same for ¥ and ¥'). Thus, 7 = EP((/j, #/K) (i) and similar for #’. Writing g = EP(), this implies that
p(£(7)) = 9(@) and p(F(F)) = g(&"). Thus, we have g(@) S; g(@) in (OpE)~*(Wp).

If ¢ does not depend on 1, then we have nothing to prove, so let h be the variable of W such that
h{p) depends on 1. Note that h # i. We remark that the direction of the jet between g(#) and g(@’') in
(0Op™)t=¢(Wy) flips with ¢ = e(¥), which is a function of (7, ).

On the other hand, looking at the direction of the jet between # and @’ in U, (7,0) We see that this
flips with the j; ¥ ... Y j,, the exclusive disjunction of all dependencies of e of degree i, which all
appear to the right of 1. Now if m + n > 2, then it is impossible that the affine boolean expression
e € Boo#({kl7 s Km,Jj1,--+,jn}) which is in a reduced state and therefore truly depends on each of
the mentioned variables, yields the exact same (or opposite) truth table as j; V... VY j,.

Thus, fixing @ and @’ and varying (7, C), we see that there are assignments (7, ¢) for which the jets
between @ and @ in Uz ¢ on one hand, and between g(i) and g(@') in (Op}?)!=¢(W,) are aligned, and

-

others for which they are opposed. Pick an assignment (%', (') for which they are opposed. We also know
that x is a jet cube morphism for any assignment (%, ¢), and in particular for (&, ’). Thus, x provides
us the jet pointing the other way, and we can conclude that g(@) <«»; g(@’). Composing with EP(c/1) for

our original ¢ yields f(¥) «»; f(0"). O

Corollary 1.4.3°25. In JetCubeg,,(fbe, @), let » : V' — W be a jet cube morphism and write ¢ = |@].
Let W = (Wy,i: (Q;)) with Q € {—,+} and a; = x". Let e be the reduction of i{p) and assume e
depends on at least two variables. Then (©/i) o ¢ is a jet cube morphism SymCIF'V — W,

Proof. We know from lemma 1.4.3°24 that ¢ is a jet cube morphism V — W. We first show that (/i) o
is a jet cube morphism V — W,. Write f = EP(¢) and p = EP(@/1i). Pick a non-reflexive jet 7 —; ¢ in
V. We show that p(f (7)) —; p(f(7")) in Wy. We know that f(7) —; f(¢") in W. If j # i, it follows that
p(f(0)) —; p(f(7")) in Wy. If j = 1, it follows that p(f(¥)) =2; p(f(¥")) in Wy. But because (©/i) o ¢
only depends on i-symmetric variables in V, we can conclude that p(f (7)) «=; p(f(7)).

We conclude that (/i) o ¢ is a jet cube morphism V' — . Since it only depends on i-symmetric

variables, there is no harm in promoting the ignored variables of degree i to equijet variables, and that is
all that SymCI¥'V does. O

1.4.3 (c) Completeness

Theorem 1.4.3°26 (Completeness). For M € {IPty, Boo} and any morphism ¢ : V' — W in JetCubeConvy, (fbe, @),
writing ¢ = | @], we haveF ¢ : V — W.

Proof. For each variable k in W, let ey be the normal affine representant of k().

We prove completeness by induction on the number of nodes and leaves (added up) in the tuple
(ex )xew, plus the number of directed degrees in the mask.

If W = (), then use TERMINAL.
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If a; = " and the last variable in W is i : («;), then W is of the form USym’(U) and we can use
the induction hypothesis for the corresponding morphism FSym™ (V') — U and we can use the rule
SYMMETRIZE.

In the remaining case, the last variable in W is not an equijet dimension at a directed degree, i.e. it is
of the form i : (—;) ori: («—;).

If the last variable in V' is of degree strictly lower (stronger) than the degree of i, then in order to be
a jet set morphism, JEP(¢) cannot depend on that variable, so we can invoke wkN until the last variable
in V is of degree at least . We do not resort to the induction hypothesis but proceed below.

We proceed by inspecting e;.

« If [i: (—;) and ¢; = 0] or [i : (<)) and e; = 1], then ¢ being a jet cube morphism V' — W =
(U,i : _) (equivalently: EP(y) being a jet set morphism JEP(V) — JEP(W)) is equivalent to
(@/i) o ¢ being a jet cube morphism V' — Opf(U), so we can apply SRC:FWD or SRC:BCK.

o If[i: (—;) and e; = 1] or [i : («;) and e; = 0], then ¢ being a jet cube morphism V' — W =
(U,i : _) (equivalently: EP(y) being a jet set morphism JEP(V) — JEP(W)) is equivalent to
(@/1) o ¢ being a jet cube morphism V' — U, so we can apply TGT:FWD or TGT:BCK.

« Ifi: (—;) and e; = —j, then ¢ being a jet cube morphism V. — W = (U, i : (—;)) is equivalent
to (—i/i) o ¢ being a jet cube morphism V' — (U, i : («;)), so we can apply INV:FwD. Similarly, if
i: (<) and e; = —j, we can apply INV:BCK.

o Ifi: (—;) (i: (<«) is handled analogously) and e; = j where V specifies that j has degree j, then
we know that ¢ = (x, j/i) is a jet cube morphism V' = (Vp,j : (R;), V1) = W = (U,i: (—)) for
some R € {—, <, <»}. We have the following commutative diagram in the category of jet cubes
and cube morphisms between erased jet cubes:

(0P} (Vo), 1) & » O (U)

(O/J')l Jw/i)

Vo.j: (R4), V; U,i: (—;

Vo, (Ry), 1)m>( i ()
(l/j)T T(l/i)
(Vo, V1) U

X

We know that the black arrows are all jet cube morphisms, and the vertical arrows all yield full
jet set morphisms (definition 1.2.1°2). This implies that the dashed arrows also lift to jet set mor-
phisms, i.e. are jet cube morphisms. Then Y is both a jet cube morphism (V5,V;) — U and
Op;(0p}'(Vo), V1) — U.

- If j = i, then all variables in V; have degree i and x is both a jet cube morphism (Vp, Vi) — U
and Op™! (Op™Vj, V1) — U. This implies that EP () sends every i-jet of the form (i, r, ) —»;
(G, 7, ) in JEP(Vp, V1) — which points the other way in JEP(Op!’ (Op®? Vg, V1)) - to an i-
equijet (EP(x) (v, 01),7) «»i (EP(x) (%0, 1), 7) in JEP(U, i : (=i)).

« If a; = ¥, then for any bit-assignment 3 of the variables in V7, we get a jet cube mor-
phism (y o (41 /V1),j/i) : (OpS)P(Vo,j : (Ri)) — (U,i: (), where p is the number
of source constants in ¥ (i.e. 0 for (—;) and 1 for («;))). This implies that p is the same
for all assignments ¥, which is only possible if V; = (). In that case, it is easy to see that
R = —. Thus, we can apply PRISM:FWD.

« If a; = O, then we can use EXCHANGE to create a morphism from (Vp, V1,j @ ()
instead, which can be done using PRISM:FWD (or equivalently PRISM:BCK).

If j > i, then x is necessarily a jet cube morphism SymCIY’ (SymCle'(VO), Vi) = U, so we
can apply CONCURSOR.

« We have now covered all cases for the monad IPts. In the remaining cases, e; contains connection
(conjunction or disjunction) symbols. If i : (+;]), we apply iNv:FwD and push down the introduced
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negation, after which we do not resort to the induction hypothesis but proceed below.” We now
assume that i : (—).

— We first treat the case where a; = O. Let ¢ = (x,s ¢ t/i) where & € {V,A} and W =
(U,i: (—»4)). We claim that if ¢ is a jet cube morphism V' — W = (U,i: (—;)), then so are
(x, /1) and (,t/1), so that we can invoke CONN:sYM. Write

f=EP(p), g¢g=EP(x), p=FEP(x,s/i), q=EP(x,t/i).

Pick a non-reflexive jet & —; ©". We prove p(¥) —; p(U"); by symmetry of the situation we
do not have to prove the same for ¢. Let k be the variable of V' where ¥ and ¢’ differ. There
are four possible situations:

« If ¢ does not depend on k, then we are done.

« If x depends on k, then we have s(0) = s(0") =: 50 an

- If j # 4, then from (g(7), so ¢ to) = f(¥) —; f(f)") = (g( ),so <> to), it follows
that g(7) —; ¢(¢") in JEP(U ), whence p(70) = (9(7), so) —; (9(?"), s0) = p(?").

- If j = 4, then from (g(7), so O to) = f(U) —~i f(T) = (g(V"), so O to) it follows that
9(9) ~i g(v") in JEP(U), whence p(v) = (g(7), s0) ~i (9(7"), s0) = p(V).

+ If s depends on k, then we have g(¥) = ¢(v") =: go and t(¥) = t{(¢') =: to. Pick a
bit-assignment 7 of the dependencies of ¢ such that t(7) reduces to the neutral element
te of .1% Define 7 and & by overwriting ¢ and v with 7. Then ¢(%) = g(#') = go and
t(¥) = t(x’") = 1o, and s(Z) = s(7) and s(2’) = 5(¢"). We have ¥ <=, 7', whence

p(@) = (90,8() = (90,8(0) Gro) = (90,5(F) CUT)) = )
p(@) = (90,8(7) = (90,8(7) Gro) = (90,8(F) G t(F) = [f(&)

in JEP(W,1i: (—»4))). Now, since these vectors only differ at i, we can deduce equality if
J < i(j is stronger than ¢) and otherwise that p(¢) —~; p(?), which implies p(¥) —;
p(V") since j > i (j is weaker than or equal to ).

» If t depends on k, then x and s do not so p(¥) = p(¢") and we are done.

— Now assume that a; = . Let ¢ = (x,t { /i) where & € {V,A} and W = (U,i: (—)).
Corollary 1.4.3°25 immediately tells us that y is a jet cube morphism SymCI®V — U. By
lemma 1.4.3°23, we can assume that s is either (the negation of) the last variable of degree i in
V = (Vo,i: (P;)) with P € {—, <} or aboolean expression only depending on i-symmetric
variables.

Kﬁ
%j‘L 5

—~

« If s = i’ € {i, i}, then depending on ¢ we have one of the following commutative
diagrams, where each arrow is a jet cube morphism but labelled with its erasure:

OopV
(x:t/1)
(O/i)l
Vii: i = V,i: i W,i: i
(Vo (i) s (Vi (i) — g Wi (=)
%4
(/1)
(1/i)l
(Vi (i) e (Vi (i) — = (W (=)

Thus, we can invoke one of the rules CONN:PRISM:SRC-NEUTRAL, CONN:PRISM:TGT-NEUTRAL,
CONN:PRISM-INV:SRC-NEUTRAL, CONN:PRISM-INV:TGT-NEUTRAL.

9 Alternatively, we could duplicate and adapt the proof below to the case where i : (+;).
101f this were not possible, then ¢ would be a constant, which is in contradiction with the assumption that e; was normal.
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« If s depends only on i-symmetric variables, then the same holds for (x, s/i). Write

[=EP(p), g=EP(x), p=EP(x,s/i), q=EP(x,t/i).

We show that

- (x, 8/1) is a jet cube morphism SymCIPV — (W,i: (—)),

- (x,t/1) is a jet cube morphism V' — (Wi : (—;)),
so that we can invoke CONN:DEGREE-SYMMETRIC.
Pick a non-reflexive jet ¥ —; ¢’ in JEP(V'). We will prove p(¥) —; p(¢") and ¢(7) —;
q(v") and, if j = ¢, even p(?¥) <«»; p(0"), all the time in JEP(W,i : (—,)). Let k be the
variable where ¢ and ¢” differ. There are four possibilities:

- If ¢ does not depend on k, then we are done.
- If x depends on k, then s("’) = s(U') =: 59 and t(¥) = (V") =: 1.

- If j = i, then g(¥) <»; g(v") and hence p(v) = (¢(7), s0) <*i (9(V"), s0) = p(¥")
and ¢(v) = (9(v), tO) i (9(1"),t0) = q(V") as required.

- If j # i, then g(¥) —; g(¢) and hence p(¥) = (g ( 0),50) =5 (9(7), s0) = p(V)
and () = (9(3). to) — i (9(7"),t0) = q(V") as required.

- If s depends on k, then g(¢) = g(v") =: go and ¢(¥) = t(¥’) =: to, so q(¥) = q(7").
We pick 7 and define Z and Z’ in the same way as we did when a; = O and all
other circumstances were the same. Then we have 2 &; &’ in JEP(V'), whence
p(¥) = f(Z) =2; f(Z') = p(7"). Now, since these vectors only differ at i, we can
deduce equality if j < i (j is stronger than i) and otherwise that p(7) #; p(7').
But since s and x only depend on i-symmetric variables, it must be the case that
p(¥) «»; p(¥"), as required if i = j, and implying p(¥)) —; p(v") if j > 1.

- If t depends on k, then g(¥) = g(¢") =: go and s(¥) = s{¥") =: s, so p(¥) = p(T").
Pick an assignment o of the dependencies of s such that s(o) reduces to the neutral
element t¢, of {. Define ¥ and ¢’ by overwriting ¢ and ¥ with . Then g(y) =
9(7') = go and s(§) = s(§') = 1o and t{y) = t(V) and t(y’) = t(¢"). We have
¥ =2; ¥ but, since all dependencies of s are i-symmetric, they come to the left of all
i-directed variables, so if ¢ = j we actually still have § —; ¢'. Now we have

,l—}‘l

(@ = G tD) = (GowOt®) = (s@OHD) = F@)
(@) = @0 t@) = (oo OHTY) = (go.s@) OUT)) = @)

and q(¥) —; q(¢") if j = i. Thus, the case j = i has been handled. Since ¢(¥) and
q(?7") can only differ at i which has degree i, we can deduce equality if j < 4 (5 is
stronger than ¢) and otherwise that ¢(¢) =; ¢(¢’) which implies ¢(7) —; ¢(?") as
required. O

1.4.4 The Semisymmetric Separated Product

Definition 1.4.4°1. We define the separated product functor
Lok L JetSet (@) x JetSet(a) — JetSet(a)
by letting X * Y be the jet set with carrier UX x UY such that (z,y) —; (2/,y’) if either

ez —j2’andy =y,
crx=2a'andy —; y.

The action on morphisms is of course faithfully inherited from the cartesian product functor on Set, which
indeed produces jet set morphisms between separated products.
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Definition 1.4.4°2. Given masks @ and b of equal length, if @1 b =03, ie. if for every i we have a; = O
and/or b; = O, then we define the semisymmetric separated product (SSS-product) functor

L1 § L : JetCubeConvy} (fbe, @) x JetCubeConvy: <fbe, l;) — JetCubeConvy} (fbe7 au 5)

as follows:

« The variables of a pair of objects (V, W) are zipped on a per-degree basis:

- If a; = b; = O, then we list all variables of degree ¢ of V, followed by all variables of degree
1 of W, all of them typed as (—~;),

- Ifa; = ¥ and b; = O, then we list all variables of degree i of W, retyped as (<»;)), followed
by all variables of degree 7 of V' with their original types,

- If a; = O and b; = ¥, then we list all variables of degree i of V, retyped as (<)), followed by
all variables of degree ¢ of W with their original types.

Corollary 1.4.4°3. In Cubeﬁ, we have

(VW] |V]x*|W| ifo =0,
[VE§W|x=|V]x |W] ifx=mn.

-,

Corollary 1.4.4°4. In JetSet(d U b), we have
JEP(VEW) USydem_lg(V) * USymggaug(VV)7
where USym ;- : JetSet(Z) — JetSet(%) is the forgetful functor.

« Recalling definition 1.4.2°8, the action of morphisms is established as follows:

— At the level of Cu beA'i[, by relying on functoriality of the separated/cartesian product,

— At the level of JetSet(a@ U b), by relying on functoriality of the separated product,
— At the level of Set, both of these approaches reduce to functoriality of the cartesian product.

By corollary 1.4.3°2, the SSS-product extends to non-conventional jet cubes.

Definition 1.4.4°5. Given a fixed length ¢, which we assume clear from the context, and a degree 0 <
i < {, we define the punch mask ¢’ by 5 = O if i # j and §; = x".

Thus, | |, §" = ¥, and more generally @ = UZ(XZ na).

Theorem 1.4.4°6 (SSS-factorization). Let @ be a mask of length ¢. For any jet cube morphism ¢ : V. — W
in JetCubeConvY, (fbe, @), define jet cubes (V;)o<i<¢ and (W;)o<i<¢ of mask @16 by

« W, consists of all variables of W of degree 4, with their original typing,

« V; as the jet cube consisting of all variables j of V; such that there is a variable i € W; such that i{y)
depends on j. Variables of degree i are kept with their original typing, unless a variable of the same
degree to their right has been used at a lower (stronger) degree or is not used at all, in which case
they are retyped as (<>;). Variables of higher (weaker) degree j > ¢ are retyped as (—;)). Variables
of lower degree cannot occur.

Then there are jet cube morphisms ¢; : V; — W, and jet cube morphisms pg and p; that erase to cube
renamings“, such that ¢ factorizes as:

[T} ¢

v—2 ST mw, —=2 W,

1R

where H§ denotes a semisymmetric separated product.

"Morphisms in KI(M) that come from Set, i.e. are not effectful or do not use the constants and operators provided by M.
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Proof. It is immediately clear that H? W; = W by an isomorphism p; that erases to a renaming.'?
We then define pg as the cube morphism that discards all variables unused by ¢, and ¢; as the cube
morphism such that i{y; o pg) = i(yp) for every variable i in W;. It is then immediately clear that

p=p10 (Hi3 <pi) o po. What remains to be proven is that pg and (; are jet cube morphisms.

In the case of py, this is relatively trivial: we are promoting an initial segment of the variables of every
degree to equijet variables of the same degree, and then projecting away some of these.
In the case of ¢;, this follows essentially from lemma 1.4.3°21. O

1.4.5 Comparison to the Literature
1.4.5 (a) Point category

Proposition 1.4.5°1. The point category (terminal category) is isomorphic to JetCube]I\:} (w,[)-

Proof. 1t is clear that () is the only object. The only endomorphism of () in Cubeﬁ is the identity, and
| ] is faithful, so there is only one morphism. O
1.4.5 (b) Affine Symmetric Cubes

I am unsure whether the category of affine symmetric cubes Cubep,, appears anywhere.
Proposition 1.4.5°2. The category Cubejp,, isisomorphic to JetCubejp,, (w, [O]) and JetCubefd, (w, [O]).

Proof. The orientation kit w does not matter as all degrees are symmetric. The latter two categories are
isomorphic by theorem 1.4.2°15. It is clear that [i| : JetCubejp,, (w,[O]) — Cubejp,, is bijective on
objects. It is faithful, because U : JetSet([O]) — Set is faithful. It is full, because any morphism can be
derived in the calculus (fig. 1.1), as can be shown by induction on the length of the codomain. O

1.4.5(c) Affine Cubes

The category of affine cubes Cubep,, appears in a cubical model of HoTT [BCH14] and its unary analogue
in a cubical model of parametricity [BCM15].

Proposition 1.4.5°3. The category Cubeg,, is isomorphic to JetCubeg,, (w, [O]) and JetCubeg, (w, [O]).

Proof. Each time, the category for Pty is the wide!® subcategory of the corresponding one for IPt; on
morphisms that do not mention —, so the result follows from proposition 1.4.5°2. 0
1.4.5 (d) Cartesian Cubes

One might hope to retrieve other existing categories as follows:

« De Morgan cubes Cubeg,, [CCHM15] as JetCubeZ,(f, [O]),
+ Cartesian cubes Cubeg, as JetCubegy(f, [O]),

« Depth n cubes [ND18, Nuy18] as JetCubeE’t2 (f,[0O]™), where £™ denotes the n-fold repetition of
the list 7,

However, one cannot:

Proposition 1.4.5°4. The morphism (i/j,i/k) : (i : I) — (j : I,k : I) in Cube¥} is not the erasure of
any jet cube morphism.

Proof. Jet sets obtained from JEP do not have diagonals. O

12In fact py is the identity because we are working with conventional cubes.
13Containing all objects.
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1.4.5 (e) Affine Depth n Cubes

Definition 1.4.5°5. The category DCubeX! (n) has:

« As objects lists of the form W = (i; : (k1)),...,1im : (km)) where the i; are regarded as bound de
Bruijn indices and the k; are in {0,...,n — 1}. We define its erasure as |W | = (i; : L,...,i,, : ).

+ As morphisms ¢ : V. — W, morphisms ¢ : |V] — |W| such that for each i : (k) in W, the
expression i{) mentions only variables j : (¢) in V such that ¢ > k.

Clearly this category comes with a faithful functor [ 1] : DCubeX} (n) — Cubely.

The categories DCu beEt2 (n) appear in the model of Degrees of Relatedness [ND18, Nuy18].

Proposition 1.4.5°6. The category DCubejp,_ (1) is isomorphic to the category JetCubeth (f, [O]™) for
x € {@, 0}

Proof. By theorem 1.4.2°15, the value of X does not matter, so let us set X = 0. We construct a functor
F : JetCubep,, (f, [0]") — DCubepp,, (n) such that [ | o F' = [

o Fiy: (ks ooim (k) = (12 (Ka)y - o5 im : (RBm)),
« For the action on morphisms, we have nothing to choose, we can only verify that it exists. This is
done by induction on the derivation in the calculus (fig. 1.1).

It is clear that F' is bijective on objects, and faithful. Fullness is proven by proving by induction on
the length of the codomain that every morphism of depth n cubes can be derived in the calculus. 0

Proposition 1.4.5°7. The category DCubep,, (n) is isomorphic to the category JetCubeFI,jt2 (f,[O]™) for
€ {m,0}.

Proof. Each time, the category for Pty is the wide subcategory of the corresponding one for IPts on
morphisms that do not mention —, so the result follows from proposition 1.4.5%. O

1.4.5 (f) Comparison to Pinyo and Kraus’s Twisted Cube Category

In this section, we relate jet cubes to Pinyo and Kraus’s twisted cubes [PK20] when @ = []. JetSet([x]) is
the category of proof-irrelevant reflexive graphs. Pinyo and Kraus use arbitrary proof-irrelevant graphs,
but since T is reflexive and the twisted prism functor [PK20, def. 4] restricts to reflexive graphs, all twisted
cubes are reflexive graphs anyway.

Two twisted cube categories appear (up to isomorphism) in [PK20], and we show that we can recover
both.

Definition 1.4.5°8. [PK20, def. 25] The category TwCubeg,pn has as objects [x’]-jet-cubes (i.e. natural
numbers) and as morphisms V' — W all jet set morphisms (i.e. graph morphisms) JEP(V') — JEP(WW).

Proposition 1.4.5°9. TwCubeg,ph is isomorphic to JetCubef. (f, []).

Proof. Clearly, the objects correspond. The morphisms V' — W of JetCubeg, (f, [’]) are morphisms
f  JEP(V) — JEP(W) such that Uf : EP(|V]) — EP(|W]) lifts to a morphism of cubes, which it
always does by proposition 1.4.1°7. O

We thoroughly rephrase Pinyo and Kraus’s ternary twisted cube category:

Definition 1.4.5°10. [PK20, def. 34] The category TwCubey,; has as objects []-jet-cubes (i.e. natural
numbers) and as morphisms V' — W all jet set morphisms (i.e. graph morphisms) JEP(V) — JEP(W)
or, equivalently by the previous proposition, all jet cube morphisms V' — W in JetCubeg, (f,[¥]),
generated by the rules TERMINAL, [SRC:FWD immediately below INV:BCK], TGT:FWD and PRISM:FWD in
fig. 1.1.
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The shared reader may object that Pinyo and Kraus define the morphisms of TwCube,; by constructing
them inductively, rather than by selecting them inductively as we do above. However:

Corollary 1.4.5°11. Any morphism of TwCubey,; as defined here, has a unique derivation using the given
rules. O

Proposition 1.4.5°12. TwCubey; is isomorphic to JetCubepp,, (f, []).

Proof. Since the rules mentioned in definition 1.4.5°10 pertain to the calculus of JetCubejp, , (fbe, ["]) and
in fact always yield premises/conclusions about f-jet-cubes for conclusions/premises about f-jet-cubes,
and since JetCubejp,, (f, [x]) is a faithful subcategory of JetCubeg,(f, [']) by proposition 1.4.1°8, it is
clear that the identity-on-objects functor TwCubey; — JetCubepp,, (f, []) is faithful, i.e. we can think of
TwCubey as a wide subcategory of JetCubeyp,, (f, [x]).

To show fullness, we note the following facts about the calculus for JetCubejp,, (fbe, [x]):

1. No rule (read bottom-up) introduces equijets in the codomain.
2. In absence of equijets in the codomain, no rule changes the mask (except SYMMETRIZE applied to
the terminal codomain, but then apply TERMINAL instead).

« In particular, SYMMETRIZE is useless.

3. Equijet variables can only be used at strictly stronger (lower) degrees, or at the current degree i if
a; = O. Since we have only one directed degree, equijet variables cannot be used.

» Hence WKN can only be used to derive constant morphisms, which can instead be derived by
[srRC:FWD after INV:BCK] and TGT:FWD.
« Hence EXCHANGE is useless.

4. At mask [x], the rule CONCURSOR cannot be used as there is only one degree.

5. Since INV:FWD and INV:BCK are mutually inverse, they can together be freely inserted everywhere.
Hence, we can replace the rule src:Fwp with [SRC:FWD after INV:BCK].

6. INV:FWD and INV:BCK can be pushed up through any of the remaining rules except PRISM:FWD and
PRISM:BCK. Thus, we only involute right before using a variable. All other rules (still read bottom-
up) do not turn an f-codomain into an fbe-codomain, i.e. they do not introduce opposite jets. Thus,
we can assume the codomain is an f-jet-cube until we encounter —i.

7. This means that until we encounter —i, we only need the rules TERMINAL, [SRC:FWD after INV:BCK],
TGT:FWD and PRISM:FWD. These do not turn an f-codomain into an fbe-codomain. Thus, until we
encounter —i, we can assume the domain is an f-jet-cube.

8. If both domain and codomain are forward, we cannot encounter —i.

This means we can always rewrite a derivation tree in the calculus for JetCube[p, , (fbe, ["]) of a morphism
in JetCubejp,, (f, []) to use only the prescribed rules. O






Chapter 2

Modalities: Polarized Reshuffles

In this chapter, we pin down the Hom-posets of our mode theory. Section 2.1 defines the 2-poset PoResh of
polarized reshuffles, which we would like to use as our mode theory. The objects of this 2-poset will then
be the modes, and as promised in the previous chapter, these are exactly anpolarity masks. The intuitions
behind the definition of PoResh are explained at length in section 2.1.2. PoResh is a polarized version
of the category of reshuffles used to define the mode theory of Degrees of Relatedness [ND18, Nuy18]
(theorem 2.1.2°25).

In the following sections, we investigate how polarized reshuffles can act on jet sets (section 2.2), jet
topes and presheaves over these (section 2.4), and jet cubes and presheaves over these (section 2.5).

For both presheaf categories, we obtain a no-go theorem (theorems 2.4.3°1 and 2.5.3°1) that tells us
that we cannot use all of PoResh as our mode theory. For this reason, we decide to continue with just
PoResh®*°, the 2-poset of polarized reshuffles that have both a left and a right adjoint.

2.1 The 2-poset of Polarized Reshuffles

2.1.1 Prerequisites

Definition 2.1.1°1. A 2-category, category-enriched category or (2, 2)-category C consists of:

« A set of objects Obj(C),

« For each z,y € Obj(C), a category of morphisms Hom(z, y),

« For each € Obj(C), an identity morphism id, € Obj(Hom(z, x)),

« For each z,y, 2z € Obj(C), a functor o : Hom(y, z) x Hom(z,y) — Hom(x, z),

such that o is associative and unital with respect to id.
We write C°P for the category with the same objects and such that Homees (2, y) = Home (y, x).
We write C for the category with the same objects and such that Homee (2, y) = Home (2, y)°P.
We write C<°P = (C°)°P.

Definition 2.1.1°2. A 2-poset, poset-enriched category or Hom-wise gaunt/skeletal (1, 2)-category
C consists of:

« A set of objects Obj(C),
« For each z, y € Obj(C), a poset of morphisms Hom(z, y),

« For each € Obj(C), an identity morphism id, € Hom(z, z),

« Foreachz,y, 2 € Obj(C), a monotonically increasing map o : Hom(y, z) xHom(z,y) — Hom(z, z),

such that o is associative and unital with respect to id.

37
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2.1.2 Definitions and Properties

In this section, we will construct a diagram of 2-posets and poset-valued profunctors between them.
Viewing poset-valued presheaves P : C°? — Poset as profunctors to the terminal 2-poset T, the diagram
we will construct is the following:

Pol

// \”\f

PoResh | T.
OriDeg;

The 2-poset PoResh will serve as the mode theory of Naturality Pretype Theory. Its objects, the modes,
will be anpolarity masks. Its morphisms, the modalities, are called polarized reshuffles and will answer
the question: for a y-modal function f, in order to get a j-jet f(x) —; f(y), what do I need between x
and y? The answer P; consists of two parts: the degree i at which we need a jet between = and y, and the
orientation P of that jet. A polarized reshuffle y € Homporesh (@, 5) is merely that: a consistent answer to
the above question for all degrees j in the codomain mask b. However, if we can answer that question, we
can more generally answer: in order to get f(z) @, f(y), what do I need between « and y? The Q; will
be called an oriented degree for the mask 5, ie. Q; € OriDeg;(g), and we can combine it with p to get
the answer P; to our question, which is an oriented degree for the domain mask a, i.e. P; € OriDeg;rq(Ei).

The operation that answers this question, is the functorial action of the presheaf OriDeg;.

In order to be able to define PoResh in a somewhat concise way, we start by considering what would
happen if there were always only a single degree. This leads to the 2-poset Pol whose objects are anpo-
larities and whose morphisms are polarities, which answer the question: in order to get f(z) — f(y),
what do I need between x and y? There will be 4 polarities ®, &, & and ® which will ask for an equijet,
forward jet, backward jet and an infrajet respectively. Once we know the answer to that question, we
can answer the more general question: for a p-polar function f, in order to get f(z) @ f(y), what do I
need between x and y? In other words, there will be an operation combining a polarity p with an orien-
tation @, producing another orientation P. This is the functorial action of the presheaf of orientations
Ori. Finally, a polarized degree p; can be regarded as a modality for a function f : A — B from a
domain A with multiple degrees, to a codomain B with only a single degree. It answers the question:
for a p;-modal function f, in order to get f(z) — f(y), what do I need between = and y? The answer
consists of a degree ¢ at which a jet is needed in A, and a polarity telling us which way the jet should
point. This multi-single-degree function f can be composed at the domain side with multi-multi-degree
functions, and at the codomain side with single-single-degree functions, which explains why PoIDeg;
is a profunctor. Finally, we can generalize the above question: for a p;-modal function f, in order to get
f(@) @Q f(y), what do I need between = and y? Thus, we get an operation that takes an orientation
() and a polarized degree p; and answers with a polarized degree P;; this is the filler of the triangular
diagram. Naturality and extranaturality of this operation simply express that it is consistent with how
multi-single-degree functions compose on either side.

For functions with multiple degrees in the codomain, we know that f(z) —; f(y) willimply f(z) <>;11
f(y). Hence, for a modality i to be consistent, we will require that —; o 4 < <>, 41 o p. Since the only
informational content of (1 is parametrized by a degree i, we will require that i - 4 < (i + 1) - 1. This is the
motivation of the somewhat peculiar relation < introduced below, which is always transitive, reflexive
on symmetric objects and antireflexive on non-symmetric objects.

2.1.2 (a) Polarities and Orientations

Definition 2.1.2°1. The 2-poset of polarities Pol has

« as objects, anpolarities, i.e. O and ¥,
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« as morphisms, polarities:

Hom(x, ¥) = {®,®,0, ®},
Hom(x, 0) = {®, ®},
Hom(O,x)={@=@=8=® = 0},
Hom(0,0)={® =@ =0=& =: 0O}.

In other words, all Hom-sets are a quotient of a subset of Hom(x, ). If the domain is O, we identify
all polarities as ®. If the domain is x* but the codomain is O, we remove & and ©.

The order is always generated by the fact that ® is minimal and ® is maximal. The identities are
idy, = @ and idy = © and composition is defined in fig. 2.1 and is monotonically increasing in
both arguments.

We call these polarities: ® mixed-polar, @ positive, © negative, ® isopolar and ® non-polar.

Definition 2.1.2°2. The poset-valued presheaf of orientations Ori : Pol°® — Poset has, as its action
on objects:
Ori(a) = {«+>, =, —, 7=},

where we identify all elements with —~ if @ = O. The order is generated by the fact that <+ is minimal and
#* is maximal. The action on morphisms Ori(p) is denoted as L1ep and given in fig. 2.1; it is monotonically
increasing in both arguments.!

lo=|® & 6 ® leo|®@ @& © @
® |® ® ® ® w [ e e
& |® & © ® - | e
o |® 6 & ® — | - o
® |® ® ® ® 2 | 2 2R

Figure 2.1: Composition of polarities and their action on orientations.

Proposition 2.1.2°3. The operations in fig. 2.1 are well-defined.

Proof. We prove this for composition in Pol; the proof for Ori is analogous. Consider a composition
avd e Special situations may occur if either a, b or ¢ equals O.

« If a = O, then p = ® we need to make sense of ¢ o ®, which also equals ©.

« Ifb =0, thengq = ® and p € {®,®} and we need to make sense of ® o p, which according to
fig. 2.1 equals p.

« Ifc =0, then ¢ € {®, ®} and the same needs to hold for ¢ o p, which is indeed the case. O

Proposition 2.1.2°4. Composition of polarities is unital and associative. In fact, composition of a se-
quence of n > 0 polarities can be characterized as follows:

« If any of the operands is either ® or ®, then the result is ® or ®, whichever occurs most to the

right.
« Ifall of the operands are either & or ©, then the result is © if © occurs as an operand an odd number
of times, and @ otherwise. O

Proposition 2.1.2°5. The presheaf of orientations Ori is isomorphic to the Yoneda-embedding y(x") =
Hom(Ly, x") of X" in two ways: by identifying & with either — or <.
In particular, it satisfies the presheaf laws: it respects identity and composition of polarities. O

1So the domain of Ori : Pol°P — Poset has reversed 1-cells but not reversed 2-cells / inequalities.



40 CHAPTER 2. MODALITIES: POLARIZED RESHUFFLES

Proposition 2.1.2°6. Each constituent poset Hom(a, b) of Pol and each constituent poset Ori(a) of Ori
is a lattice. Composition of polarities and their action on orientations both preserve meets and joins in
the left argument. 0

Note that the fact that Ly o L1 and L @ Li preserve meets and joins in their left argument, is easy to
explain from the intuitions in section 2.1.2. Indeed, (P V Q) e p answers the question: for a p-polar single-
single degree function f, in order to have either f(x) P f(y) or f(z) @ f(y), what do I need between x
and y? The answer is: either the weakest precondition Pep of f(x) P f(y), or the weakest precondition
Qepof f(x)Q f(y),ie youneed (P ep)V (Q ep). The argument for meets and for L o L is similar.

Definition 2.1.2°7. We call a polarity p : a — b symmetric if — e p = — e p, which is the case if a = O
orb=0orp€ {®, R}
For p,q : a — b, we write p < ¢ if one of the following, equivalent conditions is satisfied:

.—vep< —vegand vep < <+ egq,
.—v>ep< —vegand+—ep < —egq,
. —sep< weg,

. ep< aregq,

1

2

3

4. ep< —eg,

5

6. p < g and at least either of them is symmetric.

Proof of equivalence. 1 < 2 This is easy to check manually.

1 < 3 By the universal property of the meet, and the fact that L @ g preserves meets.

2 & 4 By the universal property of the join, and the fact that L @ p preserves joins.

1 A2 < 5 By similar reasoning as the two previous points.

1 = 6 Condition 1 implies p < g because — o L is an isomorphism of posets. If p < ¢ but neither is
symmetric, then p = g € {® # S}, contradicting 1.

6 = 1V 2 We can immediately prove either 1 or 2 depending on whether p or ¢ is symmetric. O

Definition 2.1.2°8. We call an orientation P € Ori(a) symmetricif a = O or P € {«, 22}
For P, € Ori(a), we write P < @Q if P < () and at least either of them is symmetric.

2.1.2 (b) Polarized Degrees

Definition 2.1.2°9. Given an anpolarity mask @, we define the following posets of degrees:

We generalize the notation a; to generalized degrees i by setting a.q = a1 = O.

Definition 2.1.2°10. Given an anpolarity mask @ and an anpolarity b, we define the following posets of
polarized degrees:

« PolDeg(d,b) = X(i € Deg(a@)).Hompoi(a;, b) with dictionary order,
- PolDeg,,(d@,b) and PolDeg,, (@, b) similarly.

We denote a dependent pair (¢, p) of a degree i and a polarity p as p; and write deg(p;) = i and pol(p;) = p.
We write p; < ¢; if EITHER ¢ < jOR4 = jandp < q.
We make PolDeg(d,b) a covariant 2-functor of b € Obj(Pol) by defining ¢ o (p;) = (g o p),;, and
similar for PolDeg, (@,b) and PolDeg/, (d@, b).

Corollary 2.1.2°11. The functor PolDeg(d, L) (as well as PolDeg,, (@, L) and PoIDeg;(E[, L)) respects
identity and composition of polarities.

Proof. This is immediately inherited from associativity and unitality of Pol. O
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Corollary 2.1.2°12. The functorial action go (p;) of polarities on polarized degrees, preserves meets and
joins in its left argument. O

Proposition 2.1.2°13. Each poset PolDeg(d, b), PolDeg,,, (@, b) and PoIDeg;(é, b) is a lattice.

Proof. To take the meet/join of polarized degrees with different degrees, simply take the operand with
the lowest/highest degree. To take the meet/join of polarized degrees with the same degree, take the
meet/join of the polarities. O

2.1.2 (c) Polarized Reshuffles

Definition 2.1.2°14. We define the 2-poset PoResh of polarized reshuffles as follows:

+ Objects are anpolarity masks.
« Morphisms p : @ — b are functions

-,

Li- e (j : Degeg (b)) — PoIDeg;([i, b;)

such thatif j < j/,thenj - pu < 7 - .

— We extend the domain of Ly - it to Deg;rq(l;) by setting T - p = O.
This maintains the property that ¢ < j implies i - 4 < j - p.
- Given an anpolarity ¢, we lift L - i to a function

Lo (gj: PoIDegeTq(l_)»7 c)) — PoIDeg;(é’, ¢):qj—qo(j-p). (2.1)

This has the property that if ¢; < q'j,, then ¢; o p < q’j, o .
— The identity id : @ — @ is given by ¢ - id := &;.
— Composition v o p is given by i - (v o pu) := (i -v) o p.

« Inequality of morphisms is considered pointwise, i.e. ;1 < v if for all j, we have j - u < j - v.

We will also denote modalities y¢ : @ — bas pu = (eq- |0+ pu,...,(len(@) — 1) ), e.g. idpe,0,0 =
(Oeq | B0, O1, D2).

Corollary 2.1.2°15. We have ©jop =7 - pu. 0

Proposition 2.1.2°16. PoIDegeTq is a profunctor from PoResh to Pol, i.e. a 2-functor PoIDeg;l : PoReshP x
Pol — Poset.

We do not have the same result for PolDeg, and do not bother for PolDeg,,.

Proof. We already knew that it was covariant in its second argument. Contravariance in the first argument
is given by the action L1 o ;4 on polarized degrees. To see that it respects the identity:

pioid=po(i-id) =po (®;) = (po ®); = ps.

To see that functoriality on both sides commutes:

(rogj)op=(rogq);op (definition 2.1.2°10)
=(rog)o(j-p) (eq. (2.1))
=ro(qo(j-w) (PoIDeg,;l;l respects comp. of polarities)
=ro(gjon) (eq. (2.1)).

For composition:
reo(wou) =ro (k- (vou) (eq. 2.1)
=ro((k-v)ou) (def. of comp. in PoResh)
=(ro(k-v))ou (functoriality of PolDeg;rq on both sides commutes)
—(rvov)on (eq. (2.1). 0
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Proposition 2.1.2°17. Composition in PoResh is unital and associative.
Proof. For the right unit law, we have:

i-(poid) = (i-p)oid (def. of comp. in PoResh)
=i-p (PoIDeg;1 respects the identity).

For associativity, we have:

i-(po(wou))=(i-p)o(rop) (def. of comp. in PoResh)
=((i-p)ov)opu (PoIDeg; respects composition)
=(-(pov))op (def. of comp. in PoResh)
=1 -((pov)opu) (def. of comp. in PoResh).

For the left unit law, we have

i-(idop)=(i-id)op (def. of comp. in PoResh)
=®@iopu (def. of id in PoResh)
=i-u (corollary 2.1.2°15). [

Proposition 2.1.2°18. 1. Each Hom-set of PoResh is a lattice.
2. The action g; o u of polarized degrees on polarized reshuffles, preserves meets and joins in its left
argument.
3. Composition of polarized reshuffles, preserves meets and joins in its left argument.

Proof. 1. We can take meets/joins pointwise.

2. For polarized degrees with different degrees, meets/joins amount to minima/maxima, which are
preserved by any poset morphism. For polarized degrees with the same degree, this follows, via
eq. (2.1), from 2.1.2°12.

3. Follows immediately from the previous two points and the definition of composition of polarized

reshuflles. O

2.1.2(d) Oriented Degrees

Definition 2.1.2°19. Given an anpolarity mask @, we define the following posets of oriented degrees:

« OriDeg(@) = X(i € Deg(a)).Ori(a;) with dictionary order,
- OriDeg,, (@) and OriDeg,, (&) similarly.

We denote a dependent pair (i, P) of a degree ¢ and an orientation P as P; and write deg(P;) = ¢ and
ori(P;) = P.

We write P; < Q; if EITHER ¢ < j OR i =jand P < Q.

We define a transformation, extranatural in b (proposition 2.1.2°20):

Lse s Ori(b) x PolDeg,, (d@,b) — OriDeg (@) : Q ® (p;) = (Q ® p),, (2.2)

and similar operations for PolDeg,, and PolDeg.
Using this, we make OriDeg; (but not OriDeg and OriDeg,,,) a presheaf by defining an operation

-, -,

LieL: OriDeg;rq( ) x Hompopesh (@, b) — OriDeg;(d) cQjep=Qe(j-p), (2.3)

which preserves identity and composition (proposition 2.1.2°22). We can now observe that the action in
eq. (2.2) is natural in @ (proposition 2.1.2°21).

Proposition 2.1.2°20. The action in eq. (2.2) is extranatural in b.
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Proof. This is immediately inherited from functoriality of Ori:

(Regq)e(p)=((Req)ep), (eq. (2.2))
= (Re(gop)), (Ori respects comp. of polarities)
= Re((q0p);) (eq. (2.2))
=Re(qo(p;)) (definition 2.1.2°10).

Proposition 2.1.2°21. The action in eq. (2.2) is natural in @.

Proof.
(Regj)epu=(Req),epu (eq. (2.2))
= (Req)e(j-p) (eq. (2.3))
=Re(qo(j-u) (proposition 2.1.2°20)
=Re(gjopn) (eq. (2.1)). O

Proposition 2.1.2°22. The functorial action of OriDeg;rq respects identity and composition of polarized
reshuffles.

Proof. For the identity, we have

Pieid=Pe(i-id) (eq. (2.3))
= Pe(d;) (def. of id in PoResh)
=(Ped), (eq. (2.2))
=Pk (Ori respects identity polarity).

For composition, we have

Ry (vou) =Re(k-(vou)
— Re((k-v)op)
— (Re(k-v)on
— (Riev)eu

(eq. (2.3))
(def. of comp. in PoResh)
(proposition 2.1.2°21)

(eq. (2.3)). O

Proposition 2.1.2°23. 1. Each poset OriDeg(d), OriDeg,, (@) and OriDeg;(&’) is a lattice.
2. The action in eq. (2.2) preserves meets and joins in its left argument.
3. The action in eq. (2.3) preserves meets and joins in its left argument.

Proof. 1. To take the meet/join of oriented degrees with different degrees, simply take the operand

with the lowest/highest degree. To take the meet/join of oriented degrees with the same degree,

take the meet/join of the orientations.

2. Trivial from proposition 2.1.2°6.

3. For oriented degrees with different degrees, meets/joins amount to minima/maxima, which are
preserved by any poset morphism. For oriented degrees with the same degree, this follows, via

eq. (2.3), from the previous point. O

2.1.2 (¢) Discussion and Related Work

When Everything is Symmetric If we forget about the existence of the anpolarity x, then Pol be-
comes a 2-poset with only a single object O and a single morphism © € Hompo (O, O). The presheaf Ori
is then just a poset Ori(O) containing only a single orientation —~. An anpolarity mask & is always of the
form [O]™, i.e. it is just a natural number. Furthermore, we have

PolDeg/, ([0]", O) = OriDeg,,([0]") = Deg,,,([O]™).
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Finally, a polarized reshuffle i € Hompogresh ([O]™, [O]™) is essentially just a function
Lo 1 Degeq ([O]") — Deggy ([O™).

Thus, we have retrieved exactly the 2-poset of (ordinary) reshuffles from Degrees of Relatedness [ND18,
Nuy18]:

Definition 2.1.2°24 ([Nuy18, def. 6.2.7]). The 2-poset of reshuffles Resh has:

« as objects, depths, which are integers d > —1,
« as morphisms p € Hompesh (d, €), functions

L-p:{eq<0<...<el > {eq<0<...<d<TY,
« pointwise inequalities.

Theorem 2.1.2°25. There is an embedding I : Resh — PoResh of the 2-poset of reshuffles Resh from
[Nuy18, def. 6.2.7] into PoResh which

. sends the depth d > —1 to the anpolarity mask I(d) = [0]¢*1,
« sends the reshuffle 1 € Hompgesh (d, €) to the polarized reshuffle I (1) € Hompgresh ([0]9T1, [O]¢ 1))
such that - I(p) = ©@;.p.

The action of the 2-functor I on every Hom-poset is an isomorphism of posets. O

When Everything is Directed If we forget about the existence of the anpolarity O, then Pol becomes a
2-poset with a single object 7, i.e. fully determined by the ordered monoid Homp (", ¥') = {®, ®, O, ®}.

This ordered monoid has a semantics in endofunctors on Cat, sending @ to the identity functor, © to
taking the opposite, ® to taking the localization (which makes all morphisms invertible) and ® to taking
the core (which discards all non-invertible morphisms).

Almost the same ordered monoid is used by Abel [Abe08] (who writes T for ® and o for ®), in my
master thesis [Nuy20a] (where I write = for ®) and in our earlier work on polarities for Agda [PEC™"23]
(ignoring the strictly positive modality; there we write * or mixed for ® and unused for ®). However,
there is a subtle difference in that all of the cited work has ® o ® = ®, whereas we have ® o ® = ®.
The variation with ® o ® = ® has a semantics in endofunctors on Cat where we model ® not as taking
the localization, but as squashing to a (sub)singleton. Alternatively, it has a semantics on the category of
pro-arrow equipments [nLaa, Wo082, Woo85] where @ is still the identity, © and ® take the opposite and
core (resp.) of the arrow dimension, and ® replaces the arrow dimension with the core of the pro-arrow
dimension.

For us, pro-arrows will live at a different degree than arrows, and a modality that replaces the arrow
relation with the core of the pro-arrow relation, will make crucial use of the reshuffling aspect of polarized
reshuffles. Similarly, a squashing operation can be represented by a modality x4 such that eq - 4 = ©.
Our polarities, on the contrary, are concerned with only a single degree, and as such we stick to the
interpretation of ® as promoting infrajets to jets (hence equijets, by symmetry of infrajets), much like
the localization does. This leads to the equality ® o ® = ®.

The presheaf of orientations Ori is just a single poset Ori(x") = {<», —, «—, 3} on which the ordered
monoid of polarities has a right action.

An anpolarity mask @ is always of the form [x’|", i.e. it is just a natural number. A polarized/oriented
degree p; € PoIDegz—q([f]”7 x) or P; € OriDeg;([%]”) is now just a (non-dependent) pair of a degree
and a polarity/orientation.

For purposes of illustration, we list all polarized reshuffles in Hompogesh ([], []):

<®eq|®eq>

(Oeq | ®0)  (®0|®0)

(Oeq | ®0)  (®0| Do)

(®eq|©0)  (®0|©0)

(Geq | ®0)  (®0]®0) (@0 | @)

(Oeq|OT) (®o|OT) (®0]|OT) (OT]OT),
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2.1.3 Adjunctions of Polarized Reshuffles

Notation 2.1.3°1. Sometimes, we need to consider only reshuffles that have at least a certain number
of left/right adjoints. The 2-posets that contain only those reshuffles (with the same order relation) will
be denoted as PoResh®?*°, where the number of white bullets on the left/right is the minimal number of
left/right adjoints.

2.1.3 (a) Characterization

Theorem 2.1.3°2. 1. A pair of polarized reshuffles A € Hom(d,b) and p € Hom(b,a) is adjoint
(A = p) if and only if the following equivalent conditions are satisfied:

VP € OriDngq(cT)7 Qj € OriDeg;(g).Pi <QjeA& Pep<Q), (2.4)
Vee A, p; € PoIDeg;(c‘é, ¢),q; € PoIDegeTq(a ¢).pi <gjolepiop<gj. (2.5)

2. By consequence:

« A reshuffle p has a left adjoint A if and only if

eq - p = BOeq,and (2.6)
for all i € Deg,, (@) withi-p = ®;, we have b; = O (s0i - p = ©;). (2.7)

In this case,

-,

- forany Q; € OriDeg;( ), we find Q ;e\ as the greatest oriented degree P; € OriDegeTq(Ei)
such that P; e p < Q;;
- foranyg; € PoIDeg;(l;, c), we find g;o\ as the greatest polarized degree p; € Pol Deg;((i, c)
such that p; o p < ¢;.°
« A reshuffle A has a right adjoint p if and only if

forall j € Degeq(g),we have j - A < ©,and (2.8)
forall j € Degeq(l_;) with j - A = ®;, we have a; = O (s0 j - A = ©;). (2.9)

In this case,

-

— forany P; € OriDeg;(&), we find P; e p as the least oriented degree Q); € OriDeg;( )
such that P; < Q; e A

- foranyp; € PolDeg;(c_i7 ¢), we find p;op as the least polarized degree ¢; € PoIDeg;(b, c)
such that p; < gj o A

Proof. First of all, throughout the statement of the theorem, the formulation in terms of oriented degrees
is equivalent to the formulation in terms of polarized degrees with ‘codomain’ x* because we have isomor-
phisms of poset-valued presheaves Hompg (L, ¥") = Ori and PoIDeg;rq(l_:, ) & OriDeg;. In both cases
the isomorphism is given by the action — e L. Furthermore, the corresponding presheaves of polarities
and polarized degrees with codomain O are pointwise full subposets of those with codomain x, so asking
that the same conditions apply there, adds nothing to the statement as a whole.

1. First, assume that we have reshuffles A € Hom(@,b) and p € Hom(b, ) satisfying egs. (2.4)
and (2.5). We show that A 4 p, i.e. thatidz < po Aand Ao p <id;.
To see the former, we need to show that for all i € Deg,,, (@), we have ©; < (i - p) o \:

@ <(i-p)oX & @ <Diopol (corollary 2.1.2°15)
& Giop<®iop (eq. (2.5))
< ftrue.

“Recall from corollary 2.1.2°15 that j - A = @; o A.
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-

To see the latter, we need to show that for all j € Deg,, (), we have (j - \) o p < @;:

(J-Nop<®;, & @jorop< B (corollary 2.1.2°15)
& @joA< Do (eq. (2.5))
< true.

Conversely, assume that A - p. Then we have

Pi<QjeN = Pep<(QjeN)ep=0Q;e(Nop)<Qy,
Piep<Q; = P <Pe(po))=(Pep)er<Qje),

so all adjoint pairs satisfy eq. (2.4) and, equivalently, eq. (2.5).

2. Next, we move to the criteria to determine existence of a left/right adjoint and the algorithms for
constructing them. The algorithms are just rephrasings of eqs. (2.4) and (2.5), so assuming that a
left/right adjoint exists, they are clearly correct.

Existence of left adjoint. Assume given a reshuffle p € Hom(g, d). We would like to define in a
first step a function (parametrized by ¢ € A)

Le: PoIDeg;rq(l;, c) = PO|Deg;(J, ) gy — max{pi € F’oIDeg;rq((f7 c)

piOPSQj}-

A left adjoint A  p exists if and only if this function is definable and is the action of some po-
larized reshuffle on polarized degrees. However, /. is only defined if the set of which we take the
maximum?, is non-empty*. As such, existence of a left adjoint requires that

Vg; € PoIDeg;—q(l;, ¢).3p; € PoIDeg;rq(d’, c¢).piop < gj.

Without loss of generality, we can instantiate both p; and g; with the minimal element ©cq, so
existence of a left adjoint requires that eq - p = ©eq 0 p = Oeq (€q. (2.6)).
We now assume that this is the case, so that /. is defined. It is then, by construction, right adjoint
to Ls o p. We define a polarized reshuffle A € Hom(a, b) by j - A = by, (®;) € PoIDeg;(d', b;). We
have to show that ¢ is the action of A if and only if eq. (2.7) holds.
« To prove ‘only if’, assume that eq. (2.7) does not hold (which is decidable). Then there exists
some i € Deg,, (@) suchthati-p=®; € PoIDeg;(l_;, a;) with b; = ¥
This implies that ®; o p = ®; € PoIDegg—q(l_;7 ') and hence, by the adjunction 10 p - ¢, that
®; < ég(@j).
On the other hand, we have that ®; 0 p = ®; £ @©; € PoIDeg(;(l;, ") and hence, by the
adjunction Lyo p 4 ¢, that ®; £ L(®;) =j- A € PoIDeg;(d', 7). This is only possible if
deg(j - \) < i. But this degree is preserved by the action of ®.
We tie our findings together:

deg(®; 0 \) = deg(j - \) < i = deg(®;) < deg({x(®;))

so that ¢ cannot be the action of \.

« To prove ‘if’, assume that eq. (2.7) holds. We prove that /. is the action of . It is sufficient to
prove this for ¢ = 7, since there is just one composition table for polarities (fig. 2.1) and no
additional equalities are introduced if the codomain c becomes O. It is clear from the definition
of £ that /(®1) = ©T, and for all other degrees we have ¢(®;) = @®; o A by definition of A
and corollary 2.1.2°15.

Sj0A=60(j-X) = S0 l(a)
(Definition of \)

3Which differs from the join in that it needs to be one of the operands.
4In which case there is indeed a maximum, since the set is closed under joins, since L ® p respects joins (proposition 2.1.2°18).
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=650 max{pi € PolDeg. (, b;) ‘pi op< eaj}
(Definition of ¢)

= maxq o op;

p; € PolDegl, (@, b;) with p; 0 p < @7}
(©owu: PoIDegeq(Zi7 bj) = PoIDegeq(FL, ') preserves <.)

‘OpS@j}

(By taking p; := © o p;)
piop< 9j}
(Involution <— - L preserves and reflects <.)
= {(e;),
®joA= (B0 A)A(6;0A)
(By proposition 2.1.2°18)
= La(®5) N e(S;)
(By previous results)
=Lo(Dj N Sj) = La(®y)
(Right adjoints preserve meets),
@jo0XN=(®;joA)V(6;0A)
(By proposition 2.1.2°18)
= Lo(®)) V Le(S;)

(By previous results)

{
= max{p' € PoIDeg;(&’, )
mx{r

p; € PoIDeg;(c’i, )

= max{pi € PoIDeg;(d’, )

(Definition of £)

= \/{pi € PolDeg, (@) | pi o p < &} v \/{p: € PolDeg/, @)

(The maxima exist, so they are equal to the joins (suprema).)

PiOP§®j}

I
<< <

pi € PoIDeg;rq(&', ) |piop < @j} U {pi € PoIDeg;(d, )

(Associativity.)

{ € PolDeg/, (@,%) |pio p < ®; orpiop < ©; )

pi € PolDeg/(d@, ) | pi o p < ®j}
(Using eq. (2.7).)

= Lo(®;).

(Definition and existence of £.)

-,

piop< @j} Vv max{pi € PoIDegeTq(d’, )

47

piopﬁ@j}

Pz‘opﬁ@j}

Existence of right adjoint. Assume given a reshuffle A € Hom(d, b). We would like to define in

a first step a function (parametrized by ¢ € A)

Te: PoIDeg(;l;l(Ei7 c) — PoIDeg;(l;, ¢):ip;i — min{qj € PoIDegg—q(l;, ¢)

piSQjOA}-

A right adjoint A - p exists if and only if this function is definable and is the action of some polarized
reshuffle. However, 7. is only defined if the set of which we take the minimum, is non-empty. As

such, existence of a right adjoint requires that

Vp; € PoIDeg;(EL’, ¢).3q; € PoIDegeTq(l_;, c).pi <qj- A
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Without loss of generality, we can instantiate both p; and ¢; with the maximal element O, in
which case the resulting requirement ©®1 < ® - A is true by definition of the action of a polarized
reshuffle.
We conclude that r is always defined. It is then, by construction, left adjoint to s o . We define a
polarized reshuffle p € Hom(b, @) by i - p = 74, (d;) € PoIDeg;(g, a;). We have to show that r is
the action of p if and only if eqgs. (2.8) and (2.9) hold.
« Assume that eq. (2.8) does not hold (which is decidable). Then there exists some j € Degcq(g)
suchthat ;oA =j- A= 0O1 € PoIDegeTq((i’, b;). Then by the adjunction r 4 Ly o A, we get
7, (O7) <@ #£OT =0OTO0pE PoIDeg;(g, b;), implying that  cannot be the action of p.
« Assume that eq. (2.9) does not hold (which is decidable). Then there exists some j € Degcq(l_;)
such that j - A = ®; € PolDeg, (@, b;) with a; = x.
This implies that ®; 0 A = ®; € PolDeg;(Zi, »") and hence, by the adjunction r 4 Lo ), that
ra(®;) < ®; € PoIDeg;rq(g, ).
This also implies that ®; 0 A = ®; # &, € PoIDeg;rq(c_i, ") and hence, by the adjunction

rauo)thati-p=r.(®;) £ ®; € PolDeg;(l;, »’). This is only possible if deg(i - p) > j.
But this degree is preserved by the action of ®.
We tie our findings together:

deg(®; 0 p) = deg(i- p) > j = deg(®;) > deg(r+(®:))

so that  cannot be the action of p.

« To prove ‘if’, assume that egs. (2.8) and (2.9) hold. We prove that r. is the action of p. Again, itis
sufficient to prove this for ¢ = ¥". From eq. (2.8) and the definition of r, it follows that r(®T) =
©. For all other degrees we have r(®;) = @; o p by definition of p and corollary 2.1.2°15.
Furthermore, entirely dually (w.r.t. <) to our earlier calculations, we have

©i0p=r10()
(Analogous to dual situation.)
®iop=(Diop)V(Siop)
(By proposition 2.1.2°18)
= 12(®:) Vra(Si)
(By previous results)
=72(B; VE;) = 1a(®;)
(Left adjoints preserve joins),
®;op=(®iop)A(Siop)
(By proposition 2.1.2°18)
(@) A1e(©:)
(

By previous results)

{qj € PolDeg, (b, ) ‘@Z < g o)\} /\mm{qj € PolDeg/ (b, ) ‘@L <o A}

{ q; € PoIDegeq(b7 )| @i < gjo )\} A /\{qj € PoIDegeq b,f ‘Gi <gjo )\}
(The minima exist, so they are equal to the meets (infima).)

{Qj € P0|Deg;rq(5, )| @i < gjo )\} U {qj € PoIDegg—q(g,f) ‘ 6, <gjo /\}
(Associativity.)

{

{s

qj € PoIDeg;(g, )| @B <gjodore; < Qj}

q; € PoIDeg;(l;, ) | ®; < Qj}
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(Using eq. (2.9).)

(Definition and existence of 7.)
Definition 2.1.3°3. Let @ be an anpolarity mask and ¢ € DegeTq(Ei).

1. Ifi < T, write 1(i) := min{i’ € Deg. (@)

i > i}; we call this the successor of i.

2. If i > eq, write (i) := max{i’ € DegeTq(d)

i < z} we call this the predecessor of i.

Theorem 2.1.3°4. Let 7 € Hom(@, b) be a polarized reshuffle with left adjoint p € Hom(b, @). Then p
has a further left adjoint A - p 4 7 if and only if

deg(1(eq) - 7) > eq, and (2.10)

Vj € Deg,,(b),i € Deg,,(a),if j - 7 < ®; and deg(1(j) - 7) > i then b; = O. (2.11)

In words, eq. (2.11) says that:

« The last mention of a symmetric degree i € Deg,, (@) by 7 is at a symmetric degree j € Degeq(g);
« The last mention of a directed degree i € Deg,,(a@) (hence i # eq) is either:

-,

— of the form ®; at a symmetric degree j € Deg,,(b);

-,

— or of the form @; or ©; at an arbitrary degree j € Deg,(b);
— it already could not be of the form ®; as per eq. (2.7);
« If a degree i € Deg, (@) is never mentioned, then the last mention of a degree less than i is at a

-,

symmetric degree j € Deg, (D).

Proof. We show that eq. (2.10) < eq. (2.6) and eq. (2.11) < eq. (2.7).
Starting from eq. (2.6), we have

eq - p = Oeq
< g P < Ot(eq)
& eqp < Dp(eq) (Case distinction on by(cq); p satisfies eq. (2.9))
& Oeq 0P Z Di(eq) (By corollary 2.1.2°15. Sym. pol. degrees are always comparable)
& Oeq Z Opleq) O T (woTHiop)
S Oeq <Meq) -7 (By corollary 2.1.2°15. Sym. pol. degrees are always comparable)

& eq < deg(f(eq) - 7).

This gives eq. (2.10).
Recall eq. (2.7):

for all i € Deg,, (@) withi-p = ®;, we have b; = O (soi - p = ©;).

We can rewrite the condition as ®; < i-p AND ®; > i - p. We have

®j <i-p
& ®joT<®; (uoT Ao p;corollary 2.1.2°15)
& (®joT)V(6j07) <@ (Proposition 2.1.2°18)
& @jor<PandojoT <Py
& @jor<P;andPjoT <Oy (Apply © o L to both sides)
& JT<®y
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and
®j =1 p
< DG >p
& ®4) £@iop (By corollary 2.1.2°15. Sym. pol. degrees are always comparable)
& ®T(j)07'$€9i (LoTi0p)
S ®o(1(y) 7)) > (By eq. (2.1). Sym. pol. degrees are always comparable)
< Qdeg(1(j)r) > Di (Case distinction on ageg(1(j).r); T satisfies eq. (2.7))

& deg(T(j)-7) >

Thus, for any ¢, if both of the above conditions for 7 are satisfied, we conclude that b; = O. This gives
eq. (2.11). O

-,

Theorem 2.1.3°5. Let x € Hom(b, @) be a polarized reshuffle with right adjoint A € Hom(a, b). Then A
has a further right adjoint x 4 A 4 p if and only if

\I,(T) R > ®.L(T) (212)

Vj € Deg,,(b),i € Deg(a), if deg({(7) - k) < jand i -k > ®; then a; = O. (2.13)

In words, eq. (2.13) says that:

« The first mention of a symmetric degree j € Degcq(g) by # is at a symmetric degree i € Deg,,(a);

+ The first mention of a directed degree j € Deg,,(b) by & is either:

- of the form ®; at a symmetric degree i € Deg,,(a);
— or of the form ©; or ©; at an arbitrary degree i € Deg,,(a);
- it already could not be of the form ®; as per eq. (2.9);

-

« If a degree j € Deg,,(b) is never mentioned, then the first mention of degree greater than j is at a
symmetric degree i € Deg,,(a).

Proof. We show that eq. (2.12) < eq. (2.8) and eq. (2.13) < eq. (2.9).
Note that eq. (2.8) can equivalently be stated only for j = /(T ). Then we have

M) - A<oT
& Oum oA dym (Corollary 2.1.2°15)
< Byum) =BT oK (LoAdiLiok)
& @um <HT)-~w (Case distinction).

Recall eq. (2.9):

-,

for all j € Deg,,(b) with j - A = ®;, we have a; = O (s0 j - A = ©;).

We can rewrite the condition as j - A < ®; AND ®; < j - A\. We have

J AL ®;
< B <®;0k (Lo A o k; corollary 2.1.2°15)
& B < (®iok)A(Biok) (proposition 2.1.2°18)
& ;< Piorkand@; <O;0kK
& @;<P;orkandO; <B;ok (Apply © o L to both sides)
& ®;<ikK

and
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S JA>® (WLOG, @ > eq, since aoq = O regardless)
& BjoAL @) (By corollary 2.1.2°15. Sym. pol. degrees are always comparable)
& @jﬁ@l(i)olﬂt (LWoA-dok)
& @ > @0 (L) k) (By eq. (2.1). Sym. pol. degrees are always comparable)
& DBy > Bdeg(L(i)-r) (Case distinction on byeg (| (i).x); & satisfies eq. (2.9))

& J > deg(l(i) - k).

-,

Thus, for any j € Deg(b), if both of the above conditions for x are satisfied, we conclude that a; = O.
This gives eq. (2.13). 0
2.1.3 (b) Examples

Example 2.1.3°6. Let a; = x. Then we have a self-inverse and therefore self-adjoint polarized reshuffle
Op, : @ — @ defined by i - Op; = ©; and j - Op; = @ for all i # j € Deg,,(a).

Example 2.1.3°7. Letd C; b (definition 1.2.1°8). Then we have a triple of adjoint polarized reshuffles
FP 4 UY H Cofy
where U? cad— 5, defined by
i-FP =@ i-UP =0 i- Cofy = @
j-FY =@ j-UY =@ j - Cof? = @, fori # j € Deg,,(d) = Degeq(_’)
From theorem 2.1.3°2, we conclude that no further left or right adjoints exist. We have
FPoUY =id,  Coff o UY =idg.

Thus, we get an idempotent monad Clo; = US o FY and an idempotent comonad IntY = UY o F such
that Clo’ 4 Int?. Both are given by
i Cloy = ®; ity = ®;

j-Clof = @; j-Intd =@, for i # j € Deg,,(b)

Example 2.1.3°8. Let b be obtained from @ by deleting the anpolarity with degree i. Let n := len(d) =

-,

len(b) + 1. We define the following polarized reshuffle, which forgets the i-jet relation:

U; = <®cq‘6907'"a@i—la@i+lv"'7@n—l>:64)5

« If i = 0, then Ly has two left adjoints Mg 4 Ag 4 Ug with

Mo = (®o | D1, ..., Bn-1) @ — b,
RENES <®eq|®eqa®07~-~,@n—2> b — a,
_||—|0:<®eq|@17"~a@n—1> &'—)5

By theorem 2.1.3°2, Mg has no further left adjoints. We have MgA¢ = LgAg = id;. We get adjoint
idempotent (co)monads

Jo =200 = (®0| B0, D1, .., Pn—1) 1d — d,
— bo = Agllp = <®eq|®eq;@17~-~>@n—l> d— a.

« If i > 0, then U; has a left adjoint A; 4 LJ; where

l

D = (Oeq | R0y -+, Bic1, ®i—1,Biy ..., Bp_2) : b= d.
We have L;A; = id;. We get an idempotent comonad

bi = Ailli = (Ocq | Doy -+ Bic1, ®im1, Dig1,. .o, Do) 1A — @
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- Ifa;—1 = b;—1 = X, then A; has no further left adjoints.
- Ifa;_1 = b;_1 = O, then we have MN; - A; - L; with

Mi = (Oeq | B0s -+ - Bim2, B, Big1,- -+, Bn—1) @ — b,
4B = (Oeq | Bos - - - Bim, Dic1, Oim1, By - . ., D—z) b —d,
AU = (Oeq | B0y -+ - Di-2, Oim1, Dit1, -, Bn—1) 1d— b,
We have M;A; = U;A; = id;. We get adjoint idempotent (co)monads
§i = 0N = (Oeq | Pos - - -, Piz2, ®i, ®i, Dig1,s- -, Bp_1) 1d — d,
Ab; = Al = (Oeq | Doy - - - Biz2, Qim1, @i1, Bit1y - -, Dno1) ta—a

« If a; =, then there are no further left adjoints.
«» If a; = O, then M; = L;_1 and we can continue.

« If i = n — 1, then U,,_1 has a right adjoint U,,_1 - V,,_; with

1

S

Up—1 = <®eq|@07"'7@n—2> :

4)
= Vap-1= <®eq|@07--~7@n—25®'|'> —

ST

i
)

S

and there are no further right adjoints. We have Ll,,_1V,_1 = idg. We get an idempotent monad
ﬁn—l = Vp-1ldp—1 = <®eq | @05 ) @n—Za ®T> 1d— d.

« If 7+ < mn — 1, then U; has a right adjoint LI; 4 V; with

Qy

Vi = <®eq‘®Oa~'~a@i71,®i,@i,...,@n,2> : g—)
We have L;V; = id;. We get an idempotent monad
i = Villi = (Ocq | 05 -+ » Bie1, Qig1, i1y .-, Bpo1) : d — d.

- If a;41 = b; = X, then there are no further right adjoints.
- Ifa;41 = b; = O, then we have U; 4 V; 1 H; with

L = (g | B0y - » Bic1, Oit1, Bitas - -+ Bro1) L@ — b,
AV = (Deq | Bos- - > Bie1, Oy @iy Dig 1+ -+, Br—2) b —
A8 = (Oeq | Dos - -+, Di-1, ®i, Dit2,- -, Dn—1) 1@ —b.
We have L;V; = B;V; = id;. We get adjoint idempotent (co)monads
i = Villi = (Oeq | B0s - - -, Biz1, Oit1, Qit1, Dit2s -+, Pr_1) a— d,
49 = V8 = (Oeq | Bos - - -, Piz1, R4, R4y Dig2y - -+, Pr—1) a—d.

» If a; = x, then there are no further right adjoints.
» If a; = O, then

firr A birr A fita,

and we can continue.
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Example 2.1.3°9. ° We use the notations from section 3.1. Let @ = [, ¥|"B- = [0, ¥, 0, O, ¥, O] and
b = [¥]PBi- = [0,%, O]. We have the following chain of adjoint reshuffles, now annotated with big
degrees, which cannot be extended on either side:

HSJB_< of | of, &1, 0F) 1@ — b,

AF*B = (Oeq | Ooqr Qeqs Deqs O, B, OF ) b —
WéB'f—HSJB:<®eq!®T,@{,®?> 1@ — b,
8% = 95”8 = (@eq | 05, 0, ©F, OF, B, O ) tb—
SUPY = B)B = (@eq | OF, @1, 0F) (@ — b,
477 = (Oeq | ©F, 3, 23, 23, 0, OF) :b— a.

The function type with modality LIf}® will take a limit of a covariant functor, and could be called ‘covariant

naturality’. The modality V58 will be used to lift structure inhabiting a covariant functor to Type’, to
mode @, e.g. to build the category of pointed types. It could be called ‘covariant structurality’, generalizing
the structural modality in Degrees of Relatedness [ND18].°

2.1.3 (c) Additional Results

Proposition 2.1.3°10. Let o : @ — bbe a polarized reshuffle, a; = b; = X, and let j - pn € {®;,5;}.
Then Op; o o = o Op;.

Proof. We prove this if j - u = @®;; otherwise we can set ' = Op ; © p. Clearly, we have:
J-(Opjop)=6j0u=06;=(j u)oOp;.
Now if j/ # j, then we have
J" - (Opjop)=®pop=j-p,
3"+ (noOp;) = (4" 1) o Opy,

so we have to prove that (j" - 1) o Op; = j’ - p. This is the case if either deg(j’ - u) # i or pol(j’ - p) is
symmetric. But that follows from the fact that j' - p < j-porj-pu << j' - p. O

Proposition 2.1.3°11. Let A : @ — bbea polarized reshuffle with adjoint A - p. Let a; = b; = x. Then
we have:

s JA=D & i-p=dy,
s JA=0; & i-p=0;.

Proof. We will prove the first equivalence. The second one then follows by considering \" = Op; o A =
A o Op; and its adjoint p’ = Op; o p = p o Op;.
We decompose the equality as @; < j - A < ®;. For the first inequality, we have

G <j- A & B <BjoN & Bop<d; & i-p<@;.

On the other hand, we have

®; >7-A
& @ LDjoN (Corollary 2.1.2°15. Sym. pol. degrees are always comparable)
& ®opLe; (Lopdiol)
& ®;0p>d; Sym. pol. degrees are always comparable).

Since deg(®; o p) = deg(i - p), we can conclude that both must be equal to j. Then from ¢ - p < &, it
follows that i - p € {®;,®;}. Then ®; o p > @; rules out ®;, so we conclude that i - p = &;. O

SMake sure to refer correctly.
%Not 100% sure right now.
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2.2 Semantics on Jet Sets and Jet Setoids

Notation 2.2.0°1. Let V be amonoidal category. We write VCat for the category of V-enriched categories.
Let F' : YV — W be a monoidal functor. Then we write F; : VCat — WCat for the functor that
applies F' Hom-wise.

Definition 2.2.0°2. A setoid is a set equipped with an equivalence relation —~.q. A setoid morphism
is a function between setoids respecting —.q. This defines the category Setoid of setoids.

A setoid is called discrete if the equivalence relation is the equality relation.

Setoid can be regarded as a Setoid-enriched category by considering setoid morphisms equivalent if
they are pointwise equivalent.

Definition 2.2.0°3. We have an adjoint triple Q 4 D - U between the (ordinary) category of setoids
and Set:

« Q : Setoid — Set quotients out the equivalence relation,
« D : Set — Setoid equips a set with a discrete equivalence relation (i.e. the equality relation),
« U : Setoid — Set forgets the equivalence relation.

We can now use U; : SetoidCat — Cat to disambiguate between the setoid-enriched category of
setoids Setoid and the ordinary category of setoids U, Setoid.

Corollary 2.2.0°4. The setoid-enriched quotient and discrete functor Q : Setoid — D;Set and D :
D;Set — Setoid form an equivalence of Setoid-enriched categories (where DQ is only naturally equiv-
alent, not naturally isomorphic, to the identity functor). 0

Definition 2.2.0°5. We define the category JetSetoid(@) of d-jet-setoids as the following strict pullback:

JetSetoid(a) » JetSet(a)
J
lU
Setoid —a Set

where U sends a jet set to its carrier and Q quotients out the equivalence relation. In other words, a
jet setoid X is a setoid X with a jet set structure on QX. However, rather than working with equiv-
alence classes explicitly, we will pull back the jet set structure along [i] : X — QX and consider an
equivalence-respecting jet set structure directly on X. A jet setoid morphism is then a setoid morphism
f: X — Y such that 1 —; x5 for 21, x5 € X implies f(x1) —; f(x2).

We turn JetSetoid(@) into a Setoid-enriched category by declaring morphisms equivalent if the un-
derlying setoid morphisms are equivalent.

Corollary 2.2.0°6. The adjunction Q 4 D of categories from definition 2.2.0°3 carries over to an adjunc-
tion Q - D between U JetSetoid(&) and JetSet(a). O

Corollary 2.2.0°7. The equivalence of setoid-enriched categories from corollary 2.2.0°4 carries over to
an equivalence of setoid-enriched categories JetSetoid(@) ~ D; JetSet(a). O

Definition 2.2.0°8. 1. We define a strict’ 2-functor JetSetoid : PoResh — SetoidCat from the 2-
category of polarized reshuffles to the 2-category of setoid-enriched categories:
- Sending an object d to JetSetoid(q).
- Sending a morphism p : @ — b to JetSetoid(u) : JetSetoid(d@) — JetSetoid(b) where
JetSetoid(u) (more briefly denoted as 1) sends a jet setoid X to the jet setoid X whose

— carrier is the carrier of X,
— equivalence relation ~#< is given by transitive closure of —~., ® 1z on X
q eq g Yy eq ® U s

7 Assuming propositional extensionality.
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I X is given by the relation —»; - ;z on X, made stable under Ag(f ,1le. we
have —DfX = (meq® 1)* @ (=i - 1) ® (—eq ® p)*, where ® is composition of relations

via existential quantification.

- i-jet relation —

JetSetoid () is easily seen to have a functorial action on jet set morphisms which preserves
identity and composition.
+ Sending a unique proof of inequality 4 < v : @ — b to an obvious natural transformation

-,

[0 <v):p — v: JetSetoid(d) — JetSetoid(b) whose underlying function is the identity
function.

2. By corollary 2.2.0°7, we obtain a pseudofunctor JetSet : PoResh — Cat:

« Sending an object @ to JetSet(a),
- Sending a morphism i : @ — b to JetSet(u) = QoJetSetoid(p)oD : JetSet(d) — JetSet(b),
3. Additionally, if we consider only modalities j: satisfying eq. (2.6) (i.e. those for which eq - pt = ©®cq)
and denote the restricted 2-poset as PoResh[®!, then we directly get a strict 2-functor JetSet!*¥ :
PoResh[® — Cat, equivalent to the pseudofunctor above:

« Sending an object d to JetSet(a),
+ Sending a morphism 1. : @ — b to JetSet®¥ (1) : JetSet(@) — JetSet(b) where JetSet®? (1)
(more briefly denoted as p) sends a jet set X to the jet set X whose
— carrier is the carrier of X,
- i-jet relation —be is the relation —; ® ;1 on X.

Corollary 2.2.0°9. Let 1 : @ — band X € JetSetoid(&). For an arbitrary Qj € OriDeg;(g), the relation
Q; on pX is given by (—eq ® 1)* ® (Q; ® 1) ® (—eq ® 1t)*. Here, ~7 is interpreted as ‘true’.

If 11 has a left adjoint and X € JetSet(@), then for an arbitrary @); € Ori(b), the relation Q); on puX is
given by @Q; e L. O

Example 2.2.0°10. The functor Op, from definition 1.2.1°7 arises from the reshuffle in example 2.1.3°6 as
JetSet!°d (Op,).

Example 2.2.0°11. The functors FSym; 4 USym, - CofSym; and SymCl, 4 Symint, from defini-
tion 1.2.1°8 and proposition 1.2.1°9 arise from the reshuffles in example 2.1.3°7 as

JetSetled (F9) JetSet[ecﬂ(UiO) 4 JetSetl® (Cof©),

JetSet!*¥(Clo?) - JetSet* (Int®).

2.2.1 Intervals and Prisms

Definition 2.2.1°1. We view the intervals from definition 1.2.2°1 not just as jet sets but also as (discrete)
jet setoids. We additionally introduce (—eq), the jet setoid on {0, 1} generated by 0 —~cq 1, and (—~7)) as
the jet set or jet setoid on {0, 1} where the equivalence and all i-jet relations are reflexive.

Proposition 2.2.1°2. Let y: d — bbea polarized reshuffle with right adjoint ;1 - p. Then we have®

JetSetoid (1) (1) = (—+; @ ), JetSetoid(y1)(+—i) = (i o p), JetSetoid(p)(eo:) = =5 » p).
(2.14)

Proof. By theorem 2.1.3°2, P; o p is the least symbol (i.e. the strictest relation) ¢); such that P; < Q); e 1,
ie. sothat 0 @; 1 in p(P;). This means that the jet setoid structure of y(P;) is indeed generated by
0 (P, ep)l. O

8By virtue of theorem 2.1.3°2, all right hand sides are defined since P; ® p # w2 for b; = ¥\
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Definition 2.2.1°3. We define the prism functors from definition 1.2.2°2 on jet setoids:

« The carrier is still X x {0, 1},
« Weset (z,u) —eq (Y, 0) if & ~eq y and u = v, i.e. the underlying setoid is X x (—~).
« Jet relations are generated as in definition 1.2.2°2.

Definition 2.2.1°4. We adapt definition 1.4.4°1 of the separated product to jet setoids by taking the carte-
sian product of the underlying setoids and replacing equality with equivalence in definition 1.4.4°1.

Lemma 2.2.1°5. Let p : @ — b be a polarized reshuffle. Then JetSetoid(x), seen as a non-enriched
functor, preserves colimits.

Proof. Take a diagram D : S — JetSetoid(&). We prove (assuming propositional extensionality) that
peolim D = colim(p o D).

« The functor JetSetoid(u) does not modify the carrier, and the carrier of a colimit of jet setoids is
the colimit of the carriers. Write ¢, for the functions D(s) — colim D.

« One checks that, on both sides, elements x and y are equivalent if and only if there exist z =
Zo,T1, %2, ..., Ty = Y such that for each 0 < i < n, there exists an s € Obj(S) and u,v € D(s)
such that z; = ts(u) and 2,41 = t5(v) and u (—eq ® 1) v.

« One checks that, on both sides,  —; y holds in x colim D if and only if there exist an s € Obj(S),

x ~heoimDy (/) and y ~4 Py (y') such that 2’ (—; - 1) ' in D(s). -

Proposition 2.2.1°6. Let it : @ — bbea polarized reshuffle with right adjoint 4 p. Then the action of
JetSetoid(p) on prisms can be looked up in the following table:*1°

i-p | Oeq | ®; | P, | o, | O
(X X (=) || (1 X) X (—eq) | (X)) * (e=5) | (0 X) X (—;) | (Op;pnX) X (o) | (pX) x (—~7)
(X % (=) || (X)) X (—eq) | (0X) * (2] | (uX) < (=) | (Op;juX) x (=4 | (X) x (—~7)

Note that a cartesian product with (—eq)) or (—) is the same as a separated product, since neither
jet setoid has any jets between non-equivalent elements.

Proof. We mainly prove the upper row of the table For the lower row, we use that X X («;) = Op,(X x
(—i)) so the result can be derived from the upper row if we can rewrite o Op;,.

Each time, it is clear that the carrier is just X x {0,1}. We can write X X (—;) as the colimit
of Op,(X), X, a copy of (P;) for every element of X, and a copy of the terminal jet setoid for every
element of X x {0,1}. By lemma 2.2.1°5, JetSetoid(j:) preserves that colimit. By proposition 2.2.1°2,
w(—i) = (—; @ p). Thus, we see that (X x (—;)) is a colimit of uOp; X, uX and copies of (—; ).
We case distinguish on 7 - p.

If i - p = ©cq, then Op; o p = p. Then by uniqueness of the adjoint, o Op,; = p. Then the colimit
produces (X)) * (—cq), and the result for the opposite prism is the same.

Ifi - p = ®;, then Op; o p = p. Then by uniqueness of the adjoint, o Op; = . Then the colimit
produces (uX) * (<)), and the result for the opposite prism is the same.

Ifi - p = &;, then by proposition 2.1.3°11, j - u = &; and p o Op; = Op; o p. This means that
we are taking the j-opposite at the original source-side of the twisted prism, which is also the new

source-side, so we get a j-twisted prism (1X) x (—;). The image of the i-opposite is then the
j-opposite of the image, which is the opposite prism (uX) x ().

9Note that if b; = O, then the results for ® j are consistent.
Note that if i - p = ®;, then by eq. (2.7), b; = O.
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Ifi-p = ©;, then by proposition 2.1.3°11, j - u = ©; and 1o Op; = Op; o u. This means that we are
taking the j-opposite at the original source-side of the twisted prism, which is the new target-side.
Equivalently, we can take the j-opposite on both sides and then again at the source-side, so we
get a j-twisted prism (Op;1.X) x (—»). The image of the i-opposite is then the j-opposite of the
image, which is the opposite prism (Op;uX) x (+;]).

Ifi - p = O, then Op; o p = p. Then by uniqueness of the adjoint, 1z o Op; = p. Then the colimit
produces (uX) * (—~7) = (uX) X (—7)), and the result for the opposite prism is the same. [

2.3 Semantical Notations

2.3.1 Presheaf Notations

We use the presheaf notations from [Nuy18]. Concretely:

« The application of a presheaf I" € W to an object W € W is denoted W =T
« The restriction of v : W = I'by ¢ : V. — W is denoted y o ¢ or 7.
« The application of a presheaf morphism o : I' = A toy: W = I is denoted ¢ o -y or o7.

- By naturality of 0, we have 0 o (Yo ) = (g 07y) 0 .

KT e WandT € Ty(T") (also denoted I" - T'type), i.e. T is a presheaf over the category of
elements W/T, then we write the application of T to (W, ) as (W I- T[y)) and t € (W I+ T[¥))
as Wik t:Tly).

— By definition of type substitution in a presheaf CwF, we have (W I+ T'[o][y)) = (W IF T[o7))
« The restriction of W It : T[y) by ¢ : (V,v 0 @) — (W,~) is denoted as W I () : T[yp).
« Ift € Tm(T, T) (also denoted I' - ¢ : T), then the application of ¢ to (W, ~y) is denoted V' I ¢[7) :
Tl).

— The naturality condition for terms is then expressed as t[v) (@) = t[yp).
- By definition of term substitution in a presheaf CwF, we have t[c][y) = t[o7y).

« We omit applications of the isomorphisms (W = T') & (yW — T') and (W IF T[y)) & (yW +
T[7]). This is not unreasonable: e.g. given W I+ ¢ : T[y), the term yW + t' : T[y] is defined by

t'lp) == t{p).

One advantage of these notations is that we can put presheaf cells in diagrams; we will use double arrows
when doing so.

2.3.2 End and Co-ends

We use existential quantifiers over objects of a category to denote ends and co-ends, i.e. if F': C°P x C —
Set, then its co-end is denoted 3X.F (X, X) and its end is denoted VX.F(X, X).

2.4 Semantics on Jet Topes and Jet Topic Sets

In this section, we investigate how polarized reshuffles act on jet topes and on presheaves over these,
which we call jet topic sets.

2.4.1 Semantics on Jet Topes

In this section, we want to construct a 2-functor that sends polarized reshuffles i : @ — b to functors
JetTope(d@) — JetTope(b), thus giving our mode theory of polarized reshuffles a semantics on jet topes.

However, it is pointless to distinguish between two modalities when they have the exact same seman-
tics, and it is at least roughly pointless to do so when they have roughly the same semantics. Looking at

definition 1.3.0°2 of jet topes, we see that:
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« Due to i-antisymmetry at directed degrees, we know that the i-equijet relation is equivalent to the
(i — 1)-infrajet relation (if ¢ > 0) or to equality (if ¢ = 0). This means that a modality p will have
the same semantics, regardless of whether j - 1 = ®; or j -t = ®;_1 (if i > 0) or j - pp = Ogq (if
1 = 0). For this reason, we will disallow any mentions of ®; when a; = x.

« Due to (n — 1)-connectedness, the (n — 1)-infrajet relation is roughly equivalent to the ‘true’
relation. For this reason, we will disallow any mentions of ©®, as ®,,—1 can be mentioned instead.

Taking these two requirements together, by theorem 2.1.3°2, we get exactly the statement that ;1 must
have a right adjoint.

Theorem 2.4.1°1. Let ;1 € Hompopesh (@, b) have a right adjoint s 1 p. Then the functor  : JetSet(a) —

JetSet(b) sends jet topes to jet topes if and only if p has a further right adjoint © 4 p = 7.
By consequence, there is a pseudofunctor JetTope : PoResh®°® — Cat sending

« an object d to JetTope(d),
« amorphism 4 : @ — b to the restriction of JetSet(u) : JetSet(@) — JetSet(b) to JetTope(a),
< a2-cellov: yu— v : @ — b to the restriction of JetSet(a) to JetTope().

Proof. We first prove the ‘only if” direction. Note that, by theorem 2.1.3°5, the property that p has a further
right adjoint is decidable, so we can do this from the absurd. Assume that p does not have a right adjoint.

« Either p violates eq. (2.8), i.e. {(T) - p = ©7. Then by proposition 2.2.1°2, u(— 1)) = (—~T,
where (—(T)) is a jet tope but (—~7]) is not, as it is not (n — 1)-connected (if n > 0) or not a
subsingleton (if n = 0).

< Orp: b — @violates eq. (2.9), ie. there is some i € Deg,, (@) with i - p = ®; and b; = X
Then by proposition 2.2.1°2, u(—;) = (<)), where (—;)) is a jet tope but (<) is not, as it is not
J-antisymmetric.

Now we prove the ‘if” direction. Assume that p does have a further right adjoint © 4 p - 7 and
take a jet tope X. We prove that ;X is a jet tope (definition 1.3.0°2). Informed by the construction in
definition 2.2.0°8, we will regard both X and uX as jet setoids.

1. Clearly, Q(uX) is finite, as Q(X) was finite.

2. To see that uX is [(T)-connected (i.e. (n — 1)-connected if n > 0, or eq-connected if n = 0),
note that ¢ — (1) y in pX if and only if z 2., =y Y eq.u Y» and in particular if
T~ Ty Y- Now [(T) - > ®@y(T) by eq. (2.12). So &2 (1) ® p = 3= (T). Thus, since (7 is
always true in X, we conclude that ﬁI(T) is always true in p.X.

-

3. We show that p1.X is j-orientable for every j € Deg(b). Let z 32} y in uX. Then
z ((Aeq d M)* ® (Q_—DJ o[)® (’“eq d N)*)* Y

in X. Noweq < jsoeq-p < j- 80 ~eq®p < <>; @ < 3= e, s0we can conclude more
simply that 2 (3=,  11)* y. By case analysis on pol(j - i), where the symmetric cases are trivial,
and using that X is deg(j - it)-orientable, we can conclude that z(—; eu)*y or z(+—; ep)*yin X,
and therefore that v —7 y orz < y in pX.

-,

4. We show that uX is j-acyclic for every j € Deg(b) by similar reasoning.
5. Assume that b; = ¥". We show that ;X is j-antisymmetric, i.e. that = <H>§.LX y implies = q_ﬁf()j) Y.

Let pi, = 1(j) - pand p; = j - p. We case split on how i’ compares to ¢

i’ = i Then without relying on X being a jet tope, we can prove j-antisymmetry by case distinction
on p’ and p.

i = |(i) Then by egs. (2.9) and (2.13), we find that p € {®, ©}. By eq. (2.9),p’ € {®, O, ®}. Thus,
we see that 2 ;) e u = 7 (;) and <+; @ i = <»;. Then we can invoke i-antisymmetry of X.

i’ < |(i) Then we have deg(](j) - 1) < }(¢) and j - p > ®;), so by eq. (2.13), this is impossible
as b; = . O
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2.4.2 Adjoint Triple Semantics on Jet Topic Sets
Definition 2.4.2°1. The category of d-jet topic sets is the presheaf category JTSet(a@) := Psh(JetTope(a)).
Theorem 2.4.2°2. We have the following pseudofunctors:

o JTSet*°° : PoResh®*°® — Cat®°°,
o JTSet®®° : PoResh®®® — Cat®*°,
o JTSet°°® : PoResh®®® — Cat°°®,

to the 2-category of categories, functors with a specified number of left/right adjoints (notation 2.1.3°1),
and natural transformations, where:

« each functor sends an object d to Psh(JetTope(a)),
« a triple of polarized reshuffles ;+ 4 p 4 7 is sent by the respective functors to

JTSet**(u) = o JTSet®*?(p) = p* = JTSet®* (1) = fua,

of which p* is a strict CwF morphism [Dyb95] and . is a weak CwF morphism [Nuy18, def.
2.1.1][Nuy20a, def. 3.2.5] w.r.t. the standard CwF structure on a presheaf category [Hof97, ch.
4][Nuy20a, §4.1].

« 2-cells are also respected.

Proof. In general, a functor F' : V — W gives rise to a triple of adjoint functors F1 4 F'* 4 F, where
F* : Psh(W) — Psh(V) is precomposition with F' and the other two are left and right Kan extension
along F' [Sta, nLac][Nuy20a, §2.3.8]. It is in general true that F™* is a strict CwF morphism and F, is a
weak one [Nuy18, thm. 2.2.1 & prop. 2.2.9][Nuy20a, §6.4].

The middle operation amounts to a strict 2-functor Cat®>°® — Cat, so the other operations amount to
pseudofunctors Cat — Cat. We compose these operations with the pseudofunctorial semantics of polar-
ized reshuffles on jet topes (theorem 2.4.1°1), and finally use the fact that PoResh®°® = (PoResh®*®)cioP
PoResh®°°, with each isomorphism sending a polarized reshuffle to its left adjoint. O

2.4.3 No Adjoint Pair Semantics on Jet Topic Sets

Theorem 2.4.2°2 is a fairly good result: any polarized reshuffle that is part of a chain of at least three
adjoints, now has semantics on jet topic sets. Moreover, if we have a chain of four adjoints kK 4t 4 p 4 7,
then by uniqueness of the adjoint, we find that JTSet®*®(u) = JTSet**°(u1) and similar for p. So the 3
pseudofunctors essentially agree on the intersection of their domains.

However, we can have commutative diagrams in PoResh each of whose sides has semantics in jet
topic sets, but where the composites of the sides do not have such semantics, so that commutativity is
not necessarily preserved. Consider, for example, the following diagram with polarized reshuffles from
example 2.1.3°8:

(] Mo=(®o |)

V1=(Ocq | ®0,07) Vo=(Ceq | OT)

[, ] <]

The horizontal sides are in PoResh®°°, since My - A¢ - Llg. The vertical sides are in PoResh®°®, since

A; 1 U; A v;. The diagonals compose to (®q | ©) : [¥] — [¥], which by theorem 2.1.3°2 has neither a

left, nor a right adjoint. So each of the sides has semantics on jet topic sets, but we currently do not know

whether the diagram still commutes there. We cannot invoke the composition law of any pseudofunctor

provided by theorem 2.4.2°2, because the composition operands all require a different pseudofunctor.
Unfortunately, we have the following no-go theorem:

Mo=(®0 | D1)

hOO.
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Theorem 2.4.3°1. The following, equivalent!!, objects do not exist:

« A pseudofunctor JTSet®® : PoResh®® — Cat®® that extends both JTSet®**° and JTSet®*® up to
natural isomorphism,

« A pseudofunctor JTSet®® : PoResh®® — Cat®® that extends both JTSet®*® and JTSet®°® up to
natural isomorphism.

Proof. Assume the former exists, and consider the polarized reshuffles
Uo = (Oeq |@1) : [Xs7] = [¥], A1 = (Oeq | @0, ®0) : [X] = [, ]

from example 2.1.3°8, which compose to LigA1 = (@eq | ®0) : [¥] = [¥]. This latter reshuffle is easily
computed to be idempotent, i.e. (®eq| ®0)? = (Deq | ®o). Then by pseudofunctoriality, we expect a
natural isomorphism JTSet*°(LUgA1)? = JTSet*°(UpA1 ), but we will disprove this.

By pseudofunctoriality, we know that

JTSet* (LpA1) =2 JTSet®® (L) o JTSet* (A1) =2 JTSet™° (L) 0 JTSet* (A1) = (A0)" o (A1),

where Ag = (Geq | Oeqs Do) : [¥] = [, 7]. Consider the jet topic set y(—o) € JTSet([x]), which is
the Yoneda-embedding of the jet tope (—¢) € JetTope([x"]). We compute the sets of 0-jets of its images
under either the above functor or its square:

(=0 = (40)"(21),y ()

Do) = (81),y(=>0)

Ao(—»o) = yA1(—0) (FloyXyolk)
(—0 @ o) = y(—0 @ L) (proposition 2.2.1°2)
(—1) = y (o)

(—1) = (—o)-

I

Note that, after applying the reshuffles to the jet topes, we obtain jet topes in JetTope([x", ¥]). Since any
two nodes in (—() are connected by a 1-equijet, any function {0,1} — {0, 1} between the carriers is a
jet set (hence jet tope) morphism.

On the other hand, we have

(o) = (20)"(21),(20)"(21),y(—0)
2 (=)= (Al)g(Ao)*Y(]—DoD (by similar reasoning as above)

3x EdetTore(D) ((—1) — A1 X) X (X = (80)"y(—0)) (construction of left Kan extension)

—
= 3xeeToreld ((—1) — A1X) x (80X — (—0)).

(Note that 3 denotes a co-end (section 2.3.2).) Now a 1l-jet in A1 X = (Oeq | B0, @)X is a 1-infrajet
in X. Such an infrajet either points forwards, in which case f : (—1)) — A;X factors over some
(—1) — A1(—0), or it points backwards, in which case it factors over (—1) — Aj(<—o). If it factors
over both, since X is a jet tope, by O-antisymmetry, it factors over (—1)) — A1 T. Thus, the result of the
computation above is the following pushout

(Bo(=0) = (o)) W(aoT— (o)) (Bol—0) = (—a))
(1) = (o)) ¥(T=(=0)) ((==1) = (—0)) (proposition 2.2.1°2)
= ({0,1} = {0,1}) Wyo,1y ({0, 1} — {0,1})
so all non-constant functions between the carriers now occur twice! The intuitive reason is in fact simple:

a 0-jet in JTSet*® ((®eq | ®0))I" should be a 0-jet in I pointing either way, i.e. unless the jet is constant,
we make a choice in which direction it will point, and then we pick a jet in that direction. But then when

11 Assuming an adjoint can be picked if one exists.
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we apply this operation twice, a 0-jet in JTSet*® ((®eq | ®0))ITSet** ((®Deq | ®0))I" should be a O-jet in
T pointing either either way, i.e. unless the jet is constant, we choose two bits of which one decides in
which direction it will point, and then we pick a jet in that direction. Note the choice of an unused bit.

Now assume JTSet® exists. The right adjoint to LigA1 is L1 Vo = (@eq | ®0), Which is necessarily
also idempotent. By similar reasoning as above, we will have

JTSetO.(LHVo) = (Al)* © (Ao)*,

which is right adjoint to (Ag)™ o (A1), and therefore also non-idempotent. O

2.4.4 Conclusion

In conclusion, if we intend to model Naturality Pretype Theory in jet topic sets, then we will confine our-
selves to using PoResh®®*° as our mode theory. This means that our internal modalities will be indexed by
polarized reshuffles which have a left and a right adjoint, i.e. satisfy egs. (2.6) to (2.9). It is almost certainly
possible to drop eq. (2.8) so as to include modalities for irrelevance and shape-irrelevance [ND18], but we
leave this to potential future work.

Thus, the locks in our MTT instance will then correspond to polarized reshuffles in PoResh®°°, i.e.
those satisfying egs. (2.8), (2.9), (2.12) and (2.13); where the future work hinted-at above might allow
dropping eq. (2.12).

2.5 Semantics on Jet Cubes and Jet Cubical Sets

In this section, we investigate how polarized reshuffles act on jet topes and on presheaves over these,
which we call jet topic sets.

2.5.1 Semantics on Jet Cubes and Jet Cuboids

In this section, we want to construct a 2-functor that sends polarized reshuffles 1 : @ — b to functors
JetCube, (fb, @) — JetCubeS, (fb, b), with M € {IPty, Boo}, thus giving our mode theory of polarized
reshuffles a semantics on fb-jet-cubes. Recall that these are equivalent to f-jet-cubes (proposition 1.4.2°10).

Since jet cubes are jet topes (corollary 1.4.2°9), the reasoning at the start of section 2.4.1 applies here
as well, so that we will only consider modalities ;1 that have a right adjoint ;2 4 p. Since jet cubes are real-
ized as jet sets by repeated application of twisted prism functors to the terminal jet set (definition 1.4.2°5),
we can deduce the action of 1 on jet cubes from its action on twisted prisms, which is given by propo-
sition 2.2.1°6. We see that the outcome may be either: again a twisted prism, or a separated/cartesian
product with (—e¢q)) (i-e. the terminal jet set), («»;) or (—7) (i.e. a discrete jet set with two elements). We
have to rule out («;) and (—~7]), since these cannot be realized by jet cubes, but we can support (—eq)
since Ly X (—eq) = Id. If we look at what this entails for p, we see that p cannot mention ®; for directed
j, nor O, i.e. (by theorem 2.1.3°2) p has to have a right adjoint.

Analogous to what we did in section 2.2, we will first work on a variant of jet cubes, called jet cuboids'?
V, which can have variables typed with the ‘equality interval’ (—¢q), and whose jet endpoint model
JEP(V) is not a jet set but a jet setoid. This allows us to work in a strictly 2-functorial setting longer.

2.5.1(a) Cuboids and Jet Cuboids

Definition 2.5.1°1. Given a monad M and X € {1, O}, we define the setoid-enriched category of
cuboids Cuboid]x\:}[, with strict 2-functors U : UlCuboidfj — Cubeﬁ and Q : Q1Cuboidﬁ — Cube])jv[
as the category:

« whose objects are lists of elements of {I, (—eq))}, denoted in the style (ip : I,...,i,—1 : (—eq))
where the i, are interpreted as de Bruijn indices, and where

U)=0,  UWi:)=UOWi:D,  UWi:(~u)) = (UWi:D),

12The -oid is in the sense of setoid here.
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Q0 =0, QWi:I) = (QW;i: 1), Q(W;i: (~eq)) = QW

« whose morphisms ¢ : V' — W are morphisms Uy : UV — UW such that if j has type (—eq)
in W, then j(¢) only mentions variables i in V' that also have type (—eg)). The morphism Qg is
defined the obvious way.

« where morphisms ¢, x : V. — W are considered equivalent if Qp = Qyx.

A setoid-enriched functor EP : Cu boidﬁ — Setoid is defined by:
EP() = (), EP(W,i:I) = EP(W) x {0, 1}, EP(W,i: (—eq)) = EP(W) X {0 —~¢q 1}.
We have a natural transformation EP o Q = Q o EP of functors Q1 Cuboid])s[ — Set.

Definition 2.5.1°2. Let @ be a mask and w an orientation kit. We define the set of (w, @)-jet-cuboids
as the set of lists of elements of {Pi | Pecw,ie Degcq(d')}, where we identify all P, = Q; =: —~;
(P,Q € w)if a; = O. We denote jet cuboids as (ip : ((Po)ig)- - -sin—1 : ((Pn=1)i,_,)), thinking of the
names i as De Bruijn indices.

For any (w, @)-jet-cuboid W, we define QW as the (w, @)-jet-cube obtained by removing all variables

of type (—eq)-

Definition 2.5.1°3. For any (w, @)-jet-cuboid W, we define the d-jet-setoid JEP (W) as in definition 1.4.2°5
with the additional equation

JEP(W,i: (—eq)) = JEP(W) X (—eq) = JEP(W) * (—eq))-
Clearly, we have JEP(QW) = Q(JEP(V)).

Definition 2.5.1°4. For any (w, @)-jet-cuboid W, we define the jet cuboid |V | as in definition 1.4.2°6
with the additional equation

LW i (~ead)] = (W5 (—ed))-
Clearly, we have | QW | = Q| WV |.

Corollary 2.5.1°5. For any (w, @)-jet-cuboid W, we have U(JEP(W)) = EP(|W]). In other words,

corollary 1.4.2°7 remains valid if we replace cubes with cuboids and jet cubes with jet cuboids.
Moreover, the isomorphisms in definition 2.5.1°1 and definition 2.5.1°3 are compatible along U :

JetSet(@) — Set and ). O

Definition 2.5.1°6. Let @ be a mask, w € OKit, X € {0, @} and M a monad on Set. We define the setoid-
enriched category JetCuboid}y (w, @) of (w, @)-jet-M-cuboids as the full subcategory of Cuboidsy Xset
JetSet(d@) on (w, @)-jet-cuboids, as justified by corollary 2.5.1°5. The functions JEP and || are corre-
spondingly extended to setoid-enriched functors.

Corollary 2.5.1°7. In the following cube-shaped diagram, the side squares commute strictly while the
top and bottom squares commute up to compatible natural isomorphisms:

JEP

JetCuboid%} (w, @) JetSetoid(a)

() x Ux

JetCubeﬁ (w,d) JEP l JetSet(a)

(] U

EP

R

Cubeﬂtf[

Cuboid™

Set.




2.5. SEMANTICS ON JET CUBES AND JET CUBICAL SETS 63

By the adjunction Q; 4 D (definition 2.2.0°3), we can regard each of the arrows labelled Q in the diagram
above as either starting from Q; of the domain (making it an ordinary functor) or arriving at D; of the
codomain (making it a setoid-enriched functor). The arrows in the upper left square parallel to the page
are all setoid-enriched functors, while the arrows in the lower right square are all ordinary functors. O

Definition 2.5.1°8. We define a setoid-enriched functor D : D, Cube]):V[[ — Cu boid])f[{ which sends a cube
W ={(ip:1,...,i,—1 : I) to the cuboid DW = (i : I,...,i,_1 : I) of the same notation, and has an
obvious action on morphisms.

Corollary 2.5.1°9. D : Cubeﬁ — U1Cuboid§5[ is right adjoint to Q : U1Cuboid]l:é[ — Cubeﬁ. O

Corollary 2.5.1°10. D : D1Cube1):§4 — Cuboid]r\l/l and Q : Cuboidjré — D1Cube§5j form an equiva-
lence of setoid-enriched categories, where DQ is naturally equivalent but not naturally isomorphic to
the identity. O

Definition 2.5.1°11. We define a setoid-enriched functor D : D1 JetCube’} (w, @) — JetCuboidX} (w, @)
which sends a jet cube W = (ip : ((Po)io)s---in-1 : ((Pn=1)i,_,)) to the jet cuboid DW = (ig :

((Po)ig), - --»in—1: ((Pn—1)i,_,)) of the same notation, and has an obvious action on morphisms.

Corollary 2.5.1°12. D : JetCube™} (w, @) — U;JetCuboid™ (w, @) is right adjoint to
Q : Uy JetCuboid:} (w, @) — JetCubell (w, @). O

Corollary 2.5.1°13. D : DjJetCubel(w,@) — JetCuboid(w,d) and Q : JetCuboid’y(w,d) —
D;JetCu bej\li[ (w, @) form an equivalence of setoid-enriched categories, where DQ is naturally equivalent
but not naturally isomorphic to the identity. 0

Corollary 2.5.1°14. There is a strictly commutative diagram

JetCuboid™ (w, @) —=- JetSetoid ()

[ (X U \

JEP

JetCubeE (w,d) JetSet(a)
[ U
Cuboid™ EP Setoid
Cu be]EVI[ EP Set.

where the arrows in the upper left square parallel to the page are setoid-enriched functors, the arrows
in the lower right square are ordinary functors, and the arrows labelled D can be regarded as setoid-
enriched functors from D; of the domain or, equivalently by definition 2.2.0°3, as ordinary functors to
U; of the codomain. O

2.5.1(b) Semantics on Jet Cubes and Jet Cuboids

Definition 2.5.1°15. 1. We define a strict 2-functor JetCuboidy;(fb, 1) : PoResh®**® — SetoidCat
which sends:
« an object @ to JetCuboidy, (fb, @),

« a morphism x : @ — b with right adjoint 11 4 p to a functor JetCuboidY; (fb, 11) (also just
denoted 1) which:

- sends () to p() := (),
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- has an action on other cuboids that can be looked up in the following table:!*1*

ip H Oeq ‘ Dj ‘ O
p(Wis (=) || (uWi: (~ed)) | (uW,iz (=) | (Op;uW,i: (+))
pWiis (s=i) || (BWii: (—ed)) | (BW51: (s=5)) | (Op;pX,i: (=)

— thus satisfies JEP(uW) = pJEP(W) by proposition 2.2.1°6,

— has an action on jet cuboid morphisms defined as follows. Recall that a jet cuboid mor-
phism ¢ : V' — W is a cuboid morphism |¢| : |V | — |W ] whose endpoint model
EP(|¢]) = U(JEP(y)) is in fact a morphism of jet sets JEP(y) : JEP(V) — JEP(W)
(definition 2.5.1°6).

« We define j(|1(¢)]) = J(L])-
= It is the case that

EP(lu(w)]) : EP(|uV]) = U(JEP(uV)) — U(JEP(uW)) = EP([uW])

is in fact a morphism of jet setoids; indeed it is the morphism p(JEP(¢p)), as can be
trivially proven by induction on W of ¢.

- If 4 < v, then we have to give a morphism [p < v) : uW — vW, naturally w.r.t. W.
We define |[p < v)]| ny i(| [ < v)]) = i, which is a valid morphism of cuboids exactly
because we know that y < v. This is clearly natural on cubes, therefore on sets, and
therefore on jet setoids. Its endpoint model (EP) is a jet setoid morphism, again because
u <.

2. By corollaries 2.2.0°4, 2.2.0°7, 2.5.1°10 and 2.5.1°13, we obtain a pseudofunctor JetCubel, (fb, 1) :
PoResh**® — Cat:

« Sending an object @ to JetCube, (fb, @),
« Sending a morphism p : @ — b to JetCube},(fb,u) = Q o JetCuboidy,(fb,u) o D :
JetCubel, (fb, @) — JetCubel, (fb,b),

3. Additionally, if we consider only modalities ;1 satisfying eq. (2.6) (i.e. those for which eq - 1 =
©eq) and denote the restricted 2-poset as PoResh!®1*°°, then we directly get a strict 2-functor
JetCube, (fb, L)) : PoResh[®¥*°° — Cat, equivalent to the pseudofunctor above:

« Sending an object @ to JetCube, (fb, @),
« Sending a morphism y : @ — b to JetCube?, (fb, 1)1*% which acts on cubes the same way
JetCuboidY; (fb, 1) acts on cuboids.

4. By proposition 1.4.2°10, if M € {IPt2, Boo}, we obtain pseudofunctors

JetCube[, (f, 1) : PoResh®*® — Cat,
JetCuboid% (f, ) : PoResh®**® — SetoidCat.

2.5.2 Adjoint Triple Semantics on Jet Cubical Sets

Definition 2.5.2°1. The category of (w, @)-jet-cubical sets is the presheaf category JCSetﬁ(w, a) =
Psh(JetCubesy (w, @)).

Theorem 2.5.2°2. Let w € {f,fb} and, if w = f then M € {IPty, Boo}. We have the following pseudo-
functors:

« JCSety(w, 1)*°° : PoResh®**® — Cat*°°,

13Note that if bj = O, then the results for ®; are consistent.
YNote thatif i - p € {®;, ®; }, then by egs. (2.7) and (2.9), b; = O.
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o JCSetf;(w,1)°%° : PoResh®*® — Cat®*°,
« JCSetF;(w,1)°°® : PoResh®°® — Cat®°®,

to the 2-category of categories, functors with a specified number of left/right adjoints (notation 2.1.3°1),
and natural transformations, where:

« each functor sends an object @ to Psh(JetCube, (w, @)),
« a triple of polarized reshuffles ;« 4 p 4 7 is sent by the respective functors to

JCSetT (w, u)*° =y - JCSety,(w,p)°*° =p* H JCSetf (w,7)°°® = ps,

of which p* is a strict CwF morphism [Dyb95] and p, is a weak CwF morphism [Nuy18, def.
2.1.1][Nuy20a, def. 3.2.5] w.r.t. the standard CwF structure on a presheaf category [Hof97, ch.
4][Nuy20a, §4.1].

« 2-cells are also respected.

Proof. By the exact same reasoning as in the proof of theorem 2.4.2°2. O

2.5.3 No Adjoint Pair Semantics on Jet Cubical Sets

As in section 2.4.3, we have a no-go theorem:

Theorem 2.5.3°1. Let w € {f,fb} and M € {IPty, Boo}. The following, equivalent', objects do not
exist:

« A pseudofunctor JCSet}, (w,1)*° : PoResh®® — Cat®° that extends both JCSet;(w,1)*°° and
JCSet;(w, 1)°%° up to natural isomorphism,

« A pseudofunctor JCSet}, (w,1)°® : PoResh®® — Cat®® that extends both JCSet;(w,1)°*° and
JCSet; (w, L1)°°® up to natural isomorphism.

Proof. The reasoning in the proof of theorem 2.4.3°1, still stands for jet cubical sets. Note:

« That the interval jet set (—() needs to be replaced with the 1-dimensional jet cube (i : (—»¢)).
« That all jet set morphisms of JEPs of jet cubes, whose domain is 1-dimensional, are in fact jet cube
morphisms. O

2.5.4 Conclusion

We draw the same conclusion as in section 2.4.4.

15 Assuming an adjoint can be picked if one exists.






Chapter 3

Paths and Bridges

(@eq | ®0) @ [¥] — [X] is not part of a chain of 3 and therefore unincludable. This is a strong
argument for bridges and paths. O

3.1 Rods, Paths and Bridges

Reabolish rods O
In this section, we define a number of operations on anpolarity masks (definition 1.1.0°1) which serve to
insert symmetric bridge and/or path relations for every degree. The idea, in the universe of small types,
is the following:

« Rods express strict equality,

« Paths express isomorphism (in the presence of rods or bridges) or equivalence (in absence of rods),
« Jets express homomorphism,

« Bridges express relations.

Bridges and rods will not occur together, because bridges can be regarded as pro-rods (with ‘pro-’ in
the sense of pro-arrow equipments): a bridge between types expresses a relation, which is a notion of
heterogeneous strict equality.

The mask operations serve three goals:

« They are helpful to understand equijets’,
+ They generate the modes that we will likely want to use in practice.

Definition 3.1.0°1. Let X € {J,PJ,JB,PJB,RPJ} and Y € {E,PB, RP}, and let a be an anpolarity. We
define ™Y € List A as follows:

>Z.J;Y — [)Z.] OX;E — [O]
<P = o] OMPB = [0,0]
>Z.JB:,Y — [f,O] OX;RP _ [Q,O]
>Z.PJB;Y — [07{70]

>Z.RF'J;Y _ [O, 0, %]

We extend this operation to anpolarity masks as follows: @Y is the concatenation (join / monadic mul-
tiplication) of the list of lists obtained by applying LY to every element of a.

Indexing the resulting mask is complicated, because the length of the resulting mask depends not
only on the length of @ but also on its contents. In order to stay sane, we will use an indexing system
that still refers to the degrees of @, which we will call big degrees, whereas the degrees of @Y will be

called small degrees. Concretely, a small degree subscript will be replaced with a big degree subscript

Irefer
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combined with a superscript indicating whether we are talking about the rod/path/jet/bridge or edge
relation. For example, if @ = [, O, x|, then the relations of @B will be denoted as:

rather than

When we need a degree in itself, we will write e.g. 0.
A modality p : @B — GPIBE will be denoted

(eq-pu| 0P 11,07+, 08 ;15 2P o 20 28 i),
i.e. we will use semicolons (;) to group small degree information per big degree.

3.1.1 Understanding Equijets

This is way easier if you have modalities O



Chapter 4

Transpension

Does Tw : sSet — sSet have a transp type? (Yes if it’s Tw))
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Appendix A

Version history

v0.1 Wrote chapter 1.
v0.1.1 Changed title.
Proofread chapter 1.
Added missing clause for cONCURSOR in proof of theorem 1.4.3°4.
Cleaned up affine boolean normalization lemmas in section 1.4.3 (b).
Introduced orientation kits (definition 1.4.2°1).
Introduced conventional cubes (definition 1.4.3°1).
General cleanup.
v0.2 Wrote chapter 2.
Wrote section 3.1.
Changed title.
Renamed jet jewels to jet topes; modified their definition (definition 1.3.0°2).
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